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Preface to the Third Edition

Plastics continue to be exciting materials to use and a dynamic area in which to
work. Every year new application areas are being developed to utilise more fully
the unique properties of this class of materials. In addition, new processing tech-
nologies are emerging to exploit the versatility of plastics and to take advantage
of their ease of manufacture into all types of end products. It is very important
that students and those already working in the industry are kept fully informed
about these new developments. In this new edition an attempt has been made
to bring existing subject material up to date and many new sections have been
added to cover the innovations introduced over the past decade. The number of
Worked Examples has been increased and there are many more Set Questions
at the end of each Chapter. As in the previous editions, a full set of solutions
to the Set Questions is provided at the end of the book.

In this new edition, some re-structuring of the content has taken place. The
subject material on Fracture that previously formed Chapter 3 has been brought
forward to Chapter 2. This chapter now provides a more unified approach to
the deformation and fracture behaviour of non-reinforced plastics. Chapter 3
is new and deals with all aspects of the mechanical behaviour of composites
in much more detail than the previous editions. Composites are an extremely
important class of material for modern design engineers and they must form
an integral part of undergraduate and postgraduate teaching. There are many
excellent textbooks devoted to this subject but it was felt that an introduction to
the analysis of laminates would be a valuable addition to this text. It is hoped
that the many worked examples in this new chapter will help the student, and the
practising engineer, to gain a better understanding of this apparently complex
subject area. Chapters 4 and 5 are essentially as before but they have been
extensively updated. A more unified approach to the analysis of processing has
also been adopted.



xii Preface to the Third Edition

As other authors will know, the preparation of a textbook is a demanding,
challenging and time-consuming occupation. I have been very fortunate to
receive many encouraging comments on the previous editions and this has
given me the enthusiasm to continue developing the subject material in the
book. I am very grateful to all of those who have taken the trouble to contact
me in the past and I continue to welcome comments and advice as to how the
book could be improved in the future.

R.J. Crawford
September 1997



Preface to the Second Edition

In this book no prior knowledge of plastics is assumed. The text introduces the
reader (o plastics as engineering materials and leads on to the design procedures
which are currently in use. Since the publication of the first edition the subject
has developed in some areas, particularly processing and so this second edition
contains the new and up-to-date information. Other modifications have also
been made to improve the presentation of the contents. In particular, Chapter
| has been completely re-written as an introduction to the general behaviour
characteristics of plastics. The introduction to the structure of plastics which
formed the basis of Chapter 1 in the first edition has been condensed into an
Appendix in the new edition. Chapter 2 deals with the deformation behaviour
of plastics. It has been expanded from the first edition to include additional
analysis on intermittent loading and fibre composites. Chapter 3 deals with the
fracture behaviour of plastics and here the importance of fracture mechanics
has been given greater emphasis.

Chapter 4 describes in general terms the processing methods which can be
used for plastics. All the recent developments in this area have been included
and wherever possible the quantitative aspects are stressed. In most cases a
simple Newtonian model of each of the processes is developed so that the
approach taken to the analysis of plastics processing is not concealed by math-
ematical complexity.

Chapter 5 deals with the aspects of the flow behaviour of polymer melts
which are relevant to the processing methods. The models are developed for
both Newtonian and Non-Newtonian (Power Law) fluids so that the results can
be directly compared.

Many more worked examples have been included in this second edition
and there are additional problems at the end of each chapter. These are seen
as an important aspect of the book because in solving these the reader is
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encouraged to develop the subject beyond the level covered in the text. To
assist the reader a full set of solutions to the problems is provided at the back
of the book.

R.J. Crawford
January 1987



Preface to the First Edition

This book presents in a single volume the basic essentials of the properties and
processing behaviour of plastics. The approach taken and terminology used
has been deliberately chosen to conform with the conventional engineering
approach to the properties and behaviour of materials. It was considered that
a book on the engineering aspects of plastics was necessary because there is
currently a drive to attract engineers into the plastics industry and although
engineers and designers are turning with more confidence to plastics there is
still an underlying fear that plastics are difficult materials to work with. Their
performance characteristics fall off as temperature increases and they are brittle
at low temperatures. Their mechanical properties are time dependent and in the
molten state they are non-Newtonian fluids. All this presents a gloomy picture
and unfortunately most texts tend to analyse plastics using a level of chemistry
and mathematical complexity which is beyond most engineers and designers.
The purpose of this text is to remove some of the fears, by dealing with
plastics in much the same way as traditional materials. The major part of this
is to illustrate how quantitative design of plastic components can be carried
out using simple techniques and how apparently complex moulding operations
can be analysed without difficulty.

Many of the techniques illustrated have been deliberately simplified and so
they will only give approximate solutions but generally the degree of accuracy
can be estimated and for most practical purposes it will probably be acceptable.
Once the engineer/designer has realised that there are proven design procedures
for plastics which are not beyond their capabilities then these materials will be
more readily accepted for consideration alongside established materials such
as woods and metals. On these terms plastics can expect to be used in many
new applications because their potential is limited only by the ingenuity of
the user.



Xvi Preface to the First Edition

This book is intended primarily for students in the various fields of engi-
neering but it is felt that students in other disciplines will welcome and benefit
from the engineering approach. Since the book has been written as a general
introduction to the quantitative aspects of the properties and processing of plas-
tics, the depth of coverage is not as great as may be found in other texts on the
physics, chemistry and stress analysis of viscoelastic materials. this has been
done deliberately because it is felt that once the material described here has
been studied and understood the reader will be in a better position to decide
if he requires the more detailed viscoelastic analysis provided by the advanced
texts.

In this book no prior knowledge of plastics is assumed. Chapter 1 provides
a brief introduction to the structure of plastics and it provides an insight to
the way in which their unique structure affects their performance. There is a
resume of the main types of plastics which are available. Chapter 2 deals with
the mechanical properties of unreinforced and reinforced plastics under the
general heading of deformation. The time dependent behaviour of the materials
is introduced and simple design procedures are illustrated. Chapter 3 continues
the discussion on properties but concentrates on fracture as caused by creep,
fatigue and impact. The concepts of fracture mechanics are also introduced for
reinforced and unreinforced plastics.

Chapter 4 describes in general terms the processing methods which can be
used for plastics and wherever possible the quantitative aspects are stressed.
In most cases a simple Newtonian model of each of the processes is devel-
oped so that the approach taken to the analysis of plastics processing is not
concealed by mathematical complexity. Chapter 5 deals with the aspects of the
flow behaviour of polymer melts which are relevant to the processing methods.
The models are developed for both Newtonian and Non-Newtonian (Power
Law) fluids so that the results can be directly compared.

Throughout the book there are worked examples to illustrate the use of the
theory and at the end of each chapter there are problems to be solved by the
reader. These are seen as an important part of the book because in solving the
problems the reader is encouraged to develop the subject material beyond the
level covered in the text. Answers are given for all the questions.

R.J. Crawford



CHAPTER 1 - General Properties of Plastics

1.1 Introduction

It would be difficult to imagine our modern world without plastics. Today
they are an integral part of everyone’s lifestyle with applications varying from
commonplace domestic articles to sophisticated scientific and medical instru-
ments. Nowadays designers and engineers readily turn to plastics because they
offer combinations of properties not available in any other materials. Plastics
offer advantages such as lightness, resilience, resistance to corrosion, colour
fastness, transparency, ease of processing, etc., and although they have their
limitations, their exploitation is limited only by the ingenuity of the designer.

The term plastic refers to a family of materials which includes nylon,
polyethylene and PTFE just as zinc, aluminium and steel fall within the family
of metals. This is an important point because just as it is accepted that zinc
has quite different properties from steel, similarly nylon has quite different
properties from PTFE. Few designers would simply specify metal as the mate-
rial for a particular component so it would be equally unsatisfactory just to
recommend plastic. This analogy can be taken still further because in the same
way that there are different grades of steel there are also different grades of,
say, polypropylene. In both cases the good designer will recognise this and
select the most appropriate material and grade on the basis of processability,
toughness, chemical resistance, etc.

It is usual to think that plastics are a relatively recent development but in
fact, as part of the larger family called polymers, they are a basic ingredient of
animal and plant life. Polymers are different from metals in the sense that their
structure consists of very long chain-like molecules. Natural materials such as
silk, shellac, bitumen, rubber and cellulose have this type of structure. However,
it was not until the 19th century that attempts were made to develop a synthetic

1



2 General Properties of Plastics

polymeric material and the first success was based on cellulose. This was a
material called Parkesine, after its inventor Alexander Parkes, and although
it was not a commercial success it was a start and it led to the development
of Celluloid. This material was an important breakthrough because it became
established as a good replacement for natural materials which were in short
supply — for example, ivory for billiard balls.

During the early 20th century there was considerable interest in these new
synthetic materials. Phenol-formaldehyde (Bakelite) was introduced in 1909,
and at about the time of the Second World War materials such as nylon,
polyethylene and acrylic (Perspex) appeared on the scene. Unfortunately many
of the early applications for plastics earned them a reputation as being cheap
substitutes. It has taken them a long time to overcome this image but nowadays
the special properties of plastics are being appreciated, which is establishing
them as important materials in their own right. The ever increasing use of
plastics in all kinds of applications means that it is essential for designers and
engineers to become familiar with the range of plastics available and the types
of performance characteristics to be expected so that these can be used to the
best advantage.

This chapter is written as a general introduction to design with plastics. It
outlines the range of plastics available, describes the type of behaviour which
they exhibit and illustrates the design process involved in selecting the best
plastic for a particular application.

1.2 Polymeric Materials

Synthetic large molecules are made by joining together thousands of small
molecular units known as monomers. The process of joining the molecules
is called polymerisation and the number of these units in the long molecule
is known as the degree of polymerisation. The names of many polymers
consist of the name of the monomer with the suffix poly-. For example, the
polymers polypropylene and polystryene are produced from propylene and
styrene respectively. Names, and symbols for common polymers are given
in Appendix F.

It is an unfortunate fact that many students and indeed design engineers
are reluctant to get involved with plastics because they have an image of
complicated materials with structures described by complex chemical formulae.
In fact it is not necessary to have a detailed knowledge of the structure of
plastics in order to make good use of them. Perfectly acceptable designs are
achieved provided one is familiar with their performance characteristics in
relation to the proposed service conditions. An awareness of the structure of
plastics can assist in understanding why they exhibit a time-dependent response
to an applied force, why acrylic is transparent and stiff whereas polyethylene
is opaque and flexible, etc., but it is not necessary for one to be an expert
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in polymer chemistry in order to use plastics. Those who wish to to have a
general introduction to the structure of plastics may refer to Appendix A.

The words polymers and plastics are often taken as synonymous but in
fact there is a distinction. The polymer is the pure material which results from
the process of polymerisation and is usually taken as the family name for
materials which have long chain-like molecules (and this includes rubbers).
Pure polymers are seldom used on their own and it is when additives are
present that the term plastic is applied. Polymers contain additives for a number
of reasons. The following list outlines the purpose of the main additives used
in plastics.

Antistatic Agents. Most polymers, because they are poor conductors of
current, build up a charge of static electricity. Antistatic agents attract mois-
ture from the air to the plastic surface, improving its surface conductivity and
reducing the likelihood of a spark or a discharge.

Coupling Agents. Coupling agents are added to improve the bonding of the
plastic to inorganic filler materials, such as glass fibres. A variety of silanes
and titanates are used for this purpose.

Fillers. Some fillers, such as short fibres or flakes of inorganic materials,
improve the mechanical properties of a plastic. Others, called extenders, permit
a large volume of a plastic to be produced with relatively little actual resin.
Calcium carbonate, silica and clay are frequently used extenders.

Flame Retardants. Most polymers, because they are organic materials, are
flammable. Additives that contain chlorine, bromine, phosphorous or metallic
salts reduce the likelihood that combustion will occur or spread.

Lubricants. Lubricants such as wax or calcium stearate reduce the viscosity
of the molten plastic and improve forming characteristics.

Pigments. Pigments are used to produce colours in plastics.

Plasticisers. Plasticisers are low molecular weight materials which alter the
properties and forming characteristics of the plastic. An important example is
the production of flexible grades of polyvinyl chloride by the use of plasticisers.

Reinforcement, The strength and stiffness of polymers are improved by
adding fibres of glass, carbon, etc.

Stabilisers. Stabilisers prevent deterioration of the polymer due to environ-
mental factors. Antioxidants are added to ABS, polyethylene and polystyrene.
Heat stabilisers are required in processing polyvinyl chloride. Stabilisers also
prevent deterioration due to ultra-violet radiation.

There are two important classes of plastics.

(a) Thermoplastic Materials

In a thermoplastic material the very long chain-like molecules are held
together by relatively weak Van der Waals forces. A useful image of the struc-
ture is a mass of randomly distributed long strands of sticky wool. When the
material is heated the intermolecular forces are weakened so that it becomes
soft and flexible and eventually, at high temperatures, it is a viscous melt.
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When the material is allowed to cool it solidifies again. This cycle of softening
by heat and solidifying on cooling can be repeated more or less indefinitely
and is a major advantage in that it is the basis of most processing methods for
these materials. It does have its drawbacks, however, because it means that the
properties of thermoplastics are heat sensitive. A useful analogy which is often
used to describe these materials is that, like candle wax, they can be repeatedly
softened by heat and will solidify when cooled.

Examples of thermoplastics are polyethylene, polyvinyl chloride, polysty-
rene, nylon, cellulose acetate, acetal, polycarbonate, polymethyl methacrylate
and polypropylene.

An important subdivision within the thermoplastic group of materials is
related to whether they have a crystalline (ordered) or an amorphous (random)
structure. In practice, of course, it is not possible for a moulded plastic to
have a completely crystalline structure due to the complex physical nature of
the molecular chains (see Appendix A). Some plastics, such as polyethylene
and nylon, can achieve a high degree of crystallinity but they are probably
more accurately described as partially crystalline or semi-crystalline. Other
plastics such as acrylic and polystyrene are always amorphous. The pres-
ence of crystallinity in those plastics capable of crystallising is very depen-
dent on their thermal history and hence on the processing conditions used
to produce the moulded article. In turn, the mechanical properties of the
moulding are very sensitive to whether or not the plastic possesses crys-
tallinity.

