Heat Conduction Equation

Steady-State Conduction without Thermal

Energy Generation

The University of Jordan
Chemical Engineering Department
Summer 2022
Prof. Yousef Mubarak

Prof. Y. Mubarak_ Transport Phenomena 1 Chem. Eng. Dept.



Content

> One-Dimensional, Steady-State Conduction without Thermal Energy
Generation

1. Plane Wall
2. Tube and cylinders
3. Spherical shell

Prof. Y. Mubarak, Transport Phenomena 1 Chem. Eng. Dept.



Methodology of a Conduction Analysis
1. Specify appropriate form of the heat equation.
2. Solve for the temperature distribution.
3. Apply Fourier's law to determine the heat flux.

> Simplest Case: One-Dimensional, Steady-State, and Conduction with No Thermal
Energy Generation.

> Commoh Geometries:

1. The Plane Wall: Described in rectangular (x) coordinate. Area perpendicular
to direction of heat transfer is constant (independent of x).

2. The Tube Wall: Radial conduction through tube wall.

3. The Spherical Shell: Radial conduction through shell wall.
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The Plane Wall

> Consider a plane wall between two fluids of different temperature:

> Heat Equation:

For steady-state conditions with no
distributed source or sink of energy

within the wall

I

d
dx

de =0
dx |

T(x) — Clx =F CZ

> Implications:

the heat flux is constant, independent of x

v" Boundary Conditions:

v Temperature Distribution for Constant k :
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T(0) =Ty, and T(L) =T,

X
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The Plane Wall

> Heat Flux and Heat Rate:

dT

Gy = —kA—— =

dx

kA
T (Ts,l o Ts,z)

—

//:&
qx A

k
-7 (Ts,l - Ts,z)
L

> Thermal Resistances and Thermal Circuits:

o Conduction in a plane wall:

o Convection:

p o (Tsa=Tsp) L
t,cond — -
’ qx kA
R . (Ts — Too) o 1
t,conv — -
’ qx hA

o Thermal circuit for plane wall with adjoining fluids:

Tar Iy Iz T.p
> 0 AAN ANA——AM 0 _ (Ton=Ts1) _ (Tsa~Tsz) _ (Tsp—Teo2)
9 1 L 1 x 1/h, A L/kA 1/h,A
hA kA hyA
o L L 1 AN . (Toop — Too2)
tot — =
hA kA h;A Rio
Prof. Y. Mubarak_ Transport Phenomena 1 Chem. Eng. Dept.




The Plane Wall

> Parallel composite wall with negligible contact resistance:

thermal potential dif ference =TT
thermal resistance

Heat flow =

qx

- o2 T it

2 Reot

 Hotfuid

ST
E A B ¢
g, = (Too,1-Ts1) . (Ts1-T2) _ (-3 T T T
& 1/h A La/kyA Lp/kpA & Cold flud
1 4 L L 1 T b

_ (Toop — Toos)
> T 1(1/hA) + LafkaA) + (Lp/kA) + (L/keA) + (L/hyA)]
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The Plane Wall
Overall Heat Transfer Coefficient (U ) :

> A modified form of Newton's Law of Cooling to encompass multiple
resistances to heat transfer.

q, = UAAT

Where

1 1
 RiptA [(1/hy) + (La/ky) + (Lp/kp) + (Le/ke) + (1/hy)]

AT 1
Rtot=th=7=m

U
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The Plane Wall

Series composite wall:

Insulation

0=0+0, =2 BB opy(Le )| |

R, R, R, R,
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Rtotal
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The Plane Wall

Series - Parallel Composite Wall:

. T, =T,
Q=22

Rtotal

Riotar = Ri2 + Rz + Reony

RiR,
Riotar = R + R i A
1 2
Ly I, L3 1
R, = R, = R.=—— R —
17 kA’ %2 7 kyAy 7 T3 T kaAg ' COMV T pg,

Insulation
i
4
.1'1 | —
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T, -~ a i
~N @ kK
_,-'l.2 — -kg. .‘J'. T'q
E] —_—
: SRS = _
gﬁ- R‘I ] — Q
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T' Q: Ri R{-:nrw TT'
——AAAAANAA
R_'-'
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The Plane Wall

Series - Parallel Composite Wall:

» Note departure from one-
dimensional conditions for

ky # kg

» Circuits based on assumption of
isothermal surfaces normal to
x direction or adiabatic
surfaces parallel o x direction
provide approximations for g,
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The Plane Wall

Series - Parallel Resistances : P Qoo

0 5 < —"-\.‘.-" l,.-"-\,."‘ "I"-._.-'J",f.l'“w—- T
Q = Qcony + Qraa s (R e X 4
T; “:"' b h 14.|
Ryqqa = Mg (K/W) Solid Q_”'d.

3 o ‘-"'ﬂ"u"\'\-""\\-"."x"'ﬁ Wi 'Tsurr
h . Qrad R
rad AS (TS - TSUTT) G= ann\' + de
hrad — SO-(TQZ + TQ?IITT')(TQ + TQ'”'Y'T')

(Ts o Tsurr)
Rrad

Qrad - EUAS(TS4 - Ts%u*r) — hradAs(Ts - Tsurr) =

» Thermal Resistance for Unit Surface Area:
I 1 1 Units: R, <> W/K

r —_ " — 17 _
Rt,cond - k Rt,conv - h trad — h

rad Rt” <> m2 -K/W




The Plane Wall

Contact Resistance:

» In composite systems, the
temperature drop across the
interface between materials
may be appreciable.

