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1014 Appendix B � Mathematical Relations and Functions

B.1 Hyperbolic Functions1

x sinh x cosh x tanh x x sinh x cosh x tanh x

0.00 0.0000 1.0000 0.00000 2.00 3.6269 3.7622 0.96403
0.10 0.1002 1.0050 0.09967 2.10 4.0219 4.1443 0.97045
0.20 0.2013 1.0201 0.19738 2.20 4.4571 4.5679 0.97574
0.30 0.3045 1.0453 0.29131 2.30 4.9370 5.0372 0.98010
0.40 0.4108 1.0811 0.37995 2.40 5.4662 5.5569 0.98367

0.50 0.5211 1.1276 0.46212 2.50 6.0502 6.1323 0.98661
0.60 0.6367 1.1855 0.53705 2.60 6.6947 6.7690 0.98903
0.70 0.7586 1.2552 0.60437 2.70 7.4063 7.4735 0.99101
0.80 0.8881 1.3374 0.66404 2.80 8.1919 8.2527 0.99263
0.90 1.0265 1.4331 0.71630 2.90 9.0596 9.1146 0.99396

1.00 1.1752 1.5431 0.76159 3.00 10.018 10.068 0.99505
1.10 1.3356 1.6685 0.80050 3.50 16.543 16.573 0.99818
1.20 1.5095 1.8107 0.83365 4.00 27.290 27.308 0.99933
1.30 1.6984 1.9709 0.86172 4.50 45.003 45.014 0.99975
1.40 1.9043 2.1509 0.88535 5.00 74.203 74.210 0.99991

1.50 2.1293 2.3524 0.90515 6.00 201.71 201.72 0.99999
1.60 2.3756 2.5775 0.92167 7.00 548.32 548.32 1.0000
1.70 2.6456 2.8283 0.93541 8.00 1490.5 1490.5 1.0000
1.80 2.9422 3.1075 0.94681 9.00 4051.5 4051.5 1.0000
1.90 3.2682 3.4177 0.95624 10.000 11013 11013 1.0000

1The hyperbolic functions are defined as

sinh x � cosh x � tanh x �

The derivatives of the hyperbolic functions of the variable u are given as

(sinh u) � (cosh u) (cosh u) � (sinh u) (tanh u) � � � du
dx

1
cosh2 u

d
dx

du
dx

d
dx

du
dx

d
dx

ex � e�x
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B.2 Gaussian Error Function1

w erf w w erf w w erf w

0.00 0.00000 0.36 0.38933 1.04 0.85865
0.02 0.02256 0.38 0.40901 1.08 0.87333
0.04 0.04511 0.40 0.42839 1.12 0.88679
0.06 0.06762 0.44 0.46622 1.16 0.89910
0.08 0.09008 0.48 0.50275 1.20 0.91031
0.10 0.11246 0.52 0.53790 1.30 0.93401
0.12 0.13476 0.56 0.57162 1.40 0.95228
0.14 0.15695 0.60 0.60386 1.50 0.96611
0.16 0.17901 0.64 0.63459 1.60 0.97635
0.18 0.20094 0.68 0.66378 1.70 0.98379
0.20 0.22270 0.72 0.69143 1.80 0.98909
0.22 0.24430 0.76 0.71754 1.90 0.99279
0.24 0.26570 0.80 0.74210 2.00 0.99532
0.26 0.28690 0.84 0.76514 2.20 0.99814
0.28 0.30788 0.88 0.78669 2.40 0.99931
0.30 0.32863 0.92 0.80677 2.60 0.99976
0.32 0.34913 0.96 0.82542 2.80 0.99992
0.34 0.36936 1.00 0.84270 3.00 0.99998

1The Gaussian error function is defined as

The complementary error function is defined as

erfc w � 1 � erf w

erf w �
2

��
 �w

0
e�v2

 dv
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B.3 The First Four Roots of the Transcendental Equation, 
�n tan �n � Bi, for Transient Conduction in a Plane Wall

Bi � �1 �2 �3 �4

0 0 3.1416 6.2832 9.4248
0.001 0.0316 3.1419 6.2833 9.4249
0.002 0.0447 3.1422 6.2835 9.4250
0.004 0.0632 3.1429 6.2838 9.4252
0.006 0.0774 3.1435 6.2841 9.4254
0.008 0.0893 3.1441 6.2845 9.4256
0.01 0.0998 3.1448 6.2848 9.4258
0.02 0.1410 3.1479 6.2864 9.4269
0.04 0.1987 3.1543 6.2895 9.4290
0.06 0.2425 3.1606 6.2927 9.4311
0.08 0.2791 3.1668 6.2959 9.4333
0.1 0.3111 3.1731 6.2991 9.4354
0.2 0.4328 3.2039 6.3148 9.4459
0.3 0.5218 3.2341 6.3305 9.4565
0.4 0.5932 3.2636 6.3461 9.4670
0.5 0.6533 3.2923 6.3616 9.4775
0.6 0.7051 3.3204 6.3770 9.4879
0.7 0.7506 3.3477 6.3923 9.4983
0.8 0.7910 3.3744 6.4074 9.5087
0.9 0.8274 3.4003 6.4224 9.5190
1.0 0.8603 3.4256 6.4373 9.5293
1.5 0.9882 3.5422 6.5097 9.5801
2.0 1.0769 3.6436 6.5783 9.6296
3.0 1.1925 3.8088 6.7040 9.7240
4.0 1.2646 3.9352 6.8140 9.8119
5.0 1.3138 4.0336 6.9096 9.8928
6.0 1.3496 4.1116 6.9924 9.9667
7.0 1.3766 4.1746 7.0640 10.0339
8.0 1.3978 4.2264 7.1263 10.0949
9.0 1.4149 4.2694 7.1806 10.1502

