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INTRODUCTION

= Continuity equation represents that the product of cross-sectional area of the pipe

and the fluid speed at any point along the pipe is always constant.
= This product is equal to the volume flow per second or simply the flow rate.

= The continuity equation is given as:

R = Av = constant
where:
v Ris the volume flow rate
v Ais the flow area

v vis the flow velocity
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BERNOULLI’'S PRINCIPLE

Bernoulli’s principle formulated by Daniel Bernoulli states that as the speed of a
moving fluid increases (liquid or gas), the pressure within the fluid decreases.

The total mechanical energy of the moving fluid comprising the gravitational
potential energy of elevation, the energy associated with the fluid pressure and the
kinetic energy of the fluid motion, remains constant.

Bernoulli’'s equation formula is a relation between pressure, kinetic energy, and
gravitational potential energy of a fluid in a container.

The formula for Bernoulli’s principle is given as follows:

1
p+ E’OUZ + pgh = constant

Where p is the pressure exerted by the fluid, v is the velocity of the fluid, p is the
density of the fluid and h is the height of the container.
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ASSUMPTION OF CONTINUITY EQUATION

Following are the assumptions of continuity equation:

The tube is having a single entry and single exit

The fluid flowing in the tube is non-viscous

The flow is incompressible

The fluid flow is steady
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DERIVATION

= Consider the following diagram:

= Now, consider the fluid flows for a short
interval of time in the tube.

= So, assume that short interval of time as At.

= |n this time, the fluid will cover a distance

of Ax, with a velocity v, at the lower end of the

pipe.
= At this time, the distance covered by the fluid
will be:
Ax1 = let
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Now, at the lower end of the pipe, the volume of the fluid that will flow into the pipe
will be:
V =A4,Ax; = Ajv;At

It is known that mass (m) = Density (p) x Volume (V). So, the mass of the fluid
in Ax, region will be:

Amq= Density X Volume

- Amy= p;A1v At Eq.1
Now, the mass flux has to be calculated at the lower end.
Mass flux is simply defined as the mass of the fluid per unit time passing through

any cross-sectional area.
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For the lower end with cross-sectional area A, mass flux will be:

Am,
At

Similarly, the mass flux at the upper end will be:

— plAlvl qu

Amz
At

Here, v, is the velocity of the fluid through the upper end of the pipe i.e.

= pzszZ qu

through Ax, , in At time and A,, is the cross-sectional area of the upper end.
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In this, the density of the fluid between the lower end of the pipe and the upper
end of the pipe remains the same with time as the flow is steady.
So, the mass flux at the lower end of the pipe is equal to the mass flux at the
upper end of the pipe i.e. Equation 2 = Equation 3.
Thus:

pP141V1 = p2A430; Eq.4
This can be written in a more general form as:

pAv = constant

The equation proves the law of conservation of mass in fluid dynamics. Also, if the

fluid is incompressible, the density will remain constant for steady flow.
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S0, Py = P
Thus, Equation 4 can be now written as:
A1 = A0,
This equation can be written in general form as:
Av = constant
Now, if R is the volume flow rate, the above equation can be expressed as:
R = Av = constant

This was the derivation of continuity equation.
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CONTINUITY EQUATION IN CYLINDRICAL COORDINATES

= Following is the continuity equation in cylindrical coordinates:

dp 10rpu 1dpv Jdpw
9t r or rae 9z
= Steady Flow Continuity Equation

0

Following is the continuity equation in cylindrical coordinates:

d d d
a(PU) + @(PU) o E(Pw) =0
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TYPES OF TIME DERIVATIVES AND VECTOR NOTATION

1. Partial time derivative

Various types of time derivatives are used in the derivations to follow.
The most common type of derivative is the partial time derivative.
For example, suppose that we are interested in the mass concentration or

density p in kg/m3 in a flowing stream as a function of position x, y, z and time t.

The partial time derivative of p is g—’:.