In general, plastics have a higher density when they crystallise due to the
closer packing of the molecules. Typical characteristics of crystalline and amor-
phous plastics are shown below.

Amorphous Crystalline

® Broad softening range — thermal e Sharp melting point — the

agitation of the molecules breaks
down the weak secondary bonds.
The rate at which this occurs
throughout the formless structure
varies producing broad
temperature range for softening.

e Usually transparent — the looser
structure transmits light so the
material appears transparent.

e Low shrinkage — all
thermoplastics are processed in
the amorphous state. On
solidification, the random

regular close-packed structure
results in most of the
secondary bonds being broken
down at the same time.

e Usually opaque — the
difference in refractive indices
between the two phases
(amorphous and crystalline)
causes interference so the
material appears translucent or
opaque.

e High shrinkage — as the
material solidifies from the
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Amorphous (continued)

arrangement of molecules
produces little volume change
and hence low shrinkage.

e Low chemical resistance — the
more open random structure
enables chemicals to penetrate
deep into the material and to
destroy many of the secondary
bonds.

Crystalline (continued)

amorphous state the polymers
take up a closely packed,
highly aligned structure. This
produces a significant volume
change manifested as high
shrinkage.

High chemical resistance — the
tightly packed structure
prevents chemical attack deep

o Poor fatigue and wear within the material.
resistance — the random structure o Good fatigue and wear
contributes little to fatigue or resistance — the uniform
wear properties. structure is responsible for

good fatigue and wear
properties.

Examples of amorphous and crystalline thermoplastics
Crystalline

Polyethylene (PE)

Polypropylene (PP)

Polyamide (PA)

Acetal (POM)

Polyester (PETP, PBTP)

Fluorocarbons (PTFE,
PFA, FEP and ETFE)

Amorphous

Polyvinyl Chloride (PVC)
Polystyrene (PS)

Polycarbonate (PC)

Acrylic (PMMA)
Acrylonitrile-butadiene-styrene (ABS)
Polyphenylene (PPO)

(b) Thermosetting Plastics

A thermosetting plastic is produced by a chemical reaction which has two
stages. The first stage results in the formation of long chain-like molecules similar
to those present in thermoplastics, but still capable of further reaction. The second
stage of the reaction (cross-linking of chains) takes place during moulding,
usually under the application of heat and pressure. The resultant moulding will
be rigid when cooled but a close network structure has been set up within the
material. During the second stage the long molecular chains have been interlinked
by strong bonds so that the material cannot be softened again by the application
of heat. If excess heat is applied to these materials they will char and degrade.
This type of behaviour is analogous to boiling an egg. Once the egg has cooled
and is hard, it cannot be softened again by the application of heat.

Since the cross-linking of molecules is by strong chemical bonds,
thermosetting materials are characteristically quite rigid materials and their
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mechanical properties are not heat sensitive. Examples of thermosets are phenol
formaldehyde, melamine formaldehyde, urea formaldehyde, epoxies and some
polyesters.

1.3 Plastics Available to the Designer

Plastics, more than any other design material, offer such a wide spectrum of
properties that they must be given serious consideration in most component
designs. However, this does not mean that there is sure to be a plastic with the
correct combination of properties for every application. It simply means that
the designer must have an awareness of the properties of the range of plastics
available and keep an open mind. One of the most common faults in design
is to be guided by pre-conceived notions. For example, an initial commitment
to plastics based on an irrational approach is itself a serious design fault. A
good design always involves a judicious selection of a material from the whole
range available, including non-plastics. Generally, in fact, it is only against a
background of what other materials have to offer that the full advantages of
plastics can be realised.

In the following sections most of the common plastics will be described
briefly to give an idea of their range of properties and applications. However,
before going on to this it is worthwhile considering briefly several of the special
categories into which plastics are divided.

1.3.1 Engineering Plastics

Many thermoplastics are now accepted as engineering materials and some are
distinguished by the loose description engineering plastics. The term probably
originated as a classification distinguishing those that could be substituted satis-
factorily for metals such as aluminium in small devices and structures from
those with inadequate mechanical properties. This demarcation is clearly arti-
ficial because the properties on which it is based are very sensitive to the ambient
temperature, so that a thermoplastic might be a satisfactory substitute for a metal
at a particular temperature and an unsatisfactory substitute at a different one.

A useful definition of an engineering material is that it is able to support
loads more or less indefinitely. By such a criterion thermoplastics are at a
disadvantage compared with metals because they have low time-dependent
moduli and inferior strengths except in rather special circumstances. However,
these rather important disadvantages are off-set by advantages such as low
density, resistance to many of the liquids that corrode metals and above all, easy
processability. Thus, where plastics compete successfully with other materials
in engineering applications it is usually because of a favourable balance of
properties rather than because of an outstanding superiority in some particular
respect, although the relative ease with which they can be formed into complex
shapes tends to be a particularly dominant factor. In addition to conferring the
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possibility of low production costs, this ease of processing permits imaginative
designs that often enable plastics to be used as a superior alternative to metals
rather than merely as a tolerated substitute.

Currently the materials generally regarded as making up the engineering
plastics group are Nylon, acetal, polycarbonate, modified polyphenylene oxide
(PPO), thermoplastic polyesters, polysulphone and polyphenylene sulphide.
The newer grades of polypropylene also possess good basic engineering
performance and this would add a further 0.5 m tonnes. And then there is
unplasticised polyviny! chloride (uPVC) which is widely used in industrial
pipework and even polyethylene, when used as an artificial hip joint for
example, can come into the reckoning. Hence it is probably unwise to exclude
any plastic from consideration as an engineering material even though there is
a sub-group specifically entitled for this area of application.

In recent years a whole new generation of high performance engineering
plastics have become commercially available. These offer properties far supe-
rior to anything available so far, particularly in regard to high temperature
performance, and they open the door to completely new types of application
for plastics.

The main classes of these new materials are

(i) Polyarylethers and Polyarylthioethers

polyarylethersulphones (PES)
polyphenylene sulphide (PPS)
polyethemnitrile (PEN)
polyetherketones (PEK and PEEK)

(ii) Polyimides and Polybenzimidazole

polyetherimide (PEI)
thermoplastic polyimide (PI)
polyamideimide (PAI)

(iii) Fluoropolymers

fluorinated ethylene propylene (FEP)
perfluoroalkoxy (PFA)

A number of these materials offer service temperatures in excess of 200°C and
fibre-filled grades can be used above 300°C.

1.3.2 Thermeosets

In recent years there has been some concern in the thermosetting material
industry that usage of these materials is on the decline. Certainly the total
market for thermoset compounds has decreased in Western Europe. This has
happened for a number of reasons. One is the image that thermosets tend
to have as old-fashioned materials with outdated, slow production methods.
Other reasons include the arrival of high temperature engineering plastics
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and miniaturisation in the electronics industry. However, thermosets are now
fighting back and have a very much improved image as colourful, easy-flow
moulding materials with a superb range of properties.

Phenolic moulding materials, together with the subsequently developed easy-
flowing, granular thermosetting materials based on urea, melamine, unsaturated
polyester (UP) and epoxide resins, today provide the backbone of numerous
technical applications on account of their non-melting, high thermal and
chemical resistance, stiffness, surface hardness, dimensional stability and
low flammability. In many cases, the combination of properties offered by
thermosets cannot be matched by competing engineering thermoplastics such as
polyamides, polycarbonates, PPO, PET, PBT or acetal, nor by the considerably
more expensive products such as polysulphone, polyethersulphone and PEEK.

1.3.3 Composites

One of the key factors which make plastics attractive for engineering applica-
tions is the possibility of property enhancement through fibre reinforcement.
Composites produced in this way have enabled plastics to become acceptable
in, for example, the demanding aerospace and automobile industries. Currently
in the USA these industries utilise over 100,000 tonnes of reinforced plastics
out of a total consumption of over one million tonnes.

Both thermoplastics and thermosets can reap the benefit of fibre reinforce-
ment although they have developed in separate market sectors. This situation
has arisen due to fundamental differences in the nature of the two classes of
materials, both in terms of properties and processing characteristics.

Thermosetting systems, hampered on the one hand by brittleness of the
crosslinked matrix, have turned to the use of long, indeed often continuous,
fibre reinforcement but have on the other hand been able to use the low viscosity
state at impregnation to promote maximum utilization of fibre properties. Such
materials have found wide application in large area, relatively low productivity,
moulding. On the other hand, the thermoplastic approach with the advantage
of toughness, but unable to grasp the benefit of increased fibre length, has
concentrated on the short fibre, high productivity moulding industry. It is now
apparent that these two approaches are seeking routes to move into each other’s
territory. On the one hand the traditionally long-fibre based thermoset products
are accepting a reduction in properties through reduced fibre length, in order to
move into high productivity injection moulding, while thermoplastics, seeking
even further advances in properties, by increasing fibre length, have moved
into long-fibre injection moulding compounds and finally into truly structural
plastics with continuous, aligned fibre thermoplastic composites such as the
advanced polymer composite (APC) developed by ICI and the stampable glass
mat reinforced thermoplastics (GMT) developed in the USA.

Glass fibres are the principal form of reinforcement used for plastics because
they offer a good combination of strength, stiffness and price. Improved
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strengths and stiffnesses can be achieved with other fibres such as aramid
(Kevlar) or carbon fibres but these are expensive. The latest developments
also include the use of hybrid systems to get a good balance of properties at an
acceptable price. For example, the impact properties of carbon-fibre composites
can be improved by the addition of glass fibres and the stiffness of gfrp can
be increased by the addition of carbon fibres.

Another recent development is the availability of reinforced plastics in a
form very convenient for moulding. One example is polyester dough and
sheet moulding compounds (DMC and SMC respectively). DMC, as the
name suggests, has a dough-like consistency and consists of short glass fibres
(15-20%) and fillers (up to 40%) in a polyester resin. The specific gravity is
in the range 1.7—-2.1. SMC consists of a polyester resin impregnated with glass
fibres (20—-30%). It is supplied as a sheet would into a roll with a protective
polythene film on each side of the sheet. The specific gravity is similar to that
of DMC and both materials are usually formed using heat and pressure in a
closed mould (see Chapter 4 on moulding of gfrp).

1.3.4 Structural Foam

The concept of structural foams offers an unusual but exciting opportunity for
designers. Many plastics can be foamed by the introduction of a blowing agent
so that when moulded the material structure consists of a cellular rigid foam
core with a solid tough skin. This type of structure is of course very efficient
in material terms and offers an excellent strength-to-weight ratio.

The foam effect is achieved by the dispersion of inert gas throughout the
molten resin directly before moulding. Introduction of the gas is usually carried
out by pre-blending the resin with a chemical blowing agent which releases
gas when heated, or by direct injection of the gas (usually nitrogen). When
the compressed gas/resin mixture is rapidly injected into the mould cavity, the
gas expands explosively and forces the material into all parts of the mould. An
internal cellular structure is thus formed within a solid skin.

Polycarbonate, polypropylene and modified PPO are popular materials for
structural foam moulding. One of the main application areas is housings for
business equipment and domestic appliances because the number of component
parts can be kept to the absolute minimum due to integral moulding of wall
panels, support brackets, etc. Other components include vehicle body panels
and fumniture.

Structural foam mouldings may also include fibres to enhance further the
mechanical properties of the material. Typical performance data for foamed
polypropylene relative to other materials is given in Table 1.1.

1.3.5 Elastomers

Conventional rubbers are members of the polymer family in that they consist
of long chain-like molecules. These chains are coiled and twisted in a random
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Table 1.1
Comparison of structural foams based on various grades of polypropylene with some traditional
materials
40% 30%
Unfilled talc-filled  coupled glass- Chip- Alumi- Mild

copolymer homopolymer reinforced board Pine nium  steel

Solid Foam Solid Foam Solid Foam

Flexural modulus
MN/m? 1.4 1.2 44 25 6.7 35 23 79 70 207
Specific gravity 0905 072 124 100 112 090 0650 0641 27 783
Relative thickness
at equivalent
rigidity 1 1.05 068 081 059 074 085 0.56 027 019
Relative weight
at equivalent
rigidity 1 084 094 09 074 073 061 040 081 1.65

manner and have sufficient flexibility to allow the material to undergo very large
deformations. In the green state the rubber would not be able to recover fully
from large deformations because the molecules would have undergone irre-
versible sliding past one another. In order to prevent this sliding, the molecules
are anchored together by a curing (vulcanisation) process. Thus the molecules
are cross-linked in a way similar to that which occurs in thermosets. This
linking does not detract from the random disposition of the molecules nor their
coiled and twisted nature so that when the rubber is deformed the molecules
stretch and unwind but do not slide. Thus when the applied force is removed
the rubber will snap back to its original shape.

Vulcanised rubbers possess a range of very desirable properties such as
resilience, resistance to oils, greases and ozone, flexibility at low tempera-
tures and resistance to many acids and bases. However, they require careful
(slow) processing and they consume considerable amounts of energy to facil-
itate moulding and vulcanisation. These disadvantages led to the development
of thermoplastic rubbers (elastomers). These are materials which exhibit the
desirable physical characteristics of rubber but with the ease of processing of
thermoplastics.

At present there are five types of thermoplastic rubber (TPR). Three of
these, the polyurethane, the styrenic and the polyester are termed segmented
block copolymers in that they consist of thermoplastic molecules grafted to
the rubbery molecules. At room temperature it is the thermoplastic molecules
which clump together to anchor the rubbery molecules. When heat is applied
the thermoplastic molecules are capable of movement so that the material may
be shaped using conventional thermoplastic moulding equipment.

The olefinic type of TPR is the latest development and is different in that it
consists of fine rubber particles in a thermoplastic matrix as shown in Fig. 1.1.
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Rubber particles

Thermopiastic matrix
( polypropylene )

Fig. 1.1 Typical structure of olefinic TPR

The matrix is usually polypropylene and it is this which melts during processing
to permit shaping of the material. The rubber filler particles then contribute the
flexibility and resilience to the material. The other type of TPR is the polyamide
and the properties of all five types are summarised in Table 1.4.

