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3.6C Differential Equation of Continuity

@(Q ripation of equation of- continuit) A mass balance will be made for a pure fluid
fowing through'a stationary volume element Ax Ay Az which is fixed in space as in Fig.

3.6-2. The mass balance for the fluid with a concentration of p kg/m” is

E(rate of mass in) — (rate of mass out) = (rate of mass accumulation) §(3.6-17)

7 *

In the x direction the rate of mass entering the face at x having an area of Ay Az m? is
(pv,), By Bz kg/s and that leaving at x + Ax is (pv,),+a- Ay Az. The term{pv,) IS @ mass
Aux in kg/s- m?. Mass entering and that leaving in the y and the z directions are also

shown in Fig. 3.6-2.

R,

tz
owl’ o«
(puv)yPAy (pv2)z+nz .
’ 1 mass bal X Uw
Z4 \ ‘ o)A s LR S
N
S { ;\
NS t N
.\“‘l AV l OI.\‘!’)( '
\¢o
P 7 (pl)x) ‘Q& ? (Iovx)x+AX
gt o B [T | B
SIS ) e &
neevi \AY\ f+ A
== N
Y \ 1|

(x, 7, Z)—/(W\T Ax—»\

(Pvz)z (puy)_v \“ﬂ
Wy ~ oy

FIGURE 3.6-2. Mass balance for a pure fluid flowing through a fixed volume Ax 8y Az
in space.

M

167

Sec. 3.6 Differential Equations of Continuity



ulo[ion int ‘af[-)\
mulé
X ass accu W

= Ax Ay Az~
o i Souy

ulati
i A o Eq (3.6-17) and dividing both Sideg .

Substitulin

D:—(P0):4a.] 5
1 Az, ) - Jy+ ] L@)’)’ (p'zz+d. :-\p
[(p)e = (PPdcraz2 . y

i

Ax

. in the equation of ep ..
7ero, we Ob[a]n Co““nu'
. approach ity
Ay, and B

Taking the limit s A for a purc fluid.

ation of mass

= .

or conscr : apv,) Z(_p_UL) + M] = —(V-pv) (3.6-20
= ”{77+ oy . 02 )
ot

de of Eq. (3.6-20) comes from the fact thaty ;

6-20) tells us how density p CE_allgcs with time at g ﬁ’ﬂpo\,‘m
he mass velocity vector py.

[into another form by carrying out the actug| Partjy|

. : ;
(The vector notation on the right s

vector), Equation (3. '
resulting from the changes int
We can converl £G. (2.0

_differentiation. ; .
¢ ?W|w % 50, _8_1_11"+ ‘(?2':' —\{v 'aﬁ + v, —p + U, _p> (36—21)
- Aty ) e T ey T e

ALl
Rearranging Eq. (3.6-21),
2 8 g B (205 0

+UyT+U:—=—p

(3.6-22)
ot T D 0x oy 0z

The left-hand side of Eq. (3.6-22) 1s the same as the substantial derivative in Eq. (3.6-2),
Hence, Eq. (3.6-22) becomes

Dp Gu, Ov, Ov,
—=—pl—=+=2+=L|= —p(V.vy 3.6-23
z Dt p((}x dy (32) ol ) i ( )

@(Eguau‘on of continuity for constant dcnsity) Often in engineering with liquids that are
relatively incompressible, the density p is essentially constant. Then p remains constant

for a fluid element as it moves along a path following the fluid motion, or Dp/Dt = 0.
Hence, Eq. (3.6-23) becomes for a fluid of constant density at steady or unsteady state,

¢ 0
@ (V-v):&+&+g‘-:)_z=0 (36-24)

E,\’r.iMPLE 3.6-1. Flow overa Flar Plg¢e
nincompressible Auid flows

direction js paralle] ¢
15 uniform ay e fr
dircction, The y di
Analyze (his

\ ading edgc of the p]a(C the flow
AU veo. There is no velocity in the
the Perpendicular distance from the 2
ation ofcontinuity.

pis constant, Eq. (3.6-24) holds.
% o cv, d,

TG, =0 (3.6-:24)

€¢ stream vye)
rection is

ase using the €qu
Solution: 1 i
tton: Fop this case where
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a
Since there is no velocity in the z direction, we obtain

ov ov
= 9y .
F By (3.6-25)

At a given small value of y c]czse to th_e plate, the value of v, must dccr.ease
from its free stream velocity’v.o as it passes the leading edge in the x
direction because of fluid friction. Hence, dv,/dx is negative. Then from Eq.
(3.6-25), dv,/dy is positive and there is a component of velocity away from
the plate.

