
Heat Conduction Equation 

Steady-State Conduction without Thermal 

Energy Generation

The University of Jordan
Chemical Engineering Department

Summer 2022
Prof. Yousef Mubarak



 One-Dimensional, Steady-State Conduction without Thermal Energy
Generation

1. Plane Wall
2. Tube and cylinders
3. Spherical shell
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1. Specify appropriate form of the heat equation.

2. Solve for the temperature distribution.

3. Apply Fourier’s law to determine the heat flux.

 Simplest Case: One-Dimensional, Steady-State, and Conduction with No Thermal
Energy Generation.

 Common Geometries:

1. The Plane Wall: Described in rectangular (x) coordinate. Area perpendicular
to direction of heat transfer is constant (independent of x).

2. The Tube Wall: Radial conduction through tube wall.

3. The Spherical Shell: Radial conduction through shell wall.

Methodology of a Conduction Analysis
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 Consider a plane wall between two fluids of different temperature:
 Heat Equation:

The Plane Wall

 Implications:

 Boundary Conditions:

 Temperature Distribution for Constant k :

For steady-state conditions with no
distributed source or sink of energy
within the wall

the heat flux is constant, independent of x

𝑑

𝑑𝑥
𝑘

𝑑𝑇

𝑑𝑥
= 0

𝑇 𝑥 = 𝐶ଵ𝑥 + 𝐶ଶ

𝑇 0 = 𝑇௦,ଵ  𝑎𝑛𝑑  𝑇 𝐿 = 𝑇௦,ଶ

𝑇 𝑥 = 𝑇௦,ଶ − 𝑇௦,ଵ

𝑥

𝐿
+ 𝑇௦,ଵ
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 Heat Flux and Heat Rate:

 Thermal Resistances and Thermal Circuits:

o Conduction in a plane wall:

o Convection: 

o Thermal circuit for plane wall with adjoining fluids:

The Plane Wall

𝑞௫ = −𝑘𝐴
𝑑𝑇

𝑑𝑥
=

𝑘𝐴

𝐿
𝑇௦,ଵ − 𝑇௦,ଶ 𝑞௫

ᇱᇱ =
𝑞௫

𝐴
=

𝑘

𝐿
𝑇௦,ଵ − 𝑇௦,ଶ

𝑅௧,௖௢௡ௗ ≡
𝑇௦,ଵ − 𝑇௦,ଶ

𝑞௫
=

𝐿

𝑘𝐴

𝑅௧,௖௢௡௩ ≡
𝑇௦ − 𝑇ஶ

𝑞௫
=

1

ℎ𝐴

𝑞௫ = ಮ்,భି ೞ்,భ

ଵ ௛భ஺⁄
= ೞ்,భି ೞ்,మ

௅ ௞஺⁄
= ೞ்,మି ಮ்,మ

ଵ ௛మ஺⁄

𝑅௧௢௧ =
1

ℎଵ𝐴
+

𝐿

𝑘𝐴
+

1

ℎଶ𝐴
𝑞௫ =

𝑇ஶ,ଵ − 𝑇ஶ,ଶ

𝑅௧௢௧
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 Parallel composite wall with negligible contact resistance:

The Plane Wall

𝐻𝑒𝑎𝑡 𝑓𝑙𝑜𝑤 =
𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒

𝑡ℎ𝑒𝑟𝑚𝑎𝑙 𝑟𝑒𝑠𝑖𝑠𝑡𝑎𝑛𝑐𝑒

𝑞௫ =
𝑇ஶ,ଵ − 𝑇ஶ,ସ

∑ 𝑅௧௢௧
 
 

𝑞௫ = ಮ்,భି ೞ்,భ

ଵ ௛భ஺⁄
= ೞ்,భି మ்

௅ಲ ௞ಲ஺⁄
= మ்ି య்

௅ಳ ௞ಳ஺⁄
=−−− −

𝑞௫ =
𝑇ஶ,ଵ − 𝑇ஶ,ସ

1 ℎଵ𝐴⁄ + 𝐿஺ 𝑘஺𝐴⁄ + 𝐿஻ 𝑘஻𝐴⁄ + 𝐿஼ 𝑘஼𝐴⁄ + 1 ℎସ𝐴⁄
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Overall Heat Transfer Coefficient (U ) :

 A modified form of Newton’s Law of Cooling to encompass multiple
resistances to heat transfer.

