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Introduction

» Heat transfer has a direction as well as a magnitude

=) ( iS a vector

» Sign convention for heat transfer:

0 =500 W

Cold
medium

- X

Cold
medium

0

Q=-500W

Hot
medium

> X
L

Magnitude of
temperature
at a point A
(no direction)

.. 50°C
80 W/m?

Magnitude and
direction of heat
flux at the same
point

» Conduction is proportional to the temperature

gradient.
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Introduction

» Classification of conduction problems:
ingeneral T=T(x,y, z, t)

— Steady state versus transient conduction

T = T(x)

(h) Steady-state

Time =2 pM Time = 5 P

2,

{a) Transient

15°c (@] 770 12°C s

T = T(x,t)

G;$Q|

— One-dimensional versus two dimensional conduction

T = T(x)
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Introduction

> Three-dimensional conduction cases

= Rectangular: T = T(x, y, z)

= Cylindrical: T = T(r, ¢, 2)
= Spherical: T = T(r, ¢ ,0) | *{l~

Z

2 T0r0,6)
(a) Rectangular coordinates (b) Cylindrical coordinates (¢) Spherical coordinates . ey ®

, . i _ >15
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Fourier’s Law

> A rate equation that allows determination of the conduction
heat flux from knowledge of the temperature distribution in a

medium

> Its most general (vector) form for multidimensional conduction

IS:

(k

—

—q"/ _V)T) q’ = —kVT

Implications:

> Heat transfer
decreasing temperature (basis for minus

sign).
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Fourier’s Law

> Fourier's Law serves to define the

thermal conductivity of the medium

> Direction of heat fransfer s
perpendicular fo lines of constant

temperature (isotherms).

» Heat flux vector may be resolved

into orthogonal components.
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General Relation for Fourier's Law

> In rectangular coordinates, the heat conduction vector can be
expressed in terms of its components as

Qn — Qxi)‘l' Qy]_)+ QZE

> which can be determined from Fourier's law as

(. oT oT
Qx — —kAxa = —kddea

: oT oT

4 Qy — —kAyE = —kdXdZa—y
oT oT

\Qz — —kAZE —kdxdyE
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Heat Generation
> Examples of heat generation:

1. Electrical energy being converted to heat at a rate of IR,
2. Fuel elements of nuclear reactors,
3. Exothermic chemical reactions.

> Heat generation is a volumetric phenomenon.

> The rate of heat generation units: W/m3 or Btu/h - ft3,

> The rate of heat generation in a medium may vary with time as
well as position within the medium.

> The total rate of heat generation in a medium of volume V can be
determined from

Egen - jégen dv (W)
V
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One-Dimensional Heat Conduction Equation - Plane Wall

> Applying conservation of energy to a differential control volume through

which energy transfer is exclusively by conduction.

£
=
T
Rate of heat Rate of heat Rate of heat Rate of change of e
conduction [=| conduction |+ | generation inside | — the en:r'gyl comient - S Ef: 8
~ |l 1~
at x at x+Dx the element of the element ,Qﬁ; I:- | | 5:1
‘\ "‘""‘|\_‘/- J-.\_‘ : R
| l | |
A S P
- - r element o
Qx _Qx+Ax +Egen,element = At :
A=A, =A

> The change in the energy content and the rate of heat generation can be

expressed as
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AEciement = Etsar — Er = mc(Tpppe — Ty) = pcAAX(Typype — T¢)
E égenAAX

gen.element — egenVelement —
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> Substituting these two equations above, we get

Qx - Qx+Ax + égenAAX = ,OCAAX

Teine — Tt
At

> Dividing by A.Ax, taking the limit as Ax— 0 and At — O and from
Fourier's law Q, = —kAZ—Z;

10 oT
19x kAax + €gen = PC 5T

dT| solution

provides the temperature

dt| distribution in a stationary medium.