1.3.6 Polymer Alloys

The development of new polymer alloys has caused a lot of excitement in recent
years but in fact the concept has been around for a long time. Indeed one of
the major commercial successes of today, ABS, is in fact an alloy of acryloni-
trile, butadiene and styrene. The principle of alloying plastics is similar to that
of alloying metals — to achieve in one material the advantages possessed by
several others. The recent increased interest and activity in the field of polymer
alloys has occurred as a result of several new factors. One is the development
of more sophisticated techniques for combining plastics which were previously
considered to be incompatible. Another is the keen competition for a share of
new market areas such as automobile bumpers, body panels etc. These appli-
cations call for combinations of properties not previously available in a single
plastic and it has been found that it is less expensive to combine existing
plastics than to develop a new monomer on which to base the new plastic.

In designing an alloy, polymer chemists choose candidate resins according
to the properties, cost, and/or processing characteristics required in the end
product. Next, compatibility of the constituents is studied, tested, and either
optimised or accommodated.

Certain polymers have come to be considered standard building blocks
of the polyblends. For example, impact strength may be improved by using
polycarbonate, ABS and polyurethanes. Heat resistance is improved by using
polyphenylene oxide, polysulphone, PVC, polyester (PET and PBT) and acrylic.
Barrier properties are improved by using plastics such as ethylene vinyl alchol
(EVA). Some modermn plastic alloys and their main characteristics are given in
Table 1.2.
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Table 1.2
Typical plastic alloys

Alloy Features
PVCl/acrylic Tough with good flame and chemical resistance
PVC/ABS Easily processed with good impact and flame resistance
Polycarbonate/ABS Hard with high heat distortion temperature and good notch

impact strength

ABS/Polysulphone Less expensive than unmodified polysulphone
Polyphenylene oxide/HIPS Improved processability, reduced cost
SAN/olefin Good weatherability
Nylon/elastomer Improved notched impact strength
Modified amorphous nylon Easily processed with excellent surface finish and toughness
Polycarbonate/PBT Tough engineering plastic

1.3.7 Liquid Crystal Polymers

Liquid crystal polymers (LCP) are a recent arrival on the plastics materials
scene. They have outstanding dimensional stability, high strength, stiffness,
toughness and chemical resistance all combined with ease of processing. LCPs
are based on thermoplastic aromatic polyesters and they have a highly ordered
structure even in the molten state. When these materials are subjected to stress
the molecular chains slide over one another but the ordered structure is retained.
It is the retention of the highly crystalline structure which imparts the excep-
tional properties to LCPs.

Typical Characteristics of Some Important Plastics

(a) Semi-crystalline plastics

Low density polyethylene (LDPE). This is one of the most widely used
plastics. It is characterised by a density in the range 918—935 kg/m? and is
very tough and flexible. Its major application is in packaging film although its
outstanding dielectric properties means it is also widely used as an electrical
insulator. Other applications include domestic ware, tubing, squeeze bottles and
cold water tanks.

Linear Low Density Polyethylene (LLDPE). This new type of polyethylene
was introduced in 1977. LLDPE is produced by a low pressure process and
it has a regular structure with short chain branches. Depending on the cooling
rate from the melt, the material forms a structure in which the molecules are
linked together. Hence for any given density, LLDPE is stiffer than LDPE and
exhibits a higher yield strength and greater ductility. Although the difference
melt processing characteristics of LLDPE take a little getting used to, this new
material has taken over traditional LDPE markets.

High Density Polyethylene (HDPE). This material has a density in the range
935-965 kg/m? and is more crystalline than LDPE. It is also slightly more
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expensive but as it is much stronger and stiffer it finds numerous applications in
such things as dustbins, bottle crates, general purpose fluid containers and pipes.

One of the most exciting recent developments in this sector has been the
introduction to the marketplace of metallocene-based polyethylenes. Metal-
locenes have been recognised as suitable catalysts for the manufacture of
polyethylenes since the 1950s. However, it is only recently that their use has
been perfected. Their big advantage is that they are single site catalysts so
that the polymer molecules which are produced tend to be all the same — a fact
which offers an array of superior properties. Traditional catalysts for polyethyl-
ene (Ziegler Natta catalysts) are multi-sited so that they produce polymers with
short, medium and long molecules. In the new metallocene grades of polyethyl-
ene, the absence of low molecular weight species results in low extractables,
a narrow melting range and free-flowing material even at low densities. The
absence of high molecular weight species contributes excellent melting point
control, clarity and improved flexibility/toughness at low temperatures.

Metallocene-based polyethylene does not offer the lower production costs
associated with LLDPE. Hence there will be a price premium for the new
materials but this is felt to be justified in view of their improved property
profile.

Cross-linked Polyethylene (XLPE). Some thermoplastic materials such as
polyethylene can have their structure altered so that the molecular chains
become cross-linked and the material then behaves like a thermoset. In the case
of polyethylene, a range of cross-linking methods are available. These include
the use of radiation, peroxides and silanes. In some cases the cross-linking can
occur during moulding whereas in other cases the end-product shape is created
before the cross-linking is initiated. The action of cross-linking has a number
of beneficial effects including improved stress crack resistance, improved creep
resistance, better chemical resistance, improved toughness and better general
thermo-mechanical stability.

Polypropylene (PP). Polypropylene is an extremely versatile plastic and is
available in many grades and also as a copolymer (ethylene/propylene). It has
the lowest density of all thermoplastics (in the order of 900 kg/m*® and this
combined with strength, stiffness and excellent fatigue and chemical resistance
make it attractive in many situations. These include crates, small machine
parts, car components (fans, fascia panels etc), chair shells, cabinets for TV,
tool handles, etc. Its excellent fatigue resistance is utilised in the moulding of
integral hinges (e.g. accelerator pedals and forceps/tweezers). Polypropylene
is also available in fibre form (for ropes, carpet backing) and as a film (for
packaging).

Polyamides (nylon). There are several different types of nylon (e.g. nylon
6, nylon 66, nylon 11) but as a family their characteristics of strength, stiffness
and toughness have earned them a reputation as engineering plastics. Table 1.3
compares the relative merits of light metal alloys and nylon.
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Table 1.3
Comparison between die casting alloys and nylons

Points for comparison Die casting alloys Nylon

Cost of raw material/tonne Low High

Cost of mould High Can be lower — no higher

Speed of component Slower than injection Lower component
production moulding of nylon production costs

Accuracy of component Good Good

Post moulding operations Finishing — painting. Paint Finishing — not required ~

chips off easily painting not required.

Compounded colour
retention permanent.

Surface hardness Low - scratches easily Much higher. Scratch
resistant.

Rigidity Good to brittleness Glass reinforced grades as
good or better

Elongation Low GR grades comparable
unfilled grades excellent

Toughness (flexibility) Low GR grades comparable
unfilled grades excellent

Impact Low All grades good

Notch sensitivity Low Low

Youngs modulus (E) Consistent Varies with load

General mechanical Similar to GR grades of 66 Higher compressive strength

properties nylon

Heat conductivity High Low

Electrical insulation Low High

Weight High Low

Component assembly Snap fits difficult Very good

Typical applications for nylon include small gears, bearings, bushes,
sprockets, housings for power tools, terminal blocks and slide rollers. An
important design consideration is that nylon absorbs moisture which can
affect its properties and dimensional stability. Glass reinforcement reduces this
problem and produces an extremely strong, impact resistant material. Another
major application of nylon is in fibres which are notoriously strong. The density
of nylon is about 1100 kg/m>.

Acetals. The superior properties of acetal in terms of its strength, stiffness
and toughness have also earned it a place as an engineering plastic. It is more
dense than nylon but in many respects their properties are similar and they can
be used for the same types of light engineering application. A factor which may
favour acetal in some cases is its relatively low water absorption. The material
is available as both a homopolymer and a copolymer. The former is slightly
stronger and stiffer whereas the copolymer has improved high temperature
performance. This latter feature makes this material very attractive for hot
water plumbing applications and as the body for electric kettles.
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Polytetrafiuoroethylene (PTFE). The major advantages of this material are
its excellent chemical resistance and its extremely low coefficient of friction.
Not surprisingly its major area of application is in bearings particularly if the
environment is aggressive. It is also widely used in areas such as insulating
tapes, gaskets, pumps, diaphragms and of course non-stick coatings on cooking
utensils.

Thermoplastic Polyesters. These linear polyesters are highly crystalline and
exhibit toughness, strength, abrasion resistance, low friction, chemical resis-
tance and low moisture absorption. Polyethylene terephthalate (PET) has been
available for many years but mainly as a fibre (e.g. Terylene). As a moulding
material it was less attractive due to processing difficulties but these were
overcome with the introduction of polybutylene terephthalate (PBT). Applica-
tions include gears, bearings, housings, impellers, pulleys, switch parts, bumper
extensions, etc. and of course PET is now renowned for its success as a replace-
ment for glass in beverage bottles. PBT does not have such a high performance
specification as PET but it is more readily moulded.

Polyetheretherketone. This material, which is more commonly known as
PEEK, is one of the new generation plastics which offer the possibility of high
service temperatures. It is crystalline in nature which accounts in part for its
high resistance to attack from acids, alkalis and organic solvents. It is easily
processed and may be used continuously at 200°C where it offers good abrasion
resistance, low flammability, toughness, strength and good fatigue resistance.
Its density is 1300 kg/m>. Applications include wire coatings, electrical connec-
tions, fans, impellers, fibres, etc.

(b) Amorphous plastics

Polyvinyl Chloride (PVC). This material is the most widely used of the
amorphous plastics. It is available in two forms — plasticised or unplasticised.
Both types are characterised by good weathering resistance, excellent electrical
insulation properties, good surface properties and they are self extinguishing.
Plasticised PVC is flexible and finds applications in wire covering, floor tiles,
toy balls, gloves and rainwear. Unplasticised PVC (uPVC) is hard, tough, strong
material which is widely used in the building industry. For example, pipes,
gutters, window frames and wall claddings are all made in this material. The
familiar credit cards are also made from uPVC.

Polymethyl Methacrylate (PMMA). This material has exceptional optical
clarity and resistance to outdoor exposure. It is resistant to alkalis, detergents,
oils and dilute acids but is attacked by most solvents. Its peculiar property of total
internal reflection is useful in advertising signs and some medical applications.

Typical uses include illuminated notices, control panels, dome-lights, lighting
diffusers, baths, face guards, nameplates, lenses and display models.

Polystyrene (PS). Polystyrene is available in a range of grades which
generally vary in impact strength from brittle to very tough. The non-pigmented
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grades have crystal clarity and overall their low cost coupled with ease of
processing makes them used for such things as model aircraft kits, vending
cups, yoghurt containers, light fittings, coils, relays, disposable syringes and
casings for ballpoint pens. Polystyrene is also available in an expanded form
which is used for such things as ceiling tiles and is excellent as a packaging
material and thermal insulator.

Acrylonitrile-butadiene-styrene (ABS). ABS materials have superior
strength, stiffness and toughness properties to many plastics and so they
are often considered in the category of engineering plastics. They compare
favourably with nylon and acetal in many applications and are generally less
expensive. However, they are susceptible to chemical attack by chlorinated
solvents, esters, ketones, acids and alkalis.

Typical applications are housings for TV sets, telephones, fascia panels, hair
brush handles, luggage, helmets and linings for refrigerators.

Polycarbonates. These materials also come within the category of engi-
neering plastics and their outstanding feature is extreme toughness. They are
transparent and have good temperature resistance but are attacked by alkaline
solutions and hydrocarbon solvents. Typical applications include vandal-proof
street lamp covers, baby feeding bottles, machine housings and guards, camera
parts, electrical components, safety equipment and compact discs.

Polyethersulphone. This material is one of the new high temperature plas-
tics. It is recommended for load bearing applications up to 180°C. Even without
flame retardants it offers low flammability and there is little change in dimen-
sions of electrical properties in the temperature range 0-200°C. It is easily
processed on conventional moulding equipment. Applications include aircraft
heating ducts, terminal blocks, engine manifolds, bearings, grilles, tool handles,
non-stick coatings.

Modified Polyphenylene Oxide (PPQO). The word modified in this material
refers to the inclusion of high impact polystyrene to improve processability and
reduce the cost of the basic PPO. This material offers a range of properties
which make it attractive for a whole range of applications. For example, it
may be used at 100-150°C where it is rigid, tough and strong with good creep
resistance and hydrolytic stability. Water absorption is very small and there is
excellent dimensional stability. Applications include business machine parts,
flow values, headlight parts, engine manifolds, fascia panels, grilles, pump
casings, hair dryer housings, etc.

{c) Thermoplastic Rubbers

There are five types of thermoplastic rubbers currently available. These are
based on (i) Olefinics (e.g. Alcryn, Santoprene) (ii) Polyurethanes (e.g. Elas-
tollan, Caprolan, Pellethane) (iii) Polyesters (e.g. Hytrel, Amitel) (iv) Styrenics
(e.g. Solprene, Cariflex) and (v) Polyamides (e.g. Pebax, Dinyl) Some typical
properties are given in Table 1.4.
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Table 1.4

Physical characteristics of thermoplastic rubbers

Type Olefinic Polyurethane Polyester Styrenic Polyamide
Hardness (Shore A-D)  60A to 60D 60A to 60D 40D to 72D 30A to 45D 40D to 63D
Resilience (%) 30 10 40 40 to 50 43 10 62 60 to 70 -
Tensile strength

(MN/m?) 8 to 20 30 to 55 21 to 45 25 10 45 -
Resistances

Chemicals F P/G E E P/E

Oils F E E F -

Solvents P/F F G P P/E

Weathering E G E P/E E
Specific gravity 097-134 1.11-1.21 1.17-1.25 0.93-1.0 1.0-1.12
Service temperature (°C) —50-130 —40-130 —65-130 -30-120 —65-130

KEY: P = poor, F = fair, G = good, E = excellent

(d) Thermosetting Plastics

Aminos. There are two basic types of amino plastics — urea formaldehyde
and melamine formaldehyde. They are hard, rigid materials with good abra-
sion resistance and their mechanical characteristics are sufficiently good for
continuous use at moderate temperatures (up to 100°C). Urea formaldehyde is
relatively inexpensive but moisture absorption can result in poor dimensional
stability. It is generally used for bottle caps, electrical switches, plugs, utensil
handles and trays. Melamine formaldehyde has lower water absorption and
improved temperature and chemical resistance. It is typically used for table-
ware, laminated worktops and electrical fittings.

