
Overall momentum balance &Integral momentum 
equation 

Application: flow system in one direction & 



Derivation is similar to mass balance. 
But momentum is a vector quantity.

Above.

………………………..(1)



How can we develop the integral 
momentum equation?
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Notes
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To Evaluate each term in Eq. (3)
• Using the same method as that being used  in 

general mass balance.

• F

•

• Re-write eq. (4) as

• Note
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(3)
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The                               term 

………………………..(7)

Substituting eq. (2) , (6) and (7) into (3)

………………………..(8)

Since eq.(8) is a vector eq., we may write the component scalar eq.s in x, y, and 
z directions. 

………………………..(9)



……………………..(10)
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Newton’s second Law of Motion  

• Statement:

Sum of all forces acting on the control volume must 
equal the net rate at which momentum leaves the 
control volume (outflow – inflow)*. 

• There are three kinds of forces acting on the 
Boundary Layer:

1. Body forces which are proportional to the volume.

2. Surface forces which are proportional to area.

3. Solid surface forces(Rx) which exerted by the solid 
surface on the fluid.

* Assuming no accumulation term i.e. steady state.



Types of Fluid Forces

Total Body Force 

includes:

1. Gravitational Force Fxg

2. Centrifugal force

3. Magnetic and/or     

electric forces

We designate the x and y 

components of of this force per 

unit volume of fluid as X and Y, 

respectively.  

Surface Forces Fs

includes:

1. Fluid static pressure        

Fxp

2. Friction forces or 

Viscous stresses  Fxs

At any point in the B.L., the 

viscous force ( a force per unit 

area) may be resolved into two 

perpendicular components, 

which include a normal stress 

σii and a shear stress τij



• Based on the previous discussion the Sum of the 
forces,  Fx, in eq. (11) is 

• Eq. (9) becomes 

Body 
Force

Pressure 
Force

friction 
Force

Solid 
surface 
Force
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Momentum eq. (13), for x direction              is 
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• Ignore friction force, Fxs = 0

• Body force, Fxg = 0 since gravity is acting only in the 
y-direction. 

• Substituting Fxp into Eq. (15) and replacing

• Eq. (15) becomes 

……………………..(17)
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Example 1

Assume laminar flow through a pipe with the following velocity 
distribution 



Solution
• Using                                      and substituting into eq. 

(16) or {drop x for 1-D} 

• On integration and rearrangement



• Substituting the previous result in the definition of 






Example 2

A1

Fig. A1



Solution

See eq. 18 given before. 



Note:

x

y

-ve +ve
left



Overall Momentum Balance in 
Two Directions

Another application of the overall momentum balance is given in 
the following Fig. for a flow system with fluid entering a conduit 
at point 1 inclined at an angle of 1 relative to the horizontal x 
direction and leaving a conduit at point 2 at an angle 2.



• Assumed steady state flowing and ignore the effect frictional force 
Fxs .

• Apply overall momentum bal. eq. in x-direction (no accumulation 
term).

• Integrating the surface (area) integral,

• The term ( 2)av / av can again be replaced by avl with  being set 
at 1.0

• The term Fxp is (as given in the previous section)
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• Then Eq. (20) becomes as follows after solving for 
Rx :

• Note: the term Fxg = 0 in this case (x-direction).

• For Ry the body force Fyg is in the negative y 
direction and Fyg = - mt g, where mt is the total mass 
fluid in the control volume. Replacing cos by sin, 
the equation for the y direction becomes

……………………..(21)
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Example
Fluid is flowing at steady state through a reducing
pipe bend, as shown in the attached Figure.
Turbulent flow will be assumed with frictional forces
negligible. The volumetric flow rate of the liquid and
the pressure P2 at point 2 are known as are the pipe
diameters at both ends. Derive the equations to
calculate the forces on the bend. Assume that the
density  is constant.



Solution
The velocities v1 and v2 can be obtained from the 
volumetric flow rate and the areas. Also, m = ρ1v1A1 = 
ρ2v2A2. As in the previous example the mechanical-
energy-balance equation is used to obtain the upstream 
pressure, p1 .

For the x direction Eq. (21) is used for the momentum 
balance. Since 1 = 0°, cos 1 = 1.0. Equation (21) 
becomes: 

……………………..(21)



For the y direction the momentum balance Eq. (22) is 
used where sin 1= 0.

 

The magnitude of the resultant force of the bend acting 
on the control volume fluid is

The angle this makes with the vertical is θ = arctan(Rx/Ry). 
The gravity force Fyg is often small compared to the other 
terms in Eq. (22) and is neglected.

………………..(22)



Problem 
Water is flowing at steady state and 363 K at a rate of
0.0566 m3/s through a 60° reducing bend (2 = 60°)
in the below Figure. The inlet pipe diameter is
0.1016 m and the outlet 0.0762 m. The friction loss
in the pipe bend can be estimated as . Neglect
gravity forces. The exit pressure p2 = 111.5 kN/m2

gage. Calculate the forces on the bend in newtons.

60°

1= 0



Solution 
From App. (A.2-3) density of water at 363 K

 = 962 kg/m3

From continuity eq. [m =  v A and Q=v A] obtain velocities  
v1 = 0.0566/((/4)(o.1016)^2)=6.982 m/s

Repeat, for v2 = 12.41 m/s

Apply Mechanical energy eq. (text 2.7-28) to obtain p1

For Turbulent flow Re > 2100 take  = 1.0, cancel Potential 
and Ws terms. F (Friction loss) =           . Then substitute 
numerical values and find p1. The result is p1 = 1.9176 x 105



• Apply Momentum balance equations  “equations 
(21) and (22). m = 1 v1 A1 = 54.45 kg/s

• After substitution the numerical values 

Rx = -1343.7 N ‘force on fluid’

• For y direction (Neglect gravity force)

• After substitution, 

Ry = +1026 N ‘force on fluid’

• Finally, -Rx = +1343.7 N ‘force on bend’

-Ry = -1026 N ‘force on bend’



• The magnitude of the resultant force of the bend 
acting on the control volume fluid is

R = 1691 N

tan  = Ry/Rx

tan  =-0.764

  = -53°

with the vertical

Rx =1344 N

Ry =1026 N



R

Rx = -1343.7 

Ry = +1026 



tan  = Ry/Rx

= - 0.764
 = 37.4 ° with horizontal

Check Angles