This is the local change of density with time at a fixed point x, y, and z.
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2. Total time derivative

= Suppose that we want to measure the density in the stream while we are moving

about in the stream with velocities in the x, y, and z directions of

dx dy

nd — , respectivel
dt’ dt’ P Y-

= The total derivative % is:

dt Jat dx dt Ody dt 0z dt

dp _dp . Opdx apd_y_l_a_pg

= This means that the density is a function of t and of the velocity components

dx dy

dz . . .
,—,and — at which the observer is moving.
dt’ dt dt
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3. Substantial time derivative

= Another useful type of time derivative is obtained if the observer floats along with
the velocity v of the flowing stream and notes the change in density with respect to
time.

= This is called the derivative that follows the motion, or the substantial time

.| SIS
derivative, =l
Dt

a_p
X 9x

D d
ot

_ 0p, .. 9P _
Dt

00 ¢ N
+U3’ay Uy = at+(v.\7p)

where v,, v,, and v, are the velocity components of the stream velocity v, which is a
vector.

= This substantial derivative is applied to both scalar and vector variables.
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4- Scalars

The physical properties encountered in momentum, heat, and mass transfer can
be placed in several categories: scalars, vectors, and tensors.

Scalars are quantities such as concentration, temperature, length, volume, time,
and energy.

They have magnitude but no direction and are considered to be zero-order
tensors.

The common mathematical algebraic laws hold for the algebra of scalars.

For example, bc = cd, b(cd) = (bc)d, and so on.
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5. Vectors

Velocity, force, momentum, and acceleration are considered vectors
since they have magnitude and direction.

They are regarded as first-order tensors and are written in boldface
letters in this text, such as v for velocity.

The addition of the two vectors B + C by parallelogram construction
and the subtraction of two vectors B — C is shown.

The vector B is represented by its three projections B,, B,, and B, on

the x, y, and z axes and

B = iB, + jB, + kB,

where i, j, and k are unit vectors along the axes x, y, and z, respectively.
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6. Differential operations with scalars and vectors

The gradient or "grad" of a scalar field is
dp dp ap
Vo =i . i 2P
e ey e

where p is a scalar such as density.

The divergence or "div" of a vector v is

v, dv, 0
(V.0) = et

dx Jdy 0z

where v is a function of v,, v,, and v,.

The Laplacian of a scalar field is

azp azp aZP
2
4 p__6x24_6y2+_622
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WHY DIFFERENTIAL ANALYSIS?

= |ntegral analysis allows us to compute overall (global)
flow behavior without concern for the detailed flow
inside a device.

= Integral analysis requires careful integration at a
system boundaries (velocity profile at exits must be
given or assumed)

= Differential analysis is required when we need to
know the detailed flow behavior at points inside a

system ( velocity profiles are computed directly).
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The control volume technique

It is useful when we are interested in the overall features of a flow,
such as mass flow rate into and out of the control volume or net
forces applied to bodies.

Differential analysis

Involves application of differential equations of fluid motion to any
and every point in the flow field over a region called the flow
domain.

Boundary conditions for the variables must be specified at all
boundaries of the flow domain, including inlets, outlets, and walls.
If the flow is unsteady, we must march our solution along in time as

the flow field changes.
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in differential analysis, all the
details of the flow are solved at
every point within the flow domain
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CONSERVATION OF MASS—THE CONTINUITY EQUATION

= The net rate of change of mass within the control volume is
equal to the rate at which mass flows into the control volume
minus the rate at which mass flows out of the control

volume.
= Conservation of mass for a CV:
(rate of mass accumulation) = (rate of mass in) (rate of mass

out)

0
—pdV=Zm—2m
ot _

cv in

out
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= |n the x direction the rate of mass entering the face

at x having an area of Ay A zm?2is

(pv,)AyAz kg/s and that leaving at x + Ax is Godyeny  (P02dseas
z |
(PVx)x+2axAYAZ . N |
N |
The term (pv,) is a mass flux in kg/s.m? . : :r ] e
* Mass entering and that leaving in the y and the z — _*wéiu:\‘\
By, i AN
directions are also shown in the figure. g ~ |
. g. I e e
= The rate of mass accumulation in the volume Ax Ay (pv2), (pvy)y
Azis

Rate of mass accumulation = AxAyAza—i

=  Substituting all these expressions into the mass

balance equation and dividing both sides by Ax Ay A z,
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[(pvx)x D (pvx)x+Ax] n ’(pvy)y B (pvy)J""AJ’] n [(pvz)z - (pvz)z+Az] B dp

Ax Ay Az dt

Taking the limit as Ax, Ay, and A z approach zero, we obtain the equation of continuity

or conservation of mass for a pure fluid:

dp  [0(pve)yx a(pUY)y 0(pvz)z|
E__[ - 5 t—5, | =~ V.pv)

The vector notation on the right side comes from the fact that v is a vector.