Phenolics. Phenol-formaldehyde (Bakelite) is one of the oldest synthetic
materials available. It is a strong, hard, brittle material with good creep resis-
tance and excellent electrical properties. Unfortunately the material is only
available in dark colours and it is susceptible to attack by alkalis and oxidising
agents. Typical applications are domestic electrical fittings, saucepan handles,
fan blades, smoothing iron handles and pump parts.

Polyurethanes. This material is available in three forms — rigid foam, flex-
ible foam and elastomer. They are characterised by high strength and good
chemical and abrasion resistance. The rigid foam is widely used as an insula-
tion material, the flexible foam is an excellent cushion material for furniture
and the elastomeric material is used in solid tyres and shock absorbers.

Polyesters. The main application of this material is as a matrix for glass
fibre reinforcement. This can take many forms and is probably most commonly
known as a DIY type material used for the manufacture of small boats, chemical
containers, tanks and repair kits for cars, etc.

Epoxides. Epoxy resins are more expensive than other equivalent thermosets
(e.g. polyesters) but they an generally out-perform these materials due to better
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toughness, less shrinkage during curing, better weatherability and lower mois-
ture absorption. A major area of application is in the aircraft industry because
of the combination of properties offered when they are reinforced with fibres.
They have an operating temperature range of —25 to 150°C.

1.4 Selection of Plastics

The previous section has given an indication of the range of plastics available
to the design engineer. The important question then arises How do we decide
which plastic, if any, is best for a particular application? Material selection
is not as difficult as it might appear but it does require an awareness of the
general behaviour of plastics as a group, as well as a familiarity with the special
characteristics of individual plastics.

The first and most important steps in the design process are to define clearly
the purpose and function of the proposed product and to identify the service
environment. Then one has to assess the suitability of a range of candidate
materials. The following are generally regarded as the most important charac-
teristics requiring consideration for most engineering components.

(1) mechanical properties — strength, stiffness, specific strength and stiffness,
fatigue and toughness, and the influence of high or low temperatures on these
properties;

(2) corrosion susceptibility and degradation

(3) wear resistance and frictional properties;

(4) special properties, for example, thermal, electrical, optical and magnetic
properties, damping capacity, etc;

(5) moulding and/or other methods of fabrication.

(6) total costs attributable to the selected material and manufacturing route.

In the following sections these factors will be considered briefly in relation
to plastics.

1.4.1 Mechanical Properties

Strength and Stiffness. Thermoplastic materials are viscoelastic which means
that their mechanical properties reflect the characteristics of both viscous
liquids and elastic solids. Thus when a thermoplastic is stressed it responds by
exhibiting viscous flow (which dissipates energy) and by elastic displacement
(which stores energy). The properties of viscoelastic materials are time,
temperature and strain rate dependent. Nevertheless the conventional stress-
strain test is frequently used to describe the (short-term) mechanical properties
of plastics. It must be remembered, however, that as described in detail in
Chapter 2 the information obtained from such tests may only be used for an
initial sorting of materials. It is not suitable, or intended, to provide design data
which must usually be obtained from long term tests.
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In many respects the stress—strain graph for a plastic is similar to that for a
metal (see Fig. 1.2).

At low strains there is an elastic region whereas at high strains there is a non-
linear relationship between stress and strain and there is a permanent element
to the strain. In the absence of any specific information for a particular plastic,
design strains should normally be limited to 1%. Lower values (~0.5%) are
recommended for the more brittle thermoplastics such as acrylic, polystyrene
and values of 0.2-0.3% should be used for thermosets.

The effect of material temperature is illustrated in Fig. 1.3. As temperature
is increased the material becomes more flexible and so for a given stress the
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Strain e
Fig. 1.2 Typical stress—~strain graph for plastics
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Fig. 1.3 Effect of material temperature on stress—strain behaviour of plastics
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material deforms more. Another important aspect to the behaviour of plastics
is the effect of strain rate. If a thermoplastic is subjected to a rapid change in
strain it appears stiffer than if the same maximum strain were applied but at a
slower rate. This is illustrated in Fig. 1.4.

60

50 mm/min

5 mm/min
0.5 mm/min

Stress (MN/m?2)
8 8

N
©

10

o 1 2 3
Strain (%)

4 5

Fig. 1.4 Effect of strain rate on stress—strain behaviour of plastics

It is important to realise also that within the range of grades that exist for a
particular plastic, there can be significant differences in mechanical properties.
For example, with polypropylene for each 1 kg/m® change in density there is a
corresponding 4% change in modulus. Fig. 1.5 illustrates the typical variation
which occurs for the different grades of ABS. It may be seen that very often a
grade of material selected for some specific desirable feature (e.g. high impact
strength) results in a decrease in some other property of the material (e.g.
tensile strength).

The stiffness of a plastic is expressed in terms of a modulus of elasticity.
Most values of elastic modulus quoted in technical literature represent the slope
of a tangent to the stress—strain curve at the origin (see Fig. 1.6). This is often
referred to as Youngs modulus, E, but it should be remembered that for a plastic
this will not be a constant and, as mentioned earlier, is only useful for quality
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Fig. 1.5 Effect of grade on mechanical properties of ABS
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Fig. 1.6 Tangent and secant modulus

control purposes, not for design. Since the tangent modulus at the origin is
sometimes difficult to determine precisely, a secant modulus is often quoted to
remove any ambiguity. A selected strain value of, say 2% (point C’, Fig. 1.6)
enables a precise point, C, on the stress—strain curve to be identified. The slope
of a line through C and O is the secant modulus. Typical short-term mechanical
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properties of plastics are given in Table 1.5. These are given for illustration
purposes. For each type of plastic there are many different grades and a wide
variety of properties are possible. The literature supplied by the manufacturers
should be consulted in specific instances.

Table 1.5
Short-term properties of some important plastics

Tensile Flexural %
Density strength modulus elongation

Material (kg/m?) (MN/m?) (GN/m?) at break Price*
ABS (high impact) 1040 38 2.2 8 2.1
Acetal (homopolymer) 1420 68 2.8 40 35
Acetal (copolymer) 1410 70 2.6 65 33
Acrylic 1180 70 29 2 25
Cellulose acetate 1280 30 1.7 30 32
CAB 1190 25 1.3 60 -
Epoxy 1200 70 3.0 3 8.3
Modified PPO 1060 45 23 70 -
Nylon 66 1140 70 28 60 39
Nylon 66 (33% glass) 1380 115 5.1 4 4.0
PEEK 1300 62 3.8 4 42
PEEK (30% carbon) 1400 240 14 1.6 44
PET 1360 75 3 70 30
PET (36% glass) 1630 180 12 3 35
Phenolic (mineral filled) 1690 55 8.0 0.8 1.25
Polyamide-imide 1400 185 45 12 67
Polycarbonate 1150 65 2.8 100 42
Polyetherimide 1270 105 33 60 -
Polyethersulphone 1370 84 2.6 60 13.3
Polyimide 1420 72 2.5 8 150
Polypropylene 905 33 1.5 150 1
Polysulphone 1240 70 26 80 11
Polystyrene 1050 40 3.0 1.5 1.1
Polythene (LD) 920 10 02 400 0.83
Polythene (HD) 950 32 1.2 150 1.1
PTFE 2100 25 0.5 200 13.3
PVC (rigid) 1400 50 30 80 0.88
PVC (flexible) 1300 14 0.007 300 0.92
SAN 1080 72 36 2 1.8
DMC (polyester) 1800 40 9.0 2 1.5
SMC (polyester) 1800 70 11.0 3 1.3

*On a weight basis, relative to polypropylene.

Material Selection for Strength

If, in service, a material is required to have a certain strength in order to perform
its function satisfactorily then a useful way to compare the structural efficiency
of a range of materials is to calculate their strength desirability factor.
Consider a structural member which is essentially a beam subjected to
bending (Fig. 1.7). Irrespective of the precise nature of the beam loading the
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Fig. 1.7 Beam subjected to bending

maximum stress, o, in the beam will be given by

o = Mmax(d/2)  Mmax(d/2)
N I T bd?/12

(1.1)

Assuming that we are comparing different materials on the basis that the
mean length, width and loading is fixed but the beam depth is variable then
equation (1.1) may be written as

o= p,/d* (1.2)

where B, is a constant.
But the weight, w, of the beam is given by

w = pbdL (1.3)
So substituting for d from (1.2) into (1.3)

w = Byp/o'/? (1.4)

where $; is the same constant for all materials.
Hence, if we adopt loading/weight as a desirability factor, D, then this will
be given by
a2
Dy =2 (1.5)
)
where o, and p are the strength and density values for the materials being
compared.

Similar desirability factors may be derived for other geometries such as
struts, columns etc. This concept is taken further later where material costs
are taken into account and Tables 1.11 and 1.12 give desirability factors for a
range of loading configurations and materials.

Material Selection for Stiffness

If in the service of a component it is the deflection, or stiffness, which is
the limiting factor rather than strength, then it is necessary to look for a
different desirability factor in the candidate materials. Consider the beam situ-
ation described above. This time, irrespective of the loading, the deflection, &,
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3
d=m (ﬂ'—) (1.6)

will be given by

EI

where «; is a constant and W represents the loading.
The stiffness may then be expressed as

W (1\El
- o L3

= ay(Ed?) 1.7

where a3 is a constant and again it is assumed that the beam width and length
are the same in all cases.

Once again the beam weight will be given by equation (1.3) so substituting
for d from equation (1.7)

w = a3p/E? (1.8)

Hence, the desirability factor, D, expressed as maximum stiffness for
minimum weight will be given by

El/3
)

where E is the elastic modulus of the material in question and p is the density.
As before a range of similar factors can be derived for other structural elements
and these are illustrated in Section 1.4.6. (Tables 1.11 and 1.12) where the
effect of material cost is also taken into account. Note also that since for
plastics the modulus, E, is not a constant it is often necessary to use a long-
term (creep) modulus value in equation (1.9) rather than the short-term quality
control value usually quoted in trade literature.

Ductility. A load-bearing device or component must not distort so much
under the action of the service stresses that its function is impaired, nor must it
fail by rupture, though local yielding may be tolerable. Therefore, high modulus
and high strength, with ductility, is the desired combination of attributes.
However, the inherent nature of plastics is such that high modulus tends to
be associated with low ductility and steps that are taken to improve the one
cause the other to deteriorate. The major effects are summarised in Table 1.6.
Thus it may be seen that there is an almost inescapable rule by which increased
modulus is accompanied by decreased ductility and vice versa.

Creep and Recovery Behaviour. Plastics exhibit a time-dependent strain
response to a constant applied stress. This behaviour is called creep. In a
similar fashion if the stress on a plastic is removed it exhibits a time dependent
recovery of strain back towards its original dimensions. This is illustrated in

Dy = (1.9)
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Table 1.6

Balance between stiffness and ductility in thermoplastics

Effect on

Modulus Ductility
Reduced temperature increase decrease
Increased straining rate increase decrease
Multiaxial stress field increase decrease
Incorporation of plasticizer decrease increase
Incorporation of rubbery phase decrease increase
Incorporation of glass fibres increase decrease
Incorporation of particulate filler increase decrease

2. As stress is maintained,
sample deforms (creeps)
viscoelastically to Point B

3. Load is removed, and somple
Viscoelastic deformation — recovers elastically to
Point C immediately.

B !
Elastic recovery

c
I

A Viscoelastic recovery

Elaostic deformation
D_—
0 Time —— E
1. Lood is applied instantaneously, . .
resulting in strain A. 4. Sample recovers viscoelastically

to Point D.

Fig. 1.8 Typical Creep and recovery behaviour of a plastic

Fig. 1.8 and because of the importance of these phenomena in design they are
dealt with in detail in Chapter 2.

Stress Relaxation. Another important consequence of the viscoelastic nature
of plastics is that if they are subjected to a particular strain and this strain is
held constant it is found that as time progresses, the stress necessary to maintain
this strain decreases. This is termed stress relaxation and is of vital importance
in the design of gaskets, seals, springs and snap-fit assemblies. This subject
will also be considered in greater detail in the next chapter.

Creep Rupture. When a plastic is subjected to a constant tensile stress its
strain increases until a point is reached where the material fractures. This is
called creep rupture or, occasionally, static fatigue. It is important for designers
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to be aware of this failure mode because it is a common error, amongst those
accustomed to dealing with metals, to assume that if the material is capable of
withstanding the applied (static) load in the short term then there need be no
further worries about it. This is not the case with plastics where it is necessary
to use long-term design data, particularly because some plastics which are tough
at short times tend to become embrittled at long times.

Fatigue. Plastics are susceptible to brittle crack growth fractures as a result
of cyclic stresses, in much the same way as metals are. In addition, because
of their high damping and low thermal conductivity, plastics are also prone to
thermal softening if the cyclic stress or cyclic rate is high. The plastics with
the best fatigue resistance are polypropylene, ethylene-propylene copolymer
and PVDF. The fatigue failure of plastics is described in detail in Chapter 2.

Toughness. By toughness we mean the resistance to fracture. Some plastics
are inherently very tough whereas others are inherently brittle. However, the
picture is not that simple because those which are nominally tough may become
embrittled due to processing conditions, chemical attack, prolonged exposure
to constant stress, etc. Where toughness is required in a particular application it
is very important therefore to check carefully the service conditions in relation
to the above type of factors. At room temperature the toughest unreinforced
plastics include nylon 66, LDPE, LLDPE, EVA and polyurethane structural
foam. At sub-zero temperatures it is necessary to consider plastics such as ABS,
polycarbonate and EVA. The whole subject of toughness will be considered
more fully in Chapter 2.

1.4.2 Degradation

Physical or Chemical Attack. Although one of the major features which might
prompt a designer to consider using plastics is corrosion resistance, nevertheless
plastics are susceptible to chemical attack and degradation. As with metals, it is
often difficult to predict the performance of a plastic in an unusual environment
so it is essential to check material specifications and where possible carry out
proving trials. Clearly, in the space available here it is not possible to give
precise details on the suitability of every plastic in every possible environment.
Therefore the following sections give an indication of the general causes of
polymer degradation to alert the designer to a possible problem.