@(Wmli”drical and spherical coordinates) It is often convenient to
use cylindrical coordinates to solve the equation of continuity if fluid is flowing in a
cylinder. The coordinate system as related to rectangular coordinates is shown in Fig.

3.6-3a. The relations between rectangular x, y, z and cylindrical r, 8, z coordinates are

E{:rc_os ) §y=rsm @

Using the relations from Eq. (3.6-26) with Eq. (3.6-20), the equation of continuity in
cylindrical coordinates is
N

“\/\/V\/v
, 19 ]
> %, 18orw) | Ldlpv) | dpv) _ o (3.6-27)
;Z ot r or r 0o

0z

(3.6-26)

For spherical coordinates the variables r, 6, and ¢ are related to x, y, z by the
following as shown in Fig. 3.6-3b.

= M ‘y:rsinOsin_@ m

= - (3.6-28)
z X
The equation of continuity in spherical co rdinates becomes
dp | d(priv) I d(pv, sin 0) 1 d(pvy)
—F) —+3 +— o=
% o o rsin 0 a0 o sin 0 d¢ g (3.6-29)
z z
(x, y, z) (x, y, z)
[ B
l
’ z
|
|
1 7o Y
O"\IV/X
mhyh‘**
X
by
(a) (b)
Ficure 3.6.3. Curviline ;
Cax}r:;;:‘;i:[;zgrdmaleS}Slems (a) cylindrical coordinates (b) spheri
Sec, 3 4
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We can use Eq. (3.@-20), which 1s the continuity equation, and Eq. (3.7-7) and obtain
.n equation Of motion for the x component and also do the same for the y and

Jv dv ok 31
. i__,_r.—%‘vr _r+ . U'_r_lrv- le,r _ aTIx_L_ 37}.‘7(4_873 L ap
gt 9x ) : | S R = ey

Jdvy duy duy duy 0Ty 0Ty 07 ap

_._-—_i.- - —1— - _,I_. — - ’ - ~.

p ¢ U T Uy - g = B Tl T PYy T T
Z © . dx

ar T ox T ady = oz _
(3.7-11)

dv, Jdu, dv, du; 07, 0Ty, OT.. ap

P + v, T T Uy ——<W; = — + —— 4+ — 1 - —

ar  9x Y gy 3z ax 3y 3z | D% ax
(3.7-12

Adding vectorially, we obtain an equation of motion for a pure fluid.

Dy
— =—(V-1) - Vp +pg (3.7-13)

Dt



I ' ds i tangul ;
Shear-stress components [or Newtonian fluids in rectang W

\f—‘_

0U
T = T2 T p{V-v) (3.7.14
dvy 2 s
’fyy=—2#g;"f‘5/~'(\7-v) 7-13)
dv, 2
T = —zu—c,; 0y e (V-v) (3.7-16)
o B duy dUy (3.7-17
Ty T T R ay N ax
du, . avz‘ 3.7-18) -
T)’Zz"pzyz—ﬂ-(az + 5y (
avz avI (3’7_19)
T = Tega— = —_
Zx z I-L(ax 82)

(V-v) = (av“‘ e a”i) (3.7



L

4. Equation of Motion for Newtonian fluids with varying density and viscosity After

Eqs. (3.7-14)(3.7-20) for shear-stress components are substituted into Eq. (3.7-10) for

the x-component of momentum, We obtain the general(equation of motion for a

Newtonian fluid with(varyingdensity and viscosity

AA T e ~——

X
p——=""12pr 7 Kr(V-V)|T o
Dt 0.X ax 3 ) oy 8 ax gx

a \

(sz dU ap
a2 R -+ -
37 ax 9z ) 3¢ PYx

(Simi]ar equations are obtained for th

——

e y and z components of momentum)
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|. Equation of motion in rectangular coordinates.

densiyy

L]

For Newtonian fluids fo constan‘r‘}

and p for the x component, y component, and z component we obtain, respectively,

- Ju, du, du, dv, 5lv, 3%u, d%v, 6,0+
* p(az RGPS dy M az)_:“(axz ! dy* ! azz)”ax pg"l
J 1 2y 2y a%u d
Y -0 P(%+ Ux %?Jf Uy %Jf Uz %) Z#(szy+ Zy2y+ azzy) "3§+ Py
@73
v, Jv, du, du, 9%v, d%v, d*v,\ ap
2 p(a[“+uxax +Uyg;y—+vzﬁa_z_) Z'LL(BXZ * dy*? " azz)—a_+pgz

Called Ehe pavier - shrokes eq.s

1:2 0“0( 3 .
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