This equation tells us how density p changes with time at a fixed point resulting from the

changes in the mass velocity vector p v.
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We can convert the last equation into another form by carrying out the actual partial

differentiation:

) ov, ov, 0 ) ) 0
pz_lvx+ y vz]_[vxp p p

at 0x 6y+az ax+”yay+”25

Rearranging

0p+[ ap dp ap| _ L, lavx v, 6172]

3t T "5z T ok o B

The left-hand side of this equation is the same as the substantial derivative in slide 13. Hence,

this equation becomes:

D Jdv, dv, OJv
2P p|ZE+ 22 = vy
Dt dx dy 0z
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EQUATION OF CONTINUITY FOR CONSTANT DENSITY

Often in engineering with liquids that are relatively incompressible, the density p is
essentially constant.

Then p remains constant for a fluid element as it moves along a path following the

Dp

£ _0
Dt

fluid motion, or

Hence, the continuity equation becomes for a fluid of constant density at steady or

unsteady state

At steady state, g—’; =0
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CONTINUITY EQUATION IN CYLINDRICAL AND SPHERICAL COORDINATES

= The coordinate system as related to rectangular
coordinates is shown in the figure.
= The relations between rectangular x, y, z and cylindrical r,
0 , z coordinates are:
x = rcos(6) y = rsin(0) Z =7
r=+yx2+y% and 9=tan‘1%

Using these relations, the equation of continuity in

cylindrical coordinates is
0 1d(prv 10(pv d(pv
dp  10(ervr) | 10000 SN

at r Or r 00 0z U
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Continuity equation in cylindrical and spherical coordinates

For spherical coordinates the variables r, 6, and ¢ are related
to X, y, z by the following as shown in figure.

x =1 sin(0) cos(¢) y =rsin(0) sin(¢p) z = zcos(0)

X

r=+Jx2+y2+22 and 6 =tan”

1Y
.
¢ = tan .

Using these relations, the equation of continuity in

cylindrical coordinates is
dp 1 9(priv,) 1 9(pvgsin(6))

ot i @ O i rsin(0) 00
N 1 9(pvs) _
rsin(8) d¢
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DERIVATION OF EQUATIONS OF MOMENTUM TRANSFER

= The equation of motion is really the equation for
the conservation-of-momentum which we can
write as:

(rate of momentum in) - (rate of momentum out) + vy ey (”"
(sum of forces acting on system) = (rate of S |

momentum accumulated)

(pvx)x-;l-\x
-

= We will make a balance on an element. — —_~-~~—\\
N

= First we shall consider only the x component of (o0, (o),

each term in the momentum equation.

= The y and z components can be described in an
analogous manner.
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The rate at which the x component of momentum enters the face at x in the x

direction by convection is (pv,v,),AyAz, and the rate at which it leaves at x + Ax is

(pvxvx)x+AxAyAZ-
The quantity (pv, )is the concentration in momentum/m?3 or (kgm/s)/m3, and it is

multiplied by v, to give the momentum flux as momentum/s- m2

The x component of momentum entering the face aty is (pvyvx)yAxAz, and leaving

aty + Ay is (pvyvy) |, AxAz.

For the face at z we have (pv,v,),AxAy, and leaving at z + Az is(pv,v, ), p,AXAY.
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The net convective x momentum flow into the volume element AxAyAz is

[PV (pvev)saxlbydz + [(pvyvy) ~(pvyvs), ,, 18xDz + [(pv, 1),

— (PV,Vx) 24271 A% Ay

Momentum flows in and out of the volume element by the mechanisms of
convection or bulk flow as given by the above equation and also by molecular
transfer.