The degradation of a plastic occurs due to a breakdown of its chemical
structure. It should be recognised that this breakdown is not necessarily caused
by concentrated acids or solvents. It can occur due to apparently innocuous
mediums such as water (hydroelysis), or oxygen (oxidation). Degradation of
plastics is also caused by heat, stress and radiation. During moulding the mat-
erial is subjected to the first two of these and so it is necessary to incorporate
stabilisers and antioxidants into the plastic to maintain the properties of the
material. These additives also help to delay subsequent degradation for an
acceptably long time.
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As regards the general behaviour of polymers, it is widely recognised that
crystalline plastics offer better environmental resistance than amorphous plas-
tics. This is as a direct result of the different structural morphology of these
two classes of material (see Appendix A). Therefore engineering plastics which
are also crystalline e.g. Nylon 66 are at an immediate advantage because they
can offer an attractive combination of load-bearing capability and an inherent
chemical resistance. In this respect the arrival of crystalline plastics such as
PEEK and polyphenylene sulfide (PPS) has set new standards in environmental
resistance, albeit at a price. At room temperature there is no known solvent for
PPS, and PEEK is only attacked by 98% sulphuric acid.

Weathering. This generally occurs as a result of the combined effect of
water absorption and exposure to ultra-violet radiation (u-v). Absorption of
water can have a plasticizing action on plastics which increases flexibility but
ultimately (on elimination of the water) results in embrittlement, while u-v
causes breakdown of the bonds in the polymer chain. The result is general
deterioration of physical properties. A loss of colour or clarity (or both) may
also occur. Absorption of water reduces dimensional stability of moulded arti-
cles. Most thermoplastics, in particular cellulose derivatives, are affected, and
also polyethylene, PVC, and nylons.

Oxidation, This is caused by contact with oxidising acids, exposure to u-v,
prolonged application of excessive heat, or exposure to weathering. It results
in a deterioration of mechanical properties (embrittlement and possibly stress
cracking), increase in power factor, and loss of clarity. It affects most thermo-
plastics to varying degrees, in particular polyolefins, PVC, nylons, and cellulose
derivatives.

Environmental Stress Cracking (ESC). In some plastics, brittle cracking
occurs when the material is in contact with certain substances whilst under
stress. The stress may be externally applied in which case one would be
prompted to take precautions. However, internal or residual stresses introduced
during processing are probably the more common cause of ESC. Most organic
liquids promote ESC in plastics but in some cases the problem can be caused
by a liquid which one would not regard as an aggressive chemical. The classic
example of ESC is the brittle cracking of polyethylene washing-up bowls due
to the residual stresses at the moulding gate (see injection moulding, Chapter 4)
coupled with contact with the aqueous solution of washing-up liquid. Although
direct attack on the chemical structure of the plastic is not involved in ESC
the problem can be alleviated by controlling structural factors. For example,
the resistance of polyethylene is very dependent on density, crystallinity, melt
flow index (MFI) and molecular weight. As well as polyethylene, other plastics
which are prone to ESC are ABS and polystyrene.

The mechanism of ESC is considered to be related to penetration of the
promoting substance at surface defects which modifies the surface energy and
promotes fracture.
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1.4.3 Wear Resistance and Frictional Properties

There is a steady rate of increase in the use of plastics in bearing applications
and in situations where there is sliding contact e.g. gears, piston rings, seals,
cams, etc. The advantages of plastics are low rates of wear in the absence of
conventional lubricants, low coefficients of friction, the ability to absorb shock
and vibration and the ability to operate with low noise and power consumption.
Also when plastics have reinforcing fibres they offer high strength and load
carrying ability. Typical reinforcements include glass and carbon fibres and
fillers include PTFE and molybdenum disulphide in plastics such as nylon,
polyethersulphone (PES), polyphenylene sulfide (PPS), polyvinylidene fluoride
(PVDF) and polyetheretherketone (PEEK).

The friction and wear of plastics are extremely complex subjects which
depend markedly on the nature of the application and the properties of the
material. The frictional properties of plastics differ considerably from those of
metals. Even reinforced plastics have modulus values which are much lower
than metals. Hence metal/thermoplastic friction is characterised by adhesion
and deformation which results in frictional forces that are not proportional to
load but rather to speed. Table 1.7 gives some typical coefficients of friction
for plastics.

Table 1.7

Coefficients of friction and relative wear rates for plastics

Coefficient of friction

Relative
Material Static Dynamic wear rate
Nylon 0.2 0.28 33
Nylon/glass 0.24 0.31 13
Nylon/carbon 0.1 0.11 1
Polycarbonate 0.31 0.38 420
Polycarbonate/glass 0.18 0.20 5
Polybutylene terephthalate (PBT) 0.19 0.25 35
PBT/glass 0.11 0.12 2
Polyphenylene suifide (PPS) 0.3 0.24 90
PPS/glass 0.15 0.17 19
PPS/carbon 0.16 0.15 13
Acetal 0.2 0.21 -
PTFE 0.04 0.05 -

The wear rate of plastics is governed by several mechanisms. The primary
one is adhesive wear which is characterised by fine particles of polymer being
removed from the surface. This is a small-scale effect and is a common
occurrence in bearings which are performing satisfactorily. However, the other
mechanism is more serious and occurs when the plastic becomes overheated
to the extent where large troughs of melted plastic are removed. Table 1.7
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shows typical primary wear rates for different plastics, the mechanism of wear
is complex the relative wear rates may change depending on specific circum-
stances.

In linear bearing applications the suitability of a plastic is usually determined
from its PV rating. This is the product of P (the bearing load divided by the
projected bearing area) and V (the linear shaft velocity). Fig. 1.9 shows the
limiting PV lines for a range of plastics — combinations of P and V above
the lines are not permitted. The PV ratings may be increased if the bearing
is lubricated or the mode of operation is intermittent. The PV rating will be
decreased if the operating temperature is increased. Correction factors for these
variations may be obtained from material/bearing manufacturers. The plastics
with the best resistance to wear are ultra high molecular weight polyethylene
(used in hip joint replacements) and PTFE lubricated versions of nylon, acetal
and PBT. It is not recommended to use the same plastic for both mating surfaces
in applications such as gear wheels.

100

10

Bearing pressure (MN/m?2)

0.1

0.01
0.001 0.01 0.1 1

Rubbing velocity, (V(mvs)

Fig. 1.9 Typical P-V ratings for plastics rubbing on steel
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1.4.4 Special Properties

Thermal Properties. Before considering conventional thermal properties such
as conductivity it is appropriate to consider briefly the effect of temperature on
the mechanical properties of plastics. It was stated earlier that the properties
of plastics are markedly temperature dependent. This 1s as a result of their
molecular structure. Consider first an amorphous plastic in which the molecular
chains have a random configuration. Inside the material, even though it is not
possible to view them, we know that the molecules are in a state of continual
motion. As the material is heated up the molecules receive more energy and
there is an increase in their relative movement. This makes the material more
flexible. Conversely if the material is cooled down then molecular mobility
decreases and the material becomes stiffer.

With plastics there 1s a certain temperature, called the glass transition
temperature, T,, below which the material behaves like glass 1.e. it is hard and
rigid. As can be seen from Table 1.8 the value for T, for a particular plastic is
not necessarily a low temperature. This immediately helps to explain some of
the differences which we observe in plastics. For example, at room tempera-
ture polystyrene and acrylic are below their respective T, values and hence we
observe these materials in their glassy state. Note, however, that in contrast, at
room temperature, polyethylene is above its glass transition temperature and so
we observe a very flexible material. When cooled below its Ty it then becomes
a hard, brittle solid. Plastics can have several transitions.

The main T}, is called the glass—rubber transition and signifies a change from
a flexible, tough material to a glassy state in which the material exhibits stiff-
ness, low creep and toughness although with a sensitivity to notches. At lower
temperatures there 1s then a secondary transition characterised by a change to
a hard, rigid, brittle state.

It should be noted that although Table 1.8 gives specific values of T, for
different polymers, in reality the glass—transition temperature 1s not a material
constant. As with many other properties of polymers it will depend on the
testing conditions used to obtain it.

In the so-called crystalline plastics the structure consists of both crystalline
(ordered) regions and amorphous (random) regions. When these materials are
heated there is again increased molecular mobility but the materials remain

relatively stiff due to the higher forces between the closely packed molecules.
When the crystalline plastics have their temperature reduced they exhibit a
glass transition temperature associated with the amorphous regions. At room
temperature polypropylene, for example, is quite ngid and tough, not because
it is below its T, but because of the strong forces between the molecules in the
crystalline regions. When it is cooled below —10°C it becomes brittle because
the amorphous regions go below their Tj,.

In the past a major limitation to the use of plastics materials in the engi-
neering sector has been temperature. This limitation arises not only due to the
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Table 1.8
Typical Thermal properties of matenals

Thermal Glass

Specific Thermal Coeff. of diffusivity transition Max.
Density heat conductivity therm exp (m?/s) Temp,  operating,

Material (kg/m?) (K/kg K) (Wm/K) (um/m/°C)  x 1077 T,(°C)  Temp (°C)
ABS 1040 1.3 0.25 90 1.7 115 70
Acetal (homopolymer) 1420 1.5 0.2 80 0.7 —85 85
Acetal (copolymer) 1410 1.5 0.2 95 0.72 —83 90
Acrylic 1180 1.5 0.2 70 1.09 105 50
Cellulose acetate 1280 1.6 0.15 100 1.04 - 60
CAB 1190 1.6 0.14 100 1.27 —~ 60
Epoxy 1200 0.8 0.23 70 -~ - 130
Modified PPO 1060 - 0.22 60 = — 120
Nylon 66 1140 1.7 0.24 90 1.01 56 90
Nylon 66 (33% glass) 1380 1.6 0.52 30 1.33 - 100
PEEK 1300 -~ - 48 - 143 204
PEEK (30% carbon) 1400 - — 14 - — 255
PET 1360 1.0 0.2 90 - 75 110
PET (36% glass) 1630 — - 40 - — 150
Phenolic (glass filled) 1700 — 0.5 18 — ~ 185
Polyamide-imide 1400 ~ 0.25 36 — 260 210
Polycarbonate 1150 1.2 0.2 65 1.47 149 125
Polyester 1200 1.2 0.2 100 - —
Polyetherimide 1270 ~ 0.22 56 ~ 200 170
Polyethersulphone 1370 - 1.18 55 - 230 180
Polyimide 1420 - - 45 - 400 260
Polyphenylene sulfide 1340 — - 49 — 85 150
Polypropylene 905 2.0 0.20 100 0.65 —10 100
Polysulphone 1240 1.3 - 56 — 180 170
Polystyrene 1050 1.3 0.15 30 0.6 100 50
Polythene (L.D) 920 2.2 0.24 200 117 —120 50
Polythene (HD) 950 2.2 0.25 120 1.57 - 120 35
PTFE 2100 1.0 0.25 140 0.7 —113 250
PVC (ngid) 1400 0.9 0.16 70 1.16 80 50
PVC (flexible) 1300 1.5 0.14 140 0.7 8() 50
SAN 1080 1.3 0.17 70 0.81 115 60
DMC (polyester) 1800 ~ 0.2 20 — — 130
SMC (polyester) 1800 - 0.2 20 - - 130
Polystyrene foam 32 — 0.032 ~ -~ -~ -
PU foam 32 — 0.032 — - - -
Stainless steel 7855 0.49 9% 10 - - 800
Nickel chrome alloy 7950 —~ 12 14 — - 200
Zinc 7135 0.39 111 39 = — -
Copper 8940 0.39 400 16 - - -

reduction 1n mechanical properties at high temperatures, including increased
propensity to creep, but also due to limitations on the continuous working
temperature causing permanent damage to the material as a result of thermal and
oxidative degradation. Significant gains in property retention at high temper-
atures with crystalline polymers have been derived from the incorporation of
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fibrous reinforcement, but the development of new polymer matrices is the key
to further escalation of the useful temperature range.

Table 1.8 indicates the service temperatures which can be used with a range
of plastics. It may be seen that there are now commercial grades of unreinforced
plastics rated for continuous use at temperatures in excess of 200°C. When glass
or carbon fibres are used the service temperatures can approach 300°C.

The other principal thermal properties of plastics which are relevant to design
are thermal conductivity and coefficient of thermal expansion. Compared with
most materials, plastics offer very low values of thermal conductivity, partic-
ularly if they are foamed. Fig. 1.10 shows comparisons between the thermal
conductivity of a selection of metals, plastics and building materials. In contrast
to their low conductivity, plastics have high coefficients of expansion when
compared with metals. This is illustrated in Fig. 1.11 and Table 1.8 gives fuller
information on the thermal properties of plastics and metals.
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Fig. 1.10 Comparative Thermal conductivities for a range of materials

Electrical Properties Traditionally plastics have established themselves in
applications which require electrical insulation. PTFE and polyethylene are
among the best insulating materials available. The material properties which
are particularly relevant to electrical insulation are dielectric strength, resistance
and tracking.

The insulating property of any insulator will break down in a sufficiently
strong electric field. The dielectric strength is defined as the electric strength
(V/m) which an insulating material can withstand. For plastics the dielectric
strength can vary from 1 to 1000 MV/m. Materials may be compared on the
basis of their relative permittivity (or dielectric constant). This is the ratio of
the permittivity of the material to the permittivity of a vacuum. The ability of a
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Fig. 1.11 Typical thermal properties of plastics

material to resist the flow of electricity is determined by its volume resistivity,
measured in ohm m. Insulators are defined as having volume resistivities greater
than about 10* ohm m. Plastics are well above this, with values ranging from
about 108 to 10! ohm m. These compare with a value of about 10~8 ohm m for
copper. Although plastics are good insulators, local breakdown may occur due
to tracking. This is the name given to the formation of a conducting path (arc)
across the surface of the polymer. It can be caused by surface contamination
(for example dust and moisture) and is characterised by the development of
carbonised destruction of the surface carrying the arc. Plastics differ greatly
in their propensity to tracking — PTFE, acetal, acrylic and PP/PE copolymers
offer very good resistance.