Lrof <Y,

> The area A is constant for a plane wall > the one dimensional
transient heat conduction equation in a plane wall is

v' Variabl ductivit akaT+ ot
ariable conductivity: |—— e C—
V' lax\ax) T 9en T Po e
02T & 10T k
v Constant conductivity: I g =—
dx? k a Ot pc
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One-Dimensional Heat Conduction Equation - Plane Wall

> The one-dimensional conduction equation may be reduces to the
following forms under special conditions

d°T é
r 1) Steady-state: gen _
) Y dx? " k !
; 2) Transient, no heat | 92T 10T
generation: dx? _adt
2
. 3) Steady-state, no heat generation: % =0
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One-Dimensional Heat Conduction Equation - Long Cylinder

Ga te of hea? /~ Rate of ©\ "\ (Rate of change\
: neat of the energy
conduction | - ] + _
conduction content of the
" Uatrar ) L )\ element
: : - AE element
Qr - Qr+Ar + Egen,element = T

> The change in the energy content and the rate
of heat generation can be expressed as:

AEciement = E¢sar — E¢ = me(Tyipe — Ty) = pcAAT(Tipe — T)

Egen,element — égenVelement — égenAAr

r+ar¥ -7 Volume element
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One-Dimensional Heat Conduction Equation - Long Cylinder

> Substituting into the main equation, we get

Teine — Tt
At

Qr - Qr+Ar + egenAAr = pcAAr

» Dividing by A.Ar, taking the limit as Ar > 0 and At = 0, and from
Fourier's law:

to( o\,  _ o
A or or Cgen = PC 57

» Noting that the area varies with the independent variable r
according to A=2zarL, the one dimensional transient heat
conduction equation in a long cylinder becomes
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, . 10 oT , oT
Variable conductivity: e Tkﬁ + €gen = PC——
" 10 ( 0T\  égen 10T
Constant conductivity: mewl Urwl e ke

» The one-dimensional conduction equation may be reduces to
the following forms under special conditions

. 1) STeady—sTaTe: li ” dTl n égen ~0
rdr\ dr k
< 2) Transient, no heat generation: li(ra_T _ Ao
ror\ or) «a ot
3 d h ion: d r 2 0
= ) Steady-state, no heat generation: 2\




One-Dimensional Heat Conduction Equation - Sphere

> Same approach used for the

cylinder with:
A = 4 r r? instead of .
A=2nrL

Volume
element

! . 1 0 oT oT
> Variable conductivity: — | y2 = ' e
Y r2 or (r i 0r> + €gen = PC ot
» Constant conductivity: ~ 9 (220 4 oen _ 10T
onstant conductivity: =2\ 5 o=
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General Heat Conduction Equation

> Cartesian Coordinates:

- Rate of heat ~

conduction

-~ Rate of heat ~

Conduction at

at x, y,and z

X

S
0x+0y + 0,

- J
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x+Dx, y+Dy,

- and z+Dz ./

\

_Qx+Ax - Qy+Ay iy Qz+Az
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Rate of heat )

Generation inside

the element

}

+Egen,element
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> Repeating the mathematical approach used for the one-dimensional
heat conduction the three-dimensional heat conduction equation is

determined to be Two-dimensional

A
([ A

02T 02T 02T égen 10T
ottt = ——

dx? 0dy? 0z? k a Ot

\e J

o

Three-dimensional

[ i 3 02T 0%T 09°%T e
1) Steady-state: (Poisson equation gen _
) y ( q ) R R 0

» Constant conductivity:

2) Transient, no heat generation:
< 92T 02T 02T 14T
t—t—=——
dx?  0y? 0z «aot
3) Steady-state, no heat generation:
\_ (Lapl tion) 62T+62T+62T_0
aplace equation oz ozt a2 ™
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Cylindrical Coordinates

_1_ z
dz \
—_\%\f’i&\

z N\

N—,
4 ___?‘\%g,\( !