Where 

The Plane Wall

𝑞௫ = 𝑈𝐴∆𝑇

𝑈 =
1

𝑅௧௢௧𝐴
=

1

1 ℎଵ⁄ + 𝐿஺ 𝑘஺⁄ + 𝐿஻ 𝑘஻⁄ + 𝐿஼ 𝑘஼⁄ + 1 ℎସ⁄

𝑅௧௢௧ = ෍ 𝑅௧ =
∆𝑇

𝑞
=

1

𝑈𝐴
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Series composite wall:

The Plane Wall

�̇� =
𝑇ଵ − 𝑇ଶ

𝑅௧௢௧௔௟

�̇� = �̇�ଵ + �̇�ଶ =
𝑇ଵ − 𝑇ଶ

𝑅ଵ
+

𝑇ଵ − 𝑇ଶ

𝑅ଶ
= 𝑇ଵ − 𝑇ଶ

1

𝑅ଵ
+

1

𝑅ଶ

1

𝑅௧௢௧௔௟
=

1

𝑅ଵ
+

1

𝑅ଶ
→ 𝑅௧௢௧௔௟ =

𝑅ଵ𝑅ଶ

𝑅ଵ + 𝑅ଶ
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Series – Parallel Composite Wall:

The Plane Wall

�̇� =
𝑇ଵ − 𝑇ଶ

𝑅௧௢௧௔௟

𝑅௧௢௧௔௟ = 𝑅ଵଶ + 𝑅ଷ + 𝑅௖௢௡௩

𝑅௧௢௧௔௟ =
𝑅ଵ𝑅ଶ

𝑅ଵ + 𝑅ଶ
+ 𝑅ଷ + 𝑅௖௢௡௩

𝑅ଵ =
௅భ

௞భ஺భ
, 𝑅ଶ =

௅మ

௞మ஺మ
  , 𝑅ଷ =

௅య

௞య஺య
 , 𝑅௖௢௡௩ =

ଵ

௛஺య

9



 Note departure from one-
dimensional conditions for

 Circuits based on assumption of
isothermal surfaces normal to
x direction or adiabatic
surfaces parallel to x direction
provide approximations for qx

.

Series – Parallel Composite Wall:

The Plane Wall

𝑘ி ≠ 𝑘ீ
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The Plane Wall
Series – Parallel Resistances :

 Thermal Resistance for Unit Surface Area:

Units:  W/KtR 
2m K/WtR 

�̇� = �̇�௖௢௡௩ + �̇�௥௔ௗ

𝑅௥௔ௗ =
1

ℎ௥௔ௗ𝐴௦
  𝐾 𝑊⁄

ℎ௥௔ௗ =
�̇�௥௔ௗ

𝐴௦ 𝑇௦ − 𝑇௦௨௥௥

ℎ௥௔ௗ = 𝜀𝜎 𝑇௦
ଶ + 𝑇௦௨௥௥

ଶ 𝑇௦ + 𝑇௦௨௥௥

�̇�௥௔ௗ = 𝜀𝜎𝐴௦ 𝑇௦
ସ − 𝑇௦௨௥௥

ସ = ℎ௥௔ௗ𝐴௦ 𝑇௦ − 𝑇௦௨௥௥ =
𝑇௦ − 𝑇௦௨௥௥

𝑅௥௔ௗ

𝑅௧,௖௢௡ௗ
ᇱᇱ =

𝐿

𝑘
𝑅௧,௖௢௡௩

ᇱᇱ =
1

ℎ
𝑅௧,௥௔ௗ

ᇱᇱ =
1

ℎ௥௔ௗ
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The Plane Wall
Contact Resistance:

 In composite systems, the
temperature drop across the
interface between materials
may be appreciable.