It is interesting to note that although the electrical insulation properties of
plastics have generally been regarded as one of their major advantages, in recent
years there has been a lot of research into the possibility of conducting plastics.
This has been recognised as an exciting development area for plastics because
electrical conduction if it could be achieved would offer advantages in designing
against the build up of static electricity and in shielding of computers, etc from
electro-magnetic interference (EMI). There have been two approaches — coating
or compounding. In the former the surface of the plastic is treated with a
conductive coating (e.g. carbon or metal) whereas in the second, fillers such
as brass, aluminium or steel are incorporated into the plastic. It is important
that the filler has a high aspect ratio (length:diameter) and so fibres or flakes of
metal are used. There has also been some work done using glass fibres which
are coated with a metal before being incorporated into the plastic. Since the
fibre aspect ratio is critical in the performance of conductive plastics there can
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be problems due to breaking up of fibres during processing. In this regard ther-
mosetting plastics have an advantage because their simpler processing methods
cause less damage to the fibres. Conductive grades of DMC are now available
with resistivities as low as 7 x 10~ ohm m.

Optical Properties. The optical properties of a plastic which are important
are refraction, transparency, gloss and light transfer. The reader is referred to BS
4618:1972 for precise details on these terms. Table 1.9 gives data on the optical
properties of a selection of plastics. Some plastics may be optically clear (e.g.
acrylic, cellulosics and ionomers) whereas others may be made transparent.
These include epoxy, polycarbonate, polyethylene, polypropylene, polystyrene,
polysulphone and PVC.

Table 1.9
Typical properties of plastics

Refractive Light Dispersive
Material index transmission power
Acrylic 1.49 92 58
Polycarbonate 1.59 89 30-35
Polystyrene 1.59 88 31
CAB 1.49 85 -
SAN 1.57 ~ 36
Nylon 66 1.54 0 -

Flammability. The fire hazard associated with plastics has always been
difficult to assess and numerous tests have been devised which attempt to
grade materials as regards flammability by standard small scale methods under
controlled but necessarily artificial conditions. Descriptions of plastics as self-
extinguishing, slow burning, fire retardant etc. have been employed to describe
their behaviour under such standard test conditions, but could never be regarded
as predictions of the performance of the material in real fire situations, the
nature and scale of which can vary so much.

Currently there is a move away from descriptions such as fire-retardant
or self-extinguishing because these could imply to uninformed users that the
material would not burn. The most common terminology for describing the
flammability characteristics of plastics is currently the Critical Oxygen Index
(COY). This is defined as the minimum concentration of oxygen, expressed as
volume per cent, in a mixture of oxygen and nitrogen that will just support
combustion under the conditions of test. Since air contains 21% oxygen, plastics
having a COI of greater than 0.21 are regarded as self-extinguishing. In practice
a higher threshold (say 0.27) is advisable to allow for unforeseen factors in a
particular fire hazard situation. Fig. 1.12 shows the typical COI values for a
range of plastics.
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Fig. 1.12 Oxygen Index Values for Plastics

Permeability. The low density of plastics is an advantage in many situations
but the relatively loose packing of the molecules means that gases and liquids
can permeate through the plastic. This can be important in many applications
such as packaging or fuel tanks. It is not possible to generalise about the
performance of plastics relative to each other or in respect to the performance
of a specific plastic in contact with different liquids and gases.

Some plastics are poor at offering resistance to the passage of fluids through
them whereas others are excellent. Their relative performance may be quantified
in terms of a permeation constant, k, given by

Qd
k= Atp (1.10)
where @ = volume of fluid passing through the plastic
d = thickness of plastic
A = exposed area
= time
p = pressure difference across surfaces of plastic.

The main fluids of interest with plastics are oxygen and water vapour (for
packaging applications) and CO, (for carbonated drinks applications). Fig. 1.13
and Fig. 1.14 illustrate the type of behaviour exhibited by a range of plastics.
In some cases it is necessary to use multiple layers of plastics because no single
plastic offers the combination of price, permeation resistance, printability, etc.
required for the application. When multi-layers are used, an overall permeation
constant for the composite wall may be obtained from

i=N
! = I (1.11)
kK d ki

i=1

1.4.5 Processing

A key decision in designing with plastics is the processing method employed.
The designer must have a thorough knowledge of processing methods because
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plastics are unique in design terms in that they offer a wider choice of conver-
sion techniques than are available for any other material. A simple container
for example could be made by injection moulding, blow moulding or rotational
moulding; light fittings could be thermoformed or injection moulded. In this
brief introduction to designing with plastics it is not possible to do justice to the
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range of processing methods available for plastics. Therefore Chapter 4 will be
devoted to processing. This describes the suitability of particular plastics for
each moulding method and considers the limitations which these place on the
designer.

1.4.6 Costs

It is a popular misconception that plastics are cheap matenals. They are not. On
a weight basis most plastics are more expensive than steel and only slightly less
expensive than aluminium. Prices for plastics can range from about £600 per
tonne for polypropylene to about £25,000 per tonne for carbon fibre reinforced
PEEK. Table 1.5 compares the costs of a range of plastics.

However, it should always be remembered that it 1s bad design practice to
select materials on the basis of cost per unit weight. In the mass production
industries, in particular, the raw material cost 1s of relatively little importance.
It is the in-position cost which is all important. The in-position cost of a
component is the sum of several independent factors 1.e. raw material costs,
fabrication costs and performance costs.

It is in the second two of these cost components that, 1n relation to other mate-
rials, plastics can offer particular advantages. Fabrication costs include power,
labour, consumabies, etc and Table 1.10 shows that, in terms of the overall
energy consumption, plastics come out much better than metals. Performance
costs relate to servicing, warranty claims, etc. On this basis plastics can be very
attractive to industries manufacturing consumer products because they can offer
advantages such as colour fastness, resilience, toughness, corrosion resistance
and uniform quality — all features which help to ensure a reliable product.

However, in general these fabrication and performance advantages are
common to all plastics and so a decision has to be made in regard to which
plastic would be best for a particular application. Rather than compare the basic
raw material costs it 1s better to use a cost index on the basis of the cost to
achieve a certain performance. Consider again the material selection procedures
illustrated in Section 1.4.1 1n relation to strength and stiffness.

Selection for Strength at Minimum Cost

If the cost of a material i1s C per unit weight then from equation (1.3) the cost
of the beam considered in the analysis would be

Cp = (pbdL)C (1.12)

Substituting for d from (1.2) then the cost of the beam on a strength basis

would be
pC
Cb"—"ﬂ;;( 1/2) (1.13)

Oy
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Table 1.10
The energy required to manufacture and process a range of materials at typical design thickness

Design Energy J/im2 x 106
Material thickness

-mm
Magnesium 19
Aluminium sheet 13
Zinc die casting 13
Aluminium casting 13
Steel 08
Acetal 2.0
Modified PPO 2.0
SMC 3.3
Rigid polyurethane foam 5.3
Polycarbonate 2.0
Acrylic 2.0
Nylon 6 18
Nylon 66 18
LOPE 27
HOPE 24
Polystyrene 20
RRIM polyurethane 32
Polypropylene 25
ABS 19
PVC 20 8y |

73] Feedstock Fuel ] Process

where B3 is a constant, which will be the same for all materials. Therefore we
can define a cost factor, C s, where

pC
Cs= (—1/_2) (1.14)
Oy

which should be minimised in order to achieve the best combination of price
and performance. Alternatively we may take the reciprocal of Cy to get a

desirability factor, Dy,
o2
D= {2 1.15
! ( oC (1.15)

and this may be compared to Dy given by equation (1.5).

Selection for Stiffness at Minimum Cost

Using equation (1.7) and an analysis similar to above it may be shown that on
the basis of stiffness and cost, the desirability factor, Dy, is given by

E\3
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Table 1.11

Desirability factors for some common loading configurations

Desirability factor, Dy

Component Strength basis Stiffness basis

Rectangular beam with fixed width 0,2 /pC E'3/pC

Struts or ties oy/pC E/pC

Thin wall cylinders under pressure oy/pC -

Thin wall shafts in tension Tm/ PC G/pC

Long rods in compression (buckling) - EV2/pC
Table 1.12

Desirability factors for a range of materials

Proof or
fracture ay E o2 E2 EB
Density, p stress o Modulus o P 0 P o

Material kg/m? (MN/mfv) E (GN/m?) (x107%) (x107%) (x1073)
Aluminium (pure) 2700 90 70 0.033 0.026 351 312 1.53
Aluminium alloy 2810 500 71 0.178 0.025 7.95 3.0 1.47
Stainless steel 7855 980 185 0.125 0.024 4.0 1.73 0.73
Titanium alloy 4420 900 107 0.204 0.024 6.78 2.34 1.07
Spruce 450 35 9 0.078 0.020 13.15 6.67 4.62
GRP (80%

unidirectional

glass in

polyester) 2000 1240 48 0.62 0.024 17.6 3.46 1.82
CFRP (60%

unidirectional

fibres in

epoxy) 1500 1050 189 0.7 0.126 21.6 9.16 3.82
Nylon 66 1140 70 078 0061 6.8x10~* 8.34 0.77 0.81
ABS 1040 35 1.2* 0034 11.5x107* 5.68 1.05 1.02
Polycarbonate 1150 60 20° 0052 17.4x 1074 6.73 .23 1.09
PEEK (+ 30% C) 1450 215 15.5 0.19 0.011 10.1 27 1.72

*1500 h creep modules

Tables 1.11 and 1.12 give desirability factors for configurations other than
the beam analysed above and typical numerical values of these factors for a
range of materials.
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CHAPTER 2 — Mechanical Behaviour of Plastics

2.1 Introduction

In Chapter 1 the general mechanical properties of plastics were introduced. In
order to facilitate comparisons with the behaviour of other classes of materi-
als the approach taken was to refer to standard methods of data presentation,
such as stress—strain graphs, etc. However, it 1s important to note that when
one becomes involved in engineering design with plastics, such graphs are
of limited value. The reason is that they are the results of relatively short-
term tests and so their use is restricted to quality control and, perhaps, the
initial sorting of matertals in terms of stiffness, strength etc. Designs based on,
say, the modulus obtained from a short-term test would not predict accurately
the long-term behaviour of plastics because they are viscoelastic materiais.
This viscoelasticity means that quantities such as modulus, strength, ductility
and coefficient of friction are sensitive to straining rate, elapsed time, loading
history, temperature, etc. It will also be shown later that the manufacturing
method used for the plastic product can create changes in the structure of the
material which have a pronounced effect on properties. The behaviour of the
moulded product may therefore be different from the behaviour of a moulded
test-piece of the same material.

The time-dependent change in the dimensions of a plastic article when
subjected to a constant stress 1s called creep. As a result of this phenomenon
the modulus of a plastic is not a constant, but provided its variation is known
then the creep behaviour of plastics can be allowed for using accurate and well
established design procedures. Metals also display time dependent properties
at high temperatures so that designers of turbine blades, for example, have to
allow for creep and guard against creep rupture. At room temperature the creep
behaviour of metals is negligible and so design procedures are simpler in that

41
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the modulus may be regarded as a constant. In contrast, thermoplastics at room
temperature behave in a similar fashion to metals at high temperatures so that
design procedures for relatively ordinary load-bearing applications must always
take into account the viscoelastic behaviour of plastics.

For most traditional materials, the objective of the design method is to deter-
mine stress values which will not cause fracture. However, for plastics it is more
likely that excessive deformation will be the limiting factor in the selection of
working stresses. Therefore this chapter looks specifically at the deformation
behaviour of plastics and fracture will be treated separately in the next chapter.

2.2 Viscoelastic Behaviour of Plastics

For a component subjected to a uniaxial force, the engineering stress, o, in the
material is the applied force (tensile or compressive) divided by the original
cross-sectional area. The engineering strain, ¢, in the material is the extension
(or reduction in length) divided by the original length. In a perfectly elastic
(Hookean) material the stress, o, is directly proportional to be strain, &, and
the relationship may be written, for uniaxial stress and strain, as

o = constant X ¢ 2.1)

where the constant is referred to as the modulus of the material.
In a perfectly viscous (Newtonian) fluid the shear stress, 7 is directly propor-
tional to the rate of strain (dy/dt or y) and the relationship may be written as

T = constant x y (2.2)

where the constant in this case is referred to as the viscosity of the fluid.

Polymeric materials exhibit mechanical properties which come somewhere
between these two ideal cases and hence they are termed viscoelastic. In a
viscoelastic material the stress is a function of strain and time and so may be
described by an equation of the form

o= f(e1) (2.3)

This type of response is referred to as non-linear viscoelastic but as it is not
amenable to simple analysis it is often reduced to the form

o=c¢-f(t) (2.4)

This equation is the basis of linear viscoelasticity and simply indicates that,
in a tensile test for example, for a fixed value of elapsed time, the stress will
be directly proportional to the strain. The different types of response described
are shown schematically in Fig. 2.1.

The most characteristic features of viscoelastic materials are that they exhibit
a time dependent strain response to a constant stress (creep) and a time depen-
dent stress response to a constant strain (relaxation). In addition when the
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Fig. 2.1 Stress—strain behaviour of elastic and viscoelastic materials at two values of elapsed
time, ¢

applied stress is removed the materials have the ability to recover slowly over
a period of time. These effects can also be observed in metals but the difference
is that in plastics they occur at room temperature whereas in metals they only
occur at very high temperatures.

2.3 Short-Term Testing of Plastics

The simple tensile test is probably the most popular method for character-
ising metals and so it is not surprising that it is also widely used for plastics.
However, for plastics the tensile test needs to be performed very carefully
and the results of the single test should only be used as a means of quality
control — not as design data. This is because, with plastics it is possible to
obtain quite different results from the same material simply by changing the
test conditions. Fig. 2.2 shows that at high extension rates (>1 mm/s) unplas-
ticised PVC is almost brittle with a relatively high modulus and strength. At
low extension rates (<0.05 mm/s) the same material exhibits a lJower modulus
and strength but its ductility is now very high. Therefore a single tensile test
could be quite misleading if the results were used in design formulae but the
test conditions were not similar to the service conditions.
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Fig. 2.2 Typical tensile behaviour of unplasticised PVC

Fig. 2.2 also illustrates an interesting phenomenon observed in some plastics.
This is cold drawing and it occurs because at low extension rates the molecular
chains in the plastic have time to align themselves under the influence of the
applied stress. Thus the the material is able to flow at the same rate as it is being
strained. Nowadays this phenomena is utilised in some forming methods for
plastics. It creates highly aligned molecular structures which exhibit excellent
strength and stiffness properties in the alignment direction.