The rate at which the x component of momentum enters the face at x by
molecular transfer is (7, ),AyAz, and the rate at which it leaves the surface at
X+ AXiS (Tyx)y axAYyAZ

The same thing can be done for faces y and z.
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The net x component of momentum by molecular transfer is

[T )= (T ) e p e | Ay AZ

+[(Tyx)y_(Tyx)y+Ay]AxAZ + [(T2x) 2= (Tzx) 2442 ] AX Ay
These molecular fluxes of momentum may be considered as shear stresses
and normal stresses
Hence, 7, is the x direction shear stress on the y face and 7,, the shear
stress on the z face. Also, 7, is the normal stress on the x face.
The net fluid pressure force acting on the element in the x direction is the

difference between the force acting at x and x + Ax.

(px i px+Ax)AyAZ
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= The gravitational force g, acting on a unit mass in the x direction is multiplied by
the mass of the element to give
P9 AxAyAz
= The rate of accumulation of x momentum in the element is

d(pvy)
0x

= By substitution in the conservation-of-momentum equation, then x component of

AxAyAz

the differential equation of motion:

d(pvy) a 5(vavx)+5(,0vyvx)_I_a(PVzvx) N aTxx_I_aTyx_l_asz _ap_l_pgx
Jt 0x dy 0z 0x dy 0z dx
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= The y and z components of the differential equation of motion are, respectively

a(pvy) i 6(pvxvy) N 6(pvyvy) N a(pvzvy)_ B 0Ty N 0Tyy . 0Ty B dp N
at dx dy 9z ax  ay oz ) ay P9
0(pvy) _ [0Cpvemy) | d(pvyv,) L Ovv)| (0T, | 0Ty 07\ Op .
Jt 0x dy 0z 0x dy 0z 0z
= Using the x component of the differential equation of motion and
op _ _|acovx , 20w)y a(ovyp,| _
E__[ 0x T oy T 0z ——(V.pv)
we obtain the equation of motion for the x component:
0 (vy) 0 (vx) 0 (vx) 0 (vy) 0Tyx | OTyx 0Tz )\ Op
— — + —
pl gt ' oz ) Ve 7= | oy
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= The equation of motion for y and z are:

o)) (2

N it s arzy> dp
0z

e ax | 9y oz

c’)(vy) a(vy) a(vy)
pl T +vx—ax + vy, B +

" la(vz) d(v,) d(v,) d(v,) _ (asz n aTyz n aTzz) dp

gt | Z ax I AorEl N

= Adding vectorially, we obtain an equation of motion for a pure fluid:

Dv

— =—(.1)—¥
P =) —Vp+pg
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EQUATIONS OF MOTION FOR NEWTONIAN FLUIDS WITH VARYING DENSITY AND
VISCOSITY

= |n order to use the previous equations to determine velocity distributions,
expressions

= must be used for the various stresses in terms of velocity gradients and fluid
properties.

= For Newtonian fluids the expressions for the stresses have been related to the

velocity gradients and the fluid viscosity L.
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1- Shear-stress components for Newtonian fluids in rectangular coordinates

v, 2

Txx = _2/16_; + g,u(V. v)
v, 2

T = —ZME + g,u(V. V)
2

Bz —Zﬂa—zz + §#(V- V)

v, dv,

Tyy = Tyx = —u(ay + (’)x>
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2. Shear-stress components for Newtonian fluids in cylindrical coordinates

v, 2
Trr = —H [26_:_5(7- v)]
1dvg v, 2
T%—‘ﬂ[ (;% 7)‘5“7”)
v, 2
Tzz = —H lz aZZ _g(v- v)

1 B 6(v9/r)+_16v;
TT'H i Te'l" i u‘ r ar r 69

dv 10dv
Toz = Tz6 =—u[—9+— Z]

r 06
dvg 0Jv,
TZT = TI'Z — _u‘ ar + aZ

10(rv,) 10vyg 0dv,
r or +;:69 i 0z
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3. Shear-stress components for Newtonian fluids in spherical coordinates

v, 10 2
_—‘lllzai——(v U)] T99=—,u[2<;£+ >—§(VU)]
N 1 dvgy v, wvgcot(8)\ 2
‘ool [2 (r sin(6) d¢ + Ea r ) 3 . v)]