 This temperature change is
attributed to what is known as
the thermal contact resistance

𝑅௧,௖
ᇱᇱ =

𝑇஺ − 𝑇஻

𝑞௫
ᇱᇱ 𝑅௧,௖ =

𝑅௧,௖
ᇱᇱ

𝐴௖
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Ideal and Actual Contact
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Contact Resistance:
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 Heat Equation:

Cylindrical tube and shell

 Temperature Distribution for Constant k :

 Given that

1

𝑟

𝑑

𝑑𝑟
𝑘𝑟

𝑑𝑇

𝑑𝑟
= 0

𝑇 𝑟 = 𝐶ଵ𝑙𝑛 𝑟 + 𝐶ଶ

𝑇 𝑟ଵ = 𝑇௦,ଵ   𝑎𝑛𝑑  𝑇 𝑟ଶ = 𝑇௦,ଶ

𝑇 𝑟 =
𝑇௦,ଵ − 𝑇௦,ଶ

𝑙𝑛 𝑟ଵ 𝑟ଶ⁄
𝑙𝑛

𝑟

𝑟ଶ
+ 𝑇௦,ଶ
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 Heat Flux and Heat Rate:

 Conduction Resistance:

 Why is it inappropriate to base the thermal resistance on 
a unit surface area?

K/W

Cylindrical tube and shell

𝑞௥ = −𝑘𝐴௥

𝑑𝑇

𝑑𝑟
𝑞௥ = −2𝜋𝑘𝑟𝐿

𝑑𝑇

𝑑𝑟

𝑞௥ =
2𝜋𝐿𝑘 𝑇௦,ଵ − 𝑇௦,ଶ

𝑙𝑛 𝑟ଶ 𝑟ଵ⁄

𝑅௧,௖௢௡ௗ =
𝑙𝑛 𝑟ଶ 𝑟ଵ⁄

2𝜋𝐿𝑘
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 Composite Wall with Negligible Contact Resistance

Cylindrical tube and shell
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Cylindrical tube and shell

 This definition is arbitrary, and the overall coefficient may also
be defined in terms of A4 or any of the intermediate areas.

𝑞௥ =
𝑇ஶ,ଵ − 𝑇ஶ,ସ

𝑅௧௢௧
= 𝑈𝐴 𝑇ஶ,ଵ − 𝑇ஶ,ସ

𝑞௥ =
𝑇ஶ,ଵ − 𝑇ஶ,ସ

1
2𝜋𝑟ଵ𝐿ℎଵ

+
𝑙𝑛 𝑟ଶ 𝑟ଵ⁄

2𝜋𝑘஺𝐿
+

𝑙𝑛 𝑟ଷ 𝑟ଶ⁄
2𝜋𝑘஻𝐿

+
𝑙𝑛 𝑟ସ 𝑟ଷ⁄

2𝜋𝑘஼𝐿
+

1
2𝜋𝑟ସ𝐿ℎସ

 If U is defined in terms of the inside area, A1 = 2 r1L,

𝑈ଵ =
1

1
ℎଵ

+
𝑟ଵ
𝑘஺

𝑙𝑛
𝑟ଶ
𝑟ଵ

+
𝑟ଵ
𝑘஻

𝑙𝑛
𝑟ଷ
𝑟ଶ

+
𝑟ଵ
𝑘஼

𝑙𝑛
𝑟ସ
𝑟ଷ

+
𝑟ଵ
𝑟ସ

1
ℎଵ

𝑈ଵ𝐴ଵ = 𝑈ଶ𝐴ଶ= 𝑈ଷ𝐴ଷ= 𝑈ସ𝐴ସ = ∑ 𝑅௧
 
 

ିଵ
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Cylindrical tube and shell