Occasionally, materials are tested in tension by applying the loads in incre-
ments. If this method is used for plastics then special caution is needed because
during the delay between applying the load and recording the strain, the material
creeps. Therefore if the delay is not uniform there may appear to be excessive
scatter or non-linearity in the material. In addition, the way in which the loads
are applied constitutes a loading history which can affect the performance of
the material. A test in which the increments are large would quite probably
give results which are different from those obtained from a test in which the
increments were small or variable.

As a result of these special effects in plastics it is not reasonable to quote
properties such as modulus, yield strength, etc as a single value without qual-
ifying these with details of the test method. Standard short-term test methods
for plastics are described in BS 2782, ASTM D638 and ASTM D790. These
relate to both tensile and flexural short-term tests. It should be noted that, as
pointed out above, in uniaxial loading the stress, o, is simply the force divided
by the cross-sectional area and the strain, ¢, is the deformation divided by the
original length. The modulus of the material is then the ratio of stress/strain.
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Hence,
w
stress, o= —
A
. 8
strain, &= —
Ly
w
modulus, E = 7_ ——LO
€ Ab

In flexure (bending) situations, these equations do not apply. For the three-
point loading shown in Fig. 2.3, the relevant equations are
M
stress, o = Ty

where M = bending moment at loading point (= WL/4)
y = half depth of beam (= d/2)
I = second moment of area (bd>/12)

3WL

h tress, = — 2.5
ence stress o b (2.5)
Also,
wiL?
deflection § = 18] (see Benham et al.)
L? L?
=\ 6ga) =¢\ea
66d
hence strain, ¢ = 1z 2.6)
dulus, = & = W 2.7)
modulus, £ = — = ——— .
e 4bd3$

Note that these stress, strain and modulus equations are given for illustration
purposes. They apply to three-point bending as shown in Fig. 2.3. Other types
of bending can occur (e.g. four-point bending, cantilever, etc.) and different
equations will apply. Some of these are illustrated in the Worked Examples
later in this chapter and the reader is referred to Benham er al. for a greater
variety of bending equations.

2.4 Long-Term Testing of Plastics

Since the tensile test has disadvantages when used for plastics, creep tests
have evolved as the best method of measuring the deformation behaviour of
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Fig. 2.3 Three-point bending

polymeric materials. In these tests a constant load is applied to the material and
the variation of strain with time is recorded as shown in Fig. 2.4(a). Normally
a logarithmic time scale is used as shown in Fig. 2.4(b) so that the time depen-
dence after long periods can be included and as an aid to extrapolation. This
figure shows that there is typically an almost instantaneous strain followed by
a gradual increase. If a material is linearly viscoelastic then at any selected
time each line in a family of creep curves should be offset along the strain
axis by the same amount. Although this type of behaviour may be observed
for plastics at low strains and short times, in the majority of cases the response
is non-linear as indicated in Fig. 2.5.

Occasionally creep curves are plotted as log (strain) against log (time). This
is convenient because quite often this results in straight line plots suggesting
that the creep behaviour can be described by an equation of the type

e(t) = A" 2.8)

where ‘n’ is a material constant and ‘A’ is a constant which depends on the
stress level.

To be strictly accurate, the right hand side should have the form (A¢ + Ar™)
to allow for the instantaneous strain at zero time. However, for long creep
times, sufficient accuracy can be obtained by ignoring Ag.
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Fig. 2.5 Creep curves for polypropylene at 20°C (density 909 kg/m®)
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A variety of other creep-strain equations have been proposed by Sterrett
et al. These take the form

1. e =a+ bt° Parabolic
2. e=a+bt'P 4t Power
at
. £ = boli
3. ¢ T br Hyperbolic
1
4, &= Hyperbolic
1 + ar® TP
3. e=a+In(b+1) Logarithmic
b+ Int
6. &= al T ) Logarithmic
c+dlnt
7. e=a+b(l—e) Exponential
8. & = sinh at Hyperbolic sine
9. €=a+ b sinh ct Hyperbolic sine

10. &=a+ b sinh ct!/? Hyperbolic sine

11. & =a(l + bt!/3)e Power/exponential

The mechanism of creep 1s not completely understood but some aspects have
been explained based on the structures described in Appendix A. For example,
in a glassy plastic a particular atom is restricted from changing its position
as a result of attractions and repulsions between it and (a) atoms in the same
chain, (b) atoms in adjacent chains. It is generally considered that for an atom
to change its position it must overcome an energy barrier and the probability
of it achieving the necessary energy is improved when a stress is applied. In
a semi-crystalline plastic there is an important structural difference in that the
crystalline regions are set in an amorphous matrix. Movement of atoms can
occur in both regions but in the majority of cases atom mobility is favoured in
the non-crystalline matenal between the spherulites.

Plastics also have the ability to recover when the applied stress i1s removed
and to a first approximation this can often be considered as a reversal of creep.
This was illustrated in Fig. 1.8 and will be studied again in Section 2.7. At
present it is proposed to consider the design methods for plastics subjected to
steady forces.

2.5 Design Methods for Plastics using Deformation Data

Isochronous and Isometric Graphs

The most common method of displaying the interdependence of stress, strain
and time is by means of creep curves. However, it should be realised that these
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represent a two-dimensional view of (or slices through) the three-dimensional
stress—strain—time behaviour of plastics shown in Fig. 2.6. It would be equally
sensible to consider the other two-dimensional views which could be taken of
Fig. 2.6. These are the stress—strain plot (sometimes called the isochronous
curve because it represents a constant time section) and the stress—time plot
(sometimes called the isometric curve because it represents constant strain
section). These two ‘views’ are shown in Fig. 2.7 and 2.8.

2

£-1.5 Strain (%)

1
0.5

1E+006
Stress (MN/m?2)

Time (s) 10000

1000 O

Fig. 2.6 Stress—strain—time curves for polypropylene

In practice, of course, it is most common to have the creep curves
(strain—time curve) since these can be obtained relatively simply by experiment.
The other two curves can then be derived from it. For example, the isometric
graph is obtained by taking a constant strain section through the creep curves
and re-plotting as stress versus time (see Fig. 2.10(a)). This is termed an
isometric graph and is an indication of the relaxation of stress in the material
when the strain is kept constant. This data is often used as a good approximation
of stress relaxation in a plastic since the latter is a less common experimental
procedure than creep testing. In addition, if the vertical axis (stress) is divided
by the strain, ¢, then we obtain a graph of modulus against time (Fig. 2.10(b)).
This is a good illustration of the time dependent variation of modulus which
was referred to earlier. It should be noted that this is a Relaxation Modulus
since it relates to a constant strain situation. It will be slightly different to the
Creep Modulus which could be obtained by dividing the constant creep stress
by the strain at various times. Thus

o

creep modulus, E(¢) = % (2.9)
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Fig. 2.10 Construction of isometric and isochronous graphs

The creep modulus will vary with time, i.e. decrease as time increases, in a
manner similar to that shown for the relaxation modulus. The classical variation
of these moduli is illustrated in Fig. 2.9. On log—log scales it is observed that
there is a high value of creep or relaxation modulus at short times. This is
referred to as the Unrelaxed Modulus and is independent of time. Similarly at
long times there is a low value Relaxed Modulus which is also independent

of time.
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Occasionally in creep analysis it is convenient to use a Creep Compliance
instead of the creep modulus. This is simply given by

) 1 e(t)
C )= —=— 2.1
reep compliance, C(¢) FO - o (2.10)

An alternative to the isometric graph may be obtained by taking a constant
time section through the creep curves and plotting stress versus strain as shown
in Fig. 2.10(c). This Isochronous Graph can also be obtained experimentally
by performing a series of mini-creep and recovery tests on a plastic. In this
experiment a stress is applied to a plastic test-piece and the strain is recorded
after a time, ¢ (typically 100 seconds). The stress is then removed and the
plastic allowed to recover, normally for a period of 47. A larger stress is then
applied to the same specimen and after recording the strain at time ¢, this stress
is removed and the material allowed to recover. This procedure is repeated until
sufficient points have been obtained for the isochronous graph to be plotted.

These latter curves are particularly important when they are obtained exper-
imentally because they are less time consuming and require less specimen
preparation than creep curves. Isochronous graphs at several time intervals can
also be used to build up creep curves and indicate areas where the main exper-
imental creep programme could be most profitably concentrated. They are also
popular as evaluations of deformational behaviour because the data presenta-
tion is similar to the conventional tensile test data referred to in Section 2.3. It
is interesting to note that the isochronous test method only differs from that of
a conventional incremental loading tensile test in that (a) the presence of creep
is recognised, and (b) the memory which the material has for its stress history
is accounted for by the recovery periods.

Quite often isochronous data is presented on log—log scales. One of the
reasons for this is that on linear scales any slight, but possibly important,
non-linearity between stress and strain may go unnoticed whereas the use of
log—log scales will usually give a straight-line graph, the slope of which is an
indication of the linearity of the material. If it is perfectly linear the slope will
be 45°. If the material is non-linear the slope will be less than this.

As indicated above, the stress—strain presentation of the data in isochronous
curves is a format which is very familiar to engineers. Hence in design situ-
ations it is quite common to use these curves and obtain a secant modulus
(see Section 1.4.1, Fig. 1.6) at an appropriate strain. Strictly speaking this will
be different to the creep modulus or the relaxation modulus referred to above
since the secant modulus relates to a situation where both stress and strain are
changing. In practice the values are quite similar and as will be shown in the
following sections, the values will coincide at equivalent values of strain and
time. That is, a 2% secant modulus taken from a 1 year isochronous curve will
be the same as a 1 year relaxation modulus taken from a 2% isometric curve.
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Pseudo-Elastic Design Method for Plastics

Throughout this chapter the viscoelastic behaviour of plastics has been
described and it has been shown that deformations are dependent on such
factors as the time under load and the temperature. Therefore, when structural
components are to be designed using plastics, it must be remembered that the
classical equations which are available for the design of springs, beams, plates,
cylinders, etc., have all been derived under the assumptions that

(i) the strains are small
(ii) the modulus is constant
(iii) the strains are independent of loading rate or history and are immedi-
ately reversible
(iv) the material is isotropic
(v) the material behaves in the same way in tension and compression

Since these assumptions are not always justified for plastics, the classical
equations cannot be used indiscriminately. Each case must be considered’ on
its merits and account taken of such factors as mode of deformation, service
temperature, fabrication method, environment and so on. In particular it should
be noted that the classical equations are derived using the relation.

stress = modulus x strain

where the modulus is a constant. From the foregoing sections it should be clear
that the modulus of a plastic is not a constant. Several approaches have been
used to allow for this and some give very accurate results. The drawback is
that the methods can be quite complex, involving Laplace transforms or numer-
ical methods and they are certainly not attractive to designers. However, one
method that has been widely accepted is the so called Pseudo Elastic Design
Method. In this method, appropriate values of time dependent properties, such
as modulus, are selected and substituted into the classical equations. It has
been found that this approach gives sufficient accuracy in most cases provided
that the value chosen for the modulus takes into account the service life of the
component and the limiting strain of the plastic. This of course assumes that
the limiting strain for the material is known. Unfortunately this is not just a
straightforward value which applies for all plastics or even for one plastic in
all applications. It is often arbitrarily chosen although several methods have
been suggested for arriving at a suitable value. One method is to plot a secant
modulus which is 0.85 of the initial tangent modulus (see Fig. 1.6) and note
the strain at which this intersects the stress—strain characteristic. However, for
many plastics (particularly crystalline ones) this is too restrictive and so in
most practical situations the limiting strain is decided in consultations between
the designer and the material manufacturers.

Once the limiting strain is known, design methods based on the creep
curves are quite straightforward and the approach is illustrated in the following
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examples. When using this pseudo-elastic design approach it should be remem-
bered that the creep curves used to derive modulus values have normally been
obtained on test pieces which are essentially isotropic. In practice the manu-
facture of the end-product by injection moulding or extrusion, etc. will have
resulted in some degree of anisotropy. This may make the predictions inaccu-
rate because the creep data for the material is no longer appropriate for the
structural morphology introduced by the moulding method. Similar comments
could, of course, also be made about metals in that the test data may have
been obtained on specimens of the material which do not accurately reflect the
nature of the material in the end-product. Therefore, pseudo-elastic design is a
valid analytical procedure but one should always be cautious about the way in
which the manufacturing method has affected the behaviour of the material.

Example 2.1 A ball-point pen made from polypropylene has the clip design
shown in Fig. 2.11. When the pen is inserted into a pocket, the clip is subjected
to a deflection of 2 mm at point A. If the limiting strain in the material is to
be 0.5% calculate (i) a suitable thickness, d, for the clip (ii) the initial stress in
the clip when it is first inserted into the pocket and (iii) the stress in the clip
when it has been in the pocket for 1 week. The creep curves in Fig. 2.5 may
be used and the short-term modulus of polypropylene is 1.6 GN/m?,

width 6 mm

d -
/#D__i_ 2.4 mm

Fig. 2.11 Ball-point pen clip design

ol ||

Solution Strain, &, is given by the ratio of stress, o, to modulus, E. In the
case of the pen clip, it is effectively a cantilever of length 40 mm.

M
stress = Ty

where M = bending moment (WL)
y = half beam depth (d/2)

I = second moment of area (= bd? /12)

(i) Hence

WLd

- 2.11
2E1 (211)

strain, £ =
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Also, the classical elastic equation for the end deflection of a cantilever is:

deflection, § = —“13 2.12)
3El
Combining (2.11) and (2.12) gives
strain, £ = % (2.13)
>0 2(40)? x 0.005
d=——"————=27mm

Ix2

(ii) The short-term stress in the material is obtained from the short-term modulus
which is given in this question (or could be obtained from the creep/isometric
curves, i.e. at 10 seconds, E = 8 x 10%/0.5% = 1.6 GN/m? or from the appro-
priate isometric curve).

stress = E¢ = 1.6 x 10° x 0.005 = 8 MN/m?

(iii) After 1 week (6.1 x 10° seconds), the isometric curves (Fig. 2.8) derived
from the creep curves show that at a strain of 0.5% the stress would have
decayed to about 3.3 MN/m?.