E)(ve /r) 1 dv,
Tro :Ter:_ll[ P 7‘%
sin(0) d(vg/sin(0)) 1 Jdvg
‘oo SGEE —H[ r 00 ’ r sin(0) d¢
1 v, 9(ve/T)
tor =t = 7H [r sin(8) ¢ e or
(W.v) = ia(r vr) 6(v95in(9)) N .1 6v¢]
rsm(@) 00 rsin(0) d¢
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EQUATIONS OF MOTION FOR NEWTONIAN FLUIDS WITH CONSTANT
DENSITY AND VISCOSITY
The equations above are seldom used in their complete forms.
When the density p and the viscosity u are constant where (V.v) = 0, the equations
are simplified and we obtain the equations of motion for Newtonian fluids.

These equations are also called the Navier-Stokes equations
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1. Equation of motion in rectangular coordinates

la(vx) 0(wy) 0(w)  0(wy) <02vx 0% vy azvx> op
Pl = -

i T 9% T 9y2 T 922 | “ox T PIx
a(vy) a(vy) c’)(vy) c’)(vy) 0°vy, 0%v, 9%v,\ Odp

p[ gt TV ax U0 a i e e A B
d(v,) d(v,) d(v,) d(v,) 0‘v, 0%v, 0%v,\ O0p

p[ 3t T ax T gy T2 azal il e

Combining the three equations for the three components, we obtain

2 o Vot g R
P oy = VR T EONNE
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2. Equation of motion in cylindrical coordinates

o g me—
at ar r ae r .0z

{a (1 a{rv,}) 1 8%, 2 dug 0°v,
+ o

dr \r or
dv g dug Ua ﬂvﬂ Upelip ab‘ﬂ | 8
Fi| s—ct i, W0 o i e vV, T | = —
at ar r ot r 0z rao
d I S{rv{;} | azva 2 a]'..-’r &IUE
+ puf—- e e o e e o +
- ar\r dr r2 a0t r? a0 az’ S
dv dv vg du dv dp
p~—z+v, z-’l———:-i-vz—z ==
ol dr r gt 0z dz

Mo [ suv\ 1 8%, o,
+ gl —r — + = b + pg.
,uL_ ar ! dr r? ae? az? PI.
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USE OF DIFFERENTIAL EQUATIONS OF CONTINUITY AND MOTION

= To apply these equations to any viscous-flow problem.
= For a given specific problem, the terms that are zero or near zero are simply

discarded and the remaining equations used in the solution to solve for the

velocity, density, and pressure distributions.

= |t is necessary to know the initial conditions and the boundary conditions to solve

the equations
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Differential Equations of Continuity and Motion for Flow between Parallel Plates

since v, and v, are constants, then

Fluid with constant viscosity which is flowing between two flat and parallel plates
The velocities v, and v, are then zero. The plates are a distance 2y, apart

The continuity equation becomes

v, dv, 0Jv,
7 G

1 -~ .
l) 2o _ . flow in

v, . top plate yo 37 ] x direction
Ox f//{ Yo
The Navier-Stokes equations becomes bottom plate
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9%v,

dp

+ v

ot T Tax Wy Vg o

= The following terms equal zero

0(vy) 0(vy) 0 (vy) d(w)| _ (02vx 0% vy

+ e

_|_

G,
v S;") steady state
v’ v, and v,
ov 0%v
o x
5, — 0 also——
0 . : . 92
v 20 since there is no change of v, with z. Also, 7 — )
0z & 072
v g, = 0 for the present case of a horizontal pipe
- : . op 02 vy
= This will simplify the general equation to: ey U 97
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«

9% is a constant in this problem since Vxis not a function of x.