𝑅௧௢௧௔௟ = 𝑅௖௢௡௩,ଵ + 𝑅௖௬௟,ଵ + 𝑅௖௬௟,ଶ + 𝑅௖௬௟,ଷ + 𝑅௖௢௡௩,ଶ

=
ଵ

௛భ஺భ
+

௟௡ ௥మ ௥భ⁄

ଶగ௅௞భ
+

௟௡ ௥య ௥మ⁄

ଶగ௅௞మ
+

௟௡ ௥ర ௥య⁄

ଶగ௅௞య
+

ଵ

௛ర஺ర

�̇� =
𝑇ஶଵ −𝑇ଶ

𝑅௖௢௡௩,ଵ + 𝑅௖௬௟,ଵ
=

𝑇ஶଵ − 𝑇ଶ

1
ℎଵ 2𝜋𝑟ଵ𝐿

+
𝑙𝑛 𝑟ଶ 𝑟ଵ⁄

2𝜋𝐿𝑘ଵ

�̇� =
𝑇ଶ −𝑇ஶଶ

𝑅ଶ + 𝑅ଷ + 𝑅௖௢௡௩,ଶ

=
𝑇ଶ −𝑇ஶଶ

𝑙𝑛 𝑟ଷ 𝑟ଶ⁄
2𝜋𝐿𝑘ଶ

+
𝑙𝑛 𝑟ସ 𝑟ଷ⁄

2𝜋𝐿𝑘ଷ
+

1
ℎ଴ 2𝜋𝑟ସ𝐿
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Critical Thickness of Insulation
 The inner temperature of the insulation is fixed at Ti

 The outer surface is exposed to a convection environment at T∞

𝑞 =
2𝜋𝐿 𝑇௜ − 𝑇ஶ

𝑙𝑛 𝑟଴ 𝑟௜⁄
𝑘

+
1

𝑟଴ℎ

 The maximum condition is

𝑑𝑞

𝑑𝑟଴
= 0 =

−2𝜋𝐿 𝑇௜ − 𝑇ஶ
1

𝑘𝑟଴
−

1
ℎ𝑟଴

ଶ

𝑙𝑛 𝑟଴ 𝑟௜⁄
𝑘

+
1

𝑟଴ℎ

ଶ

𝑟଴ =
𝑘

ℎ
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 Heat Equation

Spherical Shell

 Temperature Distribution for Constant k :

But

1

𝑟ଶ

𝜕

𝜕𝑟
𝑘𝑟ଶ

𝜕𝑇

𝜕𝑟
= 0

𝑇 𝑟 = 𝑇௦,ଵ − 𝑇௦,ଵ − 𝑇௦,ଶ

1 − 𝑟ଵ 𝑟⁄

1 − 𝑟ଵ 𝑟ଶ⁄

𝑞௥ = −𝑘𝐴
𝑑𝑇

𝑑𝑟
= −𝑘 4𝜋𝑟ଶ

𝑑𝑇

𝑑𝑟
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 For Composite Shell:

and

and

Spherical Shell

 for steady-state conditions with no heat generation and no heat
loss from the sides.

 qr is a constant, independent of r,

𝑞௥

4𝜋
න

𝑑𝑟

𝑟ଶ
= − න 𝑘 𝑇 𝑑𝑇

ೞ்,మ

ೞ்,భ

௥మ

௥భ

𝑞௥ =
4𝜋𝑘 𝑇௦,ଵ − 𝑇௦,ଶ

1 𝑟ଵ⁄ − 1 𝑟ଶ⁄

𝑅௧,௖௢௡ௗ =
1

4𝜋𝑘

1

𝑟ଵ
−

1

𝑟ଶ

𝑞௥ =
𝑇ஶ,ଵ − 𝑇ஶ,ସ

𝑅௧௢௧
= 𝑈𝐴 𝑇ஶ,ଵ − 𝑇ஶ,ସ

𝑈 =
1

𝑅௧௢௧𝐴
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