P

10 ( oT\ 10T( or\ o or\ ~— _ aT
rar\' " or r2op\ 0¢) 0z\ 0z Cgen = PO
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Spherical Coordinates

Jo + do

rsin@ do

r2 or

ar

+ ! 0 k
r2sinfzad¢ \ d¢

oT N 1 0
r2sin 6 06

(

0T\
ksmeﬁ + égen = pC

oT

dt
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Boundary and Initial Conditions

1. Specified Temperature Boundary Condition
2. Specified Heat Flux Boundary Condition

3. Convection Boundary Condition

4. Radiation Boundary Condition

5. Interface Boundary Conditions

6. Generalized Boundary Conditions

Prof. Y. Mubarak, Transport Phenomena 1 Chem. Eng. Dept.
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Specified Temperature Boundary Condition

> For one-dimensional heat transfer

through a plane wall of thickness L, = e
for  example, the  specified Gl 19 LS
temperature boundary conditions can "
L X
be expressed as
1(0. 1) = 150°C
TO. =T T(L. 1) =70°C
' -1
TL,t)=T,

> The specified temperatures can be constant, which is the case
for steady heat conduction, or may vary with time.
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Specified Heat Flux Boundary Condition

» The heat flux in the positive x-direction

Heat
anywhere in the medium, including the flux | Conduction
boundaries, can be expressed by Fourier's o= ST
0 X
N Hea
law of heat conduction as conducgion] e
==
JdT(L.1) _
- e
dT Heat flux in
g=—k—=| | the positive ’ L x
dx x-direction

> The sign of the specified heat flux is determined by inspection:
positive if the heat flux is in the positive direction of the
coordinate axis, and negative if it is in the opposite direction.

Prof. Y. Mubarak Transport Phenomena 1 Chem. Eng. Dept.
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Two Special Cases

Insulated boundary

Thermal symmetry

,— Center plane

Zero |
slope

/,--- Temperature
distribution
(symmetric
1

about center
plane)

0 [
Insulation T(x, 1) 60°C
0 * 7 e
0T 0.1) _
ox b
T(L, 1) = 60°C
dT (0,t dT (0,t
00,0 _ 00 _,
dx dx

24



Convection Boundary Condition

a Heat conduction A

at the surface ina
selected direction

r

Heat convection

at the surface in

the same direction

- LY s
dT(0,t
—ky = hy[Teq —T(0,0)]
dx
and
dT(L,t)
—k————=h,|T(L,t) — Ty
2 = hy[T(L £) — T
Mubarak Transport Phenomena 1
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Convection | Conduction P
-L : v

T, - TO. 0] =~k ===

dT1(0, 1)
ax

Conduction | Convection

, -
®]
e, T, n-T, ]
ox - ‘
i
=
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Radiation Boundary Condition

-

" Heat conduction

at the surface in a
selected direction

at the surface in

oT(0,t)
—kT — glo-[TsLLurr,l - T(O' t)4]
oT (T, t
and —k% — gzo'[T(L, t)* — T;‘urr,z]

Prof. Y. Mubarak_
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rRadia’rion exchangg

the same dir'ec‘rion/

Radiation | Conduction

4
810' I Tsurr. 1
€
T

surr, 1

-0, 0 =k =

dT(L. 1)
1 ox

Conduction

d71(0, 1)
Al

=eo[NL n*-T}

£
T

surr, 2

Radiation

surr, 2

0

o
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Interface Boundary Conditions

» At the interface the requirements are:

1. Two bodies in contact must have the
same temperature at the area of
contact,

2. An interface (which is a surface)
cannot store any energy, and thus the
heat flux on the two sides of an
interface must be the same.

T A(xp, t) = Tp(xp, t)

and
_k 0Ty (xo,t) i dTg (xo, t)
4 dx P dx
Prof. Y. Mubarak_ Transport Phenomena 1

Material
A

T(x. 1)

Interface

0

Material
B

7:4("‘0' = 7;3(x0, T)

: T(x. 1)

Conduction | Conduction

e 0T, (x,, 1) ot OTp(xy 1)

A" dx

B ox

|
K
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Generalized Boundary Conditions

» In general a surface may involve convection, radiation, and
specified heat flux simultaneously. The boundary condition in
such cases is again obtained from a surface energy balance,
expressed as

Heat transfer to Heat transfer from
the surface in all e the surface in all
modes modes
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Boundary and Initial Conditions: summary

» For fransient conduction, heat equation is first order in time, requiring
specification of an initial femperature distribution:

T(x,t)tzo =T(x,0)

> Since heat equation is second order in space, two boundary conditions must be
specified. Some common cases:

Constant Surface

Temperature

T(O, t) = TS

Prof. Y. Mubarak_

Insulated Surface

T(x, 1)

Constant Heat Flux:

Applied Flux

T(x, 1)
> >
Z—T =0 2t
x|, _o dx .