x
op 0% vy : : . .
Then, o~ H 557 becomes an ordinary differential equation
d?v, 1dp
= —— = constant
dy? udx
The conditions given in this question are:
v, D on
—_— = a =
dy Y

vy =0aty =y

2
Solving the nonhomogeneous 2" order differential equation (C;;Zx = Hij—Z) will give

vg=C1+C2y
B 1 dp .
vN_Zudx

1d
Apply the conditions, the final solution will be v, = ﬂﬁ (yz - y%)

- - 1 dp 2
The maximum velocity occurs wheny =0, V40, = 2 (—v5)
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Laminar Flow Between Vertical Plates with One Plate Moving

A Newtonian fluid is confined between two parallel and vertical plates as shown in the
Fig. The surface on the left is stationary and the other is moving vertically at a

constant velocity Vo. Assuming that the flow is laminar, solve for the velocity profile

Assumption:
G,
v' At steady state, (6Lty) = 0.
v" The velocities vy and v, are zeros.
0
v % = 0 from the continuity equation
0
v 9(vy) = 0, and
0z
v pgy = —Pg
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Navier-Stokes equation for the y coordinate

A1 5e ] T V- e s T T

d(v d(v d(v d(v 0°v, 0%v, 0°%v 0
(y)_|_v (y)+v (y)_l_ (y)= ( y y y) p
Substitution of the assumption into Navier equation:

d*v, dp
K dx? —dy—pgy—O

The pressure gradient j—z is constant

The general solution for this equation is

x? (dy
vy—ﬂ<a+pg> = C1x + C,
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Laminar Flow in a Circular Tube

Derive the equation for steady-state viscous flow in a horizontal tube of radius r,,
where the fluid is far from the tube inlet. The fluid is incompressible and pu is a

constant. The flow is driven in one direction by a constant pressure gradient.

—d w7 direction of flow
,5'__,| " of fluid

|
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The cylindrical coordinates equation can be used for the z component and the
terms that are zero discarded.

a(vz) a(vz) Vg a(vz) a(vz)
[at TV T a0 T oz

1o [ 0w N 1 E)sz_l_azvz 6p+
B S o r2 002 = 0z2 ox | P9z
As before:
0wD) _ g % _ q i _
ot 90 '’ o9z

0%v
also—> =0, v =0

av,

The boundary conditions at r = 0, P = 0
Also,atr =1y, v, =0
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Substitute all of these terms in the general momentum equation for cylindrical coordinates:

1dp . t_dzvz_l_ld(vz)_ld d(v,)
‘udz—consan “drz v dr  rdr\| dr

Rearrange the equation:

dzvz_l_ld(vz)_ldp_ .
dr2 r dr —Mdz—consan

This is a 2nd order non-homogeneous ordinary differential equation of Eulers form
d*v, d(v,) 7r?dp
+7r =——
dr? dr u dz
The general solution of this equation has a form of:

2

Vz6 = Uzu T Uzn

i . d?v d(v . .
For v,y, solve this homogeneous equation 72 drzz +7r 2:) = 0 by assuming the solution has a form of
v,y = v

The root m is repeated and is m; = m, = 0; the v,z = C; + C,In(r)
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For v,y, since the non-homogeneous term has the form of constant X r2, then the form
of v, will be:

v,y = A+ Br + Dr?
Substitute in the differential equation and equate the two sides of the equation, one will
get:

A=B=0
_1adp
 4udz
. 1dP
" VzH= 4u dz "
1dP
Vy6 = Vzy + UVon = Cl —+ Czln('r) <+ ZET
Apply the two conditions to this general solution, we get:
_ _ _1adp_»
CZ = (0 and Cl_ 4#dZTO
1 dP
o 4p dz 2z
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The maximum velocity will be in the center of the tube where r = 0

1 dP .
“ Uz max= _EErO

Converting v,to the maximum velocity:

7,.2
S V= VUgmax | 1 — )
o

1 dP

The pressure drop p; — p, can be obtained by integrating v, = —

r2 —r?) w.r.t.
4u dz 0)

z, Integrating to obtain the pressure drop from z =o forp =p,toz =L for p = p,

2
and using the average velocity v, 4,5 = — ;—OHZ—IZD:
B = 8.[“72 ang 3207 quglL
1~ P2 —
T.OZ D2

Where D = 21,
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