> This temperature change is
attributed to what is known as
the thermal contact resistance

Ta—Ts _ Ree
qyx

oo
Ric =
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Ideal and Actual Contact
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Layer 1 ( Layer 2

Interface =

Temperature
distribution

Tl = Tz

(a) Ideal (perfect) thermal contact (b) Actual (imperfect) thermal contact
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Contact Resistance:

TapLe 3.2  Thermal resistance of representative solid/solid interfaces
Interface R}, % 10* (m*-K/W) Source
Silicon chip/lapped aluminum in air 03-06 [2]
(27-500 KN/m?)

Aluminum/aluminum with indium foil ~0.07 [1.3]
filler (~100 KN/m®)

Stamless/stamnless with mdmm foal ~0.04 [1. 3]
filler (~3500 kN/m?)

Aluvmimum/aluminum with metallic (Pb) 0.01-01 [4]
coatng

Alumunum/aluminum with Dow Corning ~0.07 [1,3]
340 grease (~100 kN/m*)

Stamnless/statnless with Dow Coming ~0.04 [1. 3]
340 grease (~3500 kN/m")

Silicon chip/alummum with 0.02-mm 02-09 [5]
Epoxy

Brass/brass with 15-um tin solder 0.025-0.14 [6]
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Cylindrical tube and shell

» Heat Equation:

1 d dT C;Illﬂzid /
m(’“’ E) =0 N
m) [ T()=C )+ WS £ o
o
> Given that . T .1,
7 4> -JVV\FWW
T» 1 nirofry 1
T(rl) = TS,l and T(TZ) — TS,Z h2anl 27k h2anl

> Temperature Distribution for Constant k :

Ts, 1

T(r) =

- TS,Z
In(r /r;)
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Cylindrical tube and shell

> Heat Flux and Heat Rate:

dT dT
q, = _kATE — g, = —27terE

2Lk (T, — Ts2)
O Ty

> Conduction Resistance:

_ In(ry/r1)
Rt cona = Tk K/W

» Why is it inappropriate to base the thermal resistance on
a unit surface area?
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Cylindrical tube and shell
» Composite Wall with Negligible Contact Resistance
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Cylindrical tube and shell

Toww1 — Teo s
Qr = R - UA(TOOJ o TOOA)
tot
‘ g, = Too,l — Too,4-
" 1 n In(ry/my) + In(rs/1m3) + In(ry/73) n 1
27‘[7‘1Lh1 ZT[kAL ZﬂkBL ZT[kcL 27T7'4Lh4

» If Uis defined in terms of the inside area, A; = 27riL,

1

1, n, (r i(ﬁ)r_l(ﬂ)r_li
h1+kAln<7”1)+kBln Wy, +kcln 3 +7’4h1

U1=

» This definition is arbitrary, and the overall coefficient may also
be defined in terms of A, or any of the intermediate areas.

UjAy = UyAy;=U3A3=UA4 = R)!
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Cylindrical tube and shell

Rtotal = Rconv,l + Rcyl,l + Rcyl,z + Rcyl,3 + Rconv,z
_ 1 In(ry/r1) | In(rz/ry) | In(ry/r3) 1
" hqiA, 21Lk, 21Lk, 2mLk> h,Ay,
0 = Tow1-T; To1 — T
Rconv,l + Rcyl,l 1 4+ lTl(T‘Z/T‘l)
h,(2rtryL) 2mLk4
c? . 712 __71x>2
Ry + R3 + Reonw,2
. TZ _Tooz
- In(rs/my) n In(ry/73) n 1
ZZTTI;ICZ 227[1>l(3 il()(237t714l,)
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Critical Thickness of Insulation

> The inner temperature of the insulation is fixed at T,

> The outer surface is exposed to a convection environment at T,

~ 2nL(T; — Too)
T G /r) | 1
k Toh

> The maximum condition is

(9

h T
r
-
O AL O—MANN—C
In (ry/r) 1
2kl Frr Lh

1 1
dq o —ZﬂL(Ti — Too) <k_7"0 — h_T'Oz)
dry [ln(ro/ri) o 1 r

k Toh
k
‘ 7‘0 = E
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Spherical Shell

» Heat Equation

1a [ ,ar
——(kr2—=] =0

r2 Jr ar
\ /

> Temperature Distribution for Constant k:

1- (7”1/7”)
T(r)=T.1 —\(T<c,—T.
( ) S, 1 ( s, 1 S,Z) 1 — (7”1/7”2)
dT dT
— LAl AN
But q, = —kA — k(4mr —

Prof. Y. Mubarak_ Transport Phenomena 1 Chem. Eng. Dept.



Spherical Shell

> for steady-state conditions with no heat generation and no heat
loss from the sides.

> q,.is a constant, independent of r,

q, (T2dr Usp 4tk (Ts1 — Ts2)
- = = = k T dT - = 4 4
4w )., T2 Toq ) i (1/r) —A/ry)
d 1 1 1
an Rt,cond = m z - E
. T00,1 - T00,4
» For Composite Shell: I =—% = UA(Toop — Too )
tot
1
and U=
RiotA
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