10.0 1.4289 4.3058 7.2281 10.2003
15.0 1.4729 4.4255 7.3959 10.3898
20.0 1.4961 4.4915 7.4954 10.5117
30.0 1.5202 4.5615 7.6057 10.6543
40.0 1.5325 4.5979 7.6647 10.7334
50.0 1.5400 4.6202 7.7012 10.7832
60.0 1.5451 4.6353 7.7259 10.8172
80.0 1.5514 4.6543 7.7573 10.8606

100.0 1.5552 4.6658 7.7764 10.8871
� 1.5708 4.7124 7.8540 10.9956

hL
�
k
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B.4 Bessel Functions of the First Kind
x J0(x) J1(x)

0.0 1.0000 0.0000
0.1 0.9975 0.0499
0.2 0.9900 0.0995
0.3 0.9776 0.1483
0.4 0.9604 0.1960

0.5 0.9385 0.2423
0.6 0.9120 0.2867
0.7 0.8812 0.3290
0.8 0.8463 0.3688
0.9 0.8075 0.4059

1.0 0.7652 0.4400
1.1 0.7196 0.4709
1.2 0.6711 0.4983
1.3 0.6201 0.5220
1.4 0.5669 0.5419

1.5 0.5118 0.5579
1.6 0.4554 0.5699
1.7 0.3980 0.5778
1.8 0.3400 0.5815
1.9 0.2818 0.5812

2.0 0.2239 0.5767
2.1 0.1666 0.5683
2.2 0.1104 0.5560
2.3 0.0555 0.5399
2.4 0.0025 0.5202
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B.5 Modified Bessel Functions1 of the First and Second Kinds
x e�xI0(x) e�xI1(x) exK0(x) exK1(x)

0.0 1.0000 0.0000 � �

0.2 0.8269 0.0823 2.1407 5.8334
0.4 0.6974 0.1368 1.6627 3.2587
0.6 0.5993 0.1722 1.4167 2.3739
0.8 0.5241 0.1945 1.2582 1.9179
1.0 0.4657 0.2079 1.1445 1.6361
1.2 0.4198 0.2152 1.0575 1.4429
1.4 0.3831 0.2185 0.9881 1.3010
1.6 0.3533 0.2190 0.9309 1.1919
1.8 0.3289 0.2177 0.8828 1.1048
2.0 0.3085 0.2153 0.8416 1.0335
2.2 0.2913 0.2121 0.8056 0.9738
2.4 0.2766 0.2085 0.7740 0.9229
2.6 0.2639 0.2046 0.7459 0.8790
2.8 0.2528 0.2007 0.7206 0.8405
3.0 0.2430 0.1968 0.6978 0.8066
3.2 0.2343 0.1930 0.6770 0.7763
3.4 0.2264 0.1892 0.6579 0.7491
3.6 0.2193 0.1856 0.6404 0.7245
3.8 0.2129 0.1821 0.6243 0.7021
4.0 0.2070 0.1787 0.6093 0.6816
4.2 0.2016 0.1755 0.5953 0.6627
4.4 0.1966 0.1724 0.5823 0.6453
4.6 0.1919 0.1695 0.5701 0.6292
4.8 0.1876 0.1667 0.5586 0.6142
5.0 0.1835 0.1640 0.5478 0.6003
5.2 0.1797 0.1614 0.5376 0.5872
5.4 0.1762 0.1589 0.5279 0.5749
5.6 0.1728 0.1565 0.5188 0.5633
5.8 0.1696 0.1542 0.5101 0.5525
6.0 0.1666 0.1520 0.5019 0.5422
6.4 0.1611 0.1479 0.4865 0.5232
6.8 0.1561 0.1441 0.4724 0.5060
7.2 0.1515 0.1405 0.4595 0.4905
7.6 0.1473 0.1372 0.4476 0.4762
8.0 0.1434 0.1341 0.4366 0.4631
8.4 0.1398 0.1312 0.4264 0.4511
8.8 0.1365 0.1285 0.4168 0.4399
9.2 0.1334 0.1260 0.4079 0.4295
9.6 0.1305 0.1235 0.3995 0.4198

10.0 0.1278 0.1213 0.3916 0.4108

1In�1(x) � In�1(x) � (2n/x)In(x)
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