‘7}-’ai15j,mrf Phenomena 1

Convection
700, 1)
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Heat Generation in Solids -The Surface Temperature

Rate of heat Rate of energy
transfer from the | = generation within
solid the solid

For uniform heat generation within the medium

At steady conditions, the entire heat
generated in a solid must leave the
solid through its outer surface.

Q = égenV (W)

The heat transfer rate by convection can also be expressed from
Newton's law of cooling as

- _>Q =hA;(Ts —Tow) (W)

p|Ts = T, + na.

Prof. Y. Mubarak Transport Phenomena hem. Eng. Dept.
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Heat Generation in Solids -The Surface Temperature

» For a large plane wall of thickness 2L (A,= A, and V = 2LA,q1)

€ enlL
. gen
Ts,plane wall — Too + h

» For along solid cylinder of radius ro (A,= 2z roL and V = 7z ry? L)

. egenro
Ts,cylinder - Too + h

» For a solid sphere of radius ro(A,=4 zry?and V =4/; 7 ry3)

egenro
3h

Ts,spher =T +
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Heat Generation in Solids -The maximum

Temperature in a Cylinder (the Centerline)

> The heat generated within an inner cylinder must be
equal to the heat conducted through its outer
surface.

ar
_kArE = €genVr

> Substituting these expressions into the above equation and separating
the variables, we get

dlr . €gen
—k(2an)E = égen(mr?L) > dT = — = rdr
» Integrating from r =0 where T(0) =T, to r=r,
égenroz

ATmax,cylinder =To—Ts = Ak
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Variable Thermal Conductivity, R(T)

> The thermal conductivity of a
material, in general, varies with
temperature.

> An average value for the thermal
conductivity is commonly used
when the variation is mild.

> This is also common practice for
other temperature-dependent
properties such as the density
and specific heat.

Protf. Y. Mubarak Transport Phenomena 1
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Thermophysical Properties

» Thermal Conductivity: A measure of a material's ability to
transfer thermal energy by conduction.

Zinc | Silver
PURE METALS
Nickel Aluminum
ALLOYS
Plastics lce Oxides
NONMETALLIC SOLIDS
Foams Fibers
INSULATION SYSTEMS
Oils Water Mercury
Carbon LIQUIDS
dioxide Hydrogen
GASES
0.01 0.1 1 10 100 1000
Thermal conductivity (W/m-K)

» Thermal Diffusivity: A measure of a material's ability to
respond to changes in its thermal environment.
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Variable Thermal Conductivity for 1-D Cases

» When the variation of thermal conductivity with temperature k(T)
is known, the average value of the thermal conductivity in the
temperature range between T, and T, can be determined from

J2 k(T)dT
Kave = -
I, - Ty

» The variation in thermal conductivity of a material which can often
be approximated as a linear function and expressed as

—

Prof. Y. Mubarak_

k(T) = ko(1+ BT)

avg

Jy eo(1 + BTYdT

T, +T
— —k0<1+,8 . )-k(Tavg)
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Variable Thermal Conductivity

> For a plane wall the
temperature varies linearly Planc wall
during steady | one-dimensional KD =k (1+BT)
heat conduction when the
thermal conductivity is B>0
constant. T { i=t

I
> This is no longer the case when %T
2

the thermal conductivity changes
with temperature (even linearly).

g A A 1 e {: 7 i 9 C o ¥ = > o 2 ) 237 7% -~y [ ' >4¥ : - J > -+
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Methodology of a Conduction Analysis

> Consider possible micro- or nanoscale effects in problems

involving very small physical dimensions or very rapid changes
in heat or cooling rates.

> Solve appropriate form of heat equation fo obtain the
temperature distribution.

» Knowing the temperature distribution, apply Fourier's Law to

obtain the heat flux at any time, location and direction of
interest.
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