Example 2.2 A polypropylene beam is 100 mm long, simply supported at
each end and is subjected to a load W at its mid-span. If the maximum permis-
sible strain in the material is to be 1.5%, calculate the largest load which may
be applied so that the deflection of the beam does not exceed 5 mm in a service
life of 1 year. For the beam / = 28 mm* and the creep curves in Fig. 2.5 should
be used.

Solution The central deflection in a beam loaded as shown in Fig. 2.12 is
given by
_ wL3
 48EI

Fig. 2.12 Simply supported beam with central load
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Fig. 2.13 Isochronous curve for polypropylene (1 year)

The only unknown on the right hand side is a value for modulus E. For the
plastic this is time-dependent but a suitable value may be obtained by reference
to the creep curves in Fig. 2.5. A section across these curves at the service life
of 1 year gives the isochronous graph shown in Fig. 2.13. The maximum strain
is recommended as 1.5% so a secant modulus may be taken at this value and
is found to be 347 MN/m?. This is then used in the above equation.

_48x347x28x5

=233N
(100)*

So

As before, a similar result could have been achieved by taking a section
across the creep curves at 1.5% strain, plotting an isometric graph (or a 1.5%
modulus/time graph) and obtaining a value for modulus at 1 year (see
Fig. 2.8)

In this example it has been assumed that the service temperature is 20 °C. If
this is not the case, then curves for the appropriate temperature should be used.
If these are not available then a linear extrapolation between temperatures which
are available is usually sufficiently accurate for most purposes. If the beam in
the above example had been built-in at both ends at 20°C, and subjected to
service conditions at some other temperature, then allowance would need to be
made for the thermal strains set up in the beam. These could be obtained from
a knowledge of the coefficient of thermal expansion of the beam material. This
type of situation is illustrated later.
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For some plastics, particularly nylon, the moisture content can have a signifi-
cant effect on the creep behaviour. For such plastics, creep curves are normally
available in the wet and dry states and a knowledge of the service conditions
enables the appropriate data to be used.

For convenience so far we have referred generally to creep curves in the
above examples. It has been assumed that one will be using the correct curves
for the particular loading configuration. In practice, creep curves obtained under
tensile and flexural loading conditions are quite widely available. Obviously it is
important to use the creep curves which are appropriate to the particular loading
situation. Occasionally it is possible to obtain creep curves for compressive or
shear loading but these are less common.

If only one type of data is available (e.g. tensile creep curves) then it is
possible to make conversions to the other test modes. It should always be
remembered, however, that these may not always be absolutely accurate for
plastics under all situations.

Generally there is a stiffening effect in compression compared to tension. As
a first approximation one could assume that tension and compression behaviour
are the same. Thomas has shown that typically for PVC, the compression
modulus is about 10% greater than the tensile modulus. However, one needs to
be careful when comparing the experimental data because normally no account
is taken of the changes in cross-sectional area during testing. In tension, the
area will decrease so that the true stress will increase whereas in compression
the opposite effect will occur.

The classical relationship between moduli in tension, compression and
flexure is

2
2./ Mg
Egex = E7 | ————— 2.14
flex T 1+\/M_R:| ( )
where
Mg = E /Er

It may be seen that if E. = ET then Eg.x = Et. However, if E. = 1.1E7
(for example), then Egex = 1.05E7.

The classical relationship between the shear modulus G, and the tensile
modulus, E, for an isotropic material is

E
G =
2(1+v)

(2.15)

where v = Poissons ratio.
Finally, although it is less commonly used for plastics, the bulk modulus, K,
is given by
E
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The bulk modulus is appropriate for situations where the material is subjected
to hydrostatic stresses. The proof of equations (2.15) and (2.16) is given by
Benham et al.

Example 2.3 A cylindrical polypropylene tank with a mean diameter of 1 m
is to be subjected to an internal pressure of 0.2 MN/m?. If the maximum strain
in the tank is not to exceed 2% in a period of 1 year, estimate a suitable value
for its wall thickness. What is the ratio of the hoop strain to the axial strain in
the tank. The creep curves in Fig. 2.5 may be used.

Solution The maximum strain in a cylinder which is subjected to an internal
pressure, p, is the hoop strain and the classical elastic equation for this is
PR
%= g2 V)
where E is the modulus, R is the cylinder radius and 4 is the wall thickness
(See Appendix C).

The modulus term in this equation can be obtained in the same way as
in the previous example. However, the difference in this case is the term
v. For elastic materials this is called Poissons Ratio and is the ratio of the
transverse strain to the axial strain (See Appendix C). For any particular
metal this is a constant, generally in the range 0.28 to 0.35. For plastics
v is not a constant. It is dependent on time, temperature, stress, etc and
so it is often given the alternative names of Creep Contraction Ratio or
Lateral Strain Ratio. There is very little published information on the creep
contraction ratio for plastics but generally it varies from about 0.33 for hard
plastics (such as acrylic) to almost 0.5 for elastomers. Some typical values are
given in Table 2.1 but do remember that these may change in specific loading
situations.

Using the value of 0.4 for polypropylene,

_ PR, _
- 249E(2 V)

0.02
_02x05x10°x1.6 _

from Fig. 2.7, E = = 325 MN/m?

h= =123
2 x 0.02 x 325 mm
For a cylindrical tank the axial strain is given by
_ PR,
& = 2hE(l 2v)

Eg 2—v 1.6
S — = = — =8
© &y (1—2v) 0.2
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Table 2.1
Typical tensile and shear moduli for a range of polymers

Tensile Shear
modulus modulus Poisson’s
Density &)t (G) ratio (v)
Material (kg/m*) (GN/m?) (GNm?)
Polystyrene (PS) 1050 2.65 0.99 0.33
Polymethyl Methacrylate (PMMA) 1180 3.10 1.16 0.33
Polyvinyl Chloride (PVC)

(Unplasticised) 1480 3.15 1.13 0.39
Nylon 66 (at 65% RH) 1140 0.99 0.34 0.44
Acetal Homopolymer (POM) 1410 3.24 1.15 0.41
Acetal Copolymer (POM) 1410 2.52 0.93 0.39
Polyethylene — High Density (HDPE) 955 1.05 0.39 0.34
Polyethylene — Low Density (LDPE) 920 0.32 0.11 045
Polypropylene Homopolymer (PP) 910 1.51 0.55 0.36
Polypropylene Copolymer (PP) 902 1.13 0.40 0.40
Polyethersulphone 1390 2.76 0.98 041

7100 second modulus at 20°C for small strains (<0.2%)

Note that the ratio of the ratio of the hoop stress (pR/h) to the axial stress
(pR/2h) is only 2. From the data in this question the hoop stress will be
8.12 MN/m?. A plastic cylinder or pipe is an interesting situation in that it is
an example of creep under biaxial stresses. The material is being stretched in
the hoop direction by a stress of 8.12 MN/m? but the strain in this direction is
restricted by the perpendicular axial stress of 0.5(8.12) MN/m?. Reference to
any solid mechanics text will show that this situation is normally dealt with by
calculating an equivalent stress, o,. For a cylinder under pressure o, is given
by 0.505+/3 where oy is the hoop stress. This would permit the above question
to be solved using the method outlined earlier.

Example 2.4 A glass bottle of sparkling water has an acetal cap as shown
in Fig. 2.14. If the carbonation pressure is 375 kN/m?, estimate the deflection
at the centre of the cap after 1 month. The value of Poissons ratio for acetal
may be taken as 0.33.

Solution The top of the bottle cap is effectively a plate with clamped edges.
The central deflection in such a situation is given by Benham et al. as

pR* ERW
5= P whereD= 1
6aD T T - v

To calculate § after 1 month it is necessary to know the 1 month creep modulus.
The stresses at the centre of the cap are biaxial (radial and circumferential) both
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-
S~ -~

26 mm

Fig. 2.14 Acetal bottle cap

given by
oo 3pR* (1 +v) _ 3 x 0.375 x (13)*(1.33)
- 8h2 - 8(1.2)2
o = 22 MN/m?

After 1 month (2.6 x 10° seconds) at this stress, the strain is obtained from
Fig. 2.15 as 2.2%. Hence E = 22 x 105/0.022 = | GN/m?.
_ pR* _ 0.375(13)*12(1 — 0.33?)
T 64D 64 x 1000 x (1.2)3
8§ =1 mm

So, 8

Example 2.5 In a small polypropylene pump the flange on the cover plate
is 2 mm thick. When the rigid clamping screws are tightened, the flange is
reduced in thickness by 0.03 mm. Estimate the initial stress in the plastic and
the stress after 1 week

Solution The strain in the material is given by

6‘=&3—3x100=1.5%

This is a stress relaxation problem and strictly speaking stress relaxation data
should be used. However, for most purposes isometric curves obtained from
the creep curves are sufficiently accurate. By considering the 1.5% isometric
curve shown in Fig. 2.8 it may be seen that the initial stress is 16 MN/m? and
the stress after 1 week is 7 MN/m?.
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Fig. 2.15 Creep curves for acetal (20°C)

Accurately performed relaxation tests in which the strain in the material was
maintained constant and the decaying stress monitored, would give slightly
lower values than those values obtained from the isometric data.

It should also be noted that in this case the material was loaded in compre-
sion whereas the tensile creep curves were used. The vast majority of creep
data which is available is for tensile loading mainly because this is the simplest
and most convenient test method. However, it should not be forgotten that the
material will behave differently under other modes of deformation. In compres-
sion the material deforms less than in tension although the effect is small for
strains up to 0.5%. If no compression data is available then the use of tensile
data is permissible because the lower modulus in the latter case will provide a
conservative design.

2.6 Thermal Stresses and Strains

It is quite common in modern engineering designs, for plastics to be used in
conjunction with other materials, particularly metals. In such cases it is wise to
consider the possibility of thermal stresses being set up due to the differences
in the thermal expansion (or contraction) in each material.

The change in shape of a material when it is subjected to a change in
temperature is determined by the coefficient of thermal expansion, ar. Normally
for isotropic materials the value of oy will be the same in all directions. For
convenience this is often taken to be the case in plastics but one always needs
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to bear in mind that the manufacturing method may have introduced anisotropy
which will result in different thermal responses in different directions in the
material.

The coefficient of thermal expansion, a7, is given by

6L

where 8L is the change in length in the material
L is the original length
AT is the change in temperature.

There are standard procedures for determining a7 (e.g. ASTM 696) and
typical values for plastics are given in Table 1.2. It may be observed that the
coefficients of thermal expansion for plastics are higher than those for metals.
Thus if 50 mm lengths of polypropylene and stainless steel are each heated up
by 60°C the changes in length would be

(a) polypropylene, &I =100 x 1076 x 50 x 60 = 0.3 mm
(b) stainless steel, 8l = 10 x 107® x 50 x 60 = 0.03 mm

If these changes in length take place freely then we will have a thermally
induced strain in the material (= 0.3 x 100/50 = 0.6% in the polypropylene)
but no stress. However, if the polypropylene was constrained in some way so
that the 0.3 mm expansion could not happen when it is heated by 60°C, then
there would be a thermally induced stress in the material, i.e.

stress = modulus x strain

If the modulus of the material is 1.2 GN/m? at the final temperature, then the
stress in the material would be given by

-0.6

tress = 1.2 x 10°
stress X ( 100

) = —7.2 MN/m?

Note that the stress is compressive because the material is effectively
compressed by 0.3 mm.

Example 2.6 The bobbin shown in Fig. 2.16 has been manufactured by
sliding the acetal ring on to the steel inner and then placing the end-plate in
position. At 20°C there are no stresses in the acetal and the distance between
the metal end-plates is equal to the length of the acetal ring. If the whole
assembly is heated to 100°C, calculate the axial stress in the acetal. It may be
assumed that there is no friction between the acetal and the steel. The coeffi-
cients of thermal expansion for the acetal and the steel are 80 x 10-6°C~! and
11 x 107%°C~! respectively. The modulus of the acetal at 100°C is 1.5 GN/m?.
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Fig. 2.16 Metal bobbin with plastic sleeve

Solution Under free conditions, the acetal would expand more than the steel
but in the configuration shown they will both expand to the same extent.
Hence, the acetal will effectively be put in compression by an amount given

by eqn (2.17)
d=(ag—as)L - AT
= (80 — 11)1076(40)(80)

= 0.22 mm
22
strain = —04—0 x 100 = —0.55%
0.55
tress = Ee = —1.5 x 10° x ——
Stress £ X X 100
= —8.3 MN/m?

Thus there will be a compressive stress of 8.3 MN/m? in the acetal. It should
be noted that the above analysis ignores the effect of the constraining effect
which the acetal has on the thermal expansion of the steel. However, as the
modulus of the steel is over 100 times greater than the acetal, this constraining
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effect will be very small. Thus the above analysis is perfectly acceptable for
engineering design purposes.

Example 2.7 A nylon ring with a nominal inside diameter of 30 mm, an
outer diameter of 50 mm and a width of 5 mm is to be made an interference fit
on a metal shaft of 30 mm diameter as shown in Fig. 2.17. The design condition
is that the initial separation force is to be 1 kN. Calculate (a) the interference
on radius needed between the ring and the shaft and (b) the temperature to
which the nylon must be heated to facilitate easy assembly. What will be the
maximum stress in the nylon when it is in position on the shaft? The coefficient
of friction between nylon and steel is 0.25. The short-term modulus of the nylon
is 1 GN/m?, its Poisson’s ratio is 0.4 and its coefficient of thermal expansion
is 100 x 107%°C!.

4
=2
"
o\
3
3
-n

D =50 mm 30* iriestiid D =30 mm

® Nominal diameter

Nyion

—

Yy

Fig. 2.17 Interference fit of nylon ring on metal shaft

Solution
(a) Force, F = uN
where N = pA

= pnDW
So, F =nupDW
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Therefore
1 x 103

~ 7(0.25)(30)(5)

The nylon ring may be considered as a thick wall cylinder subjected to this
internal pressure (see Appendix D). At the inner surface of the ring there will
be a hoop stress, gy, and a radial stress, o,. Benham et al. shows these to be

{ k2 + 1 }
Hoop stress, o3 = p

— 8.5 MN/m?*

P

k? — 1
Radial stress, o, = —p

where k = ratio of outer to inner radius.
Hence the hoop strain, &4, at the bore of the ring is given by

or Og VO,
Eg = — = S

r E E

pr k% + 1
5r=f{(k2—l) -I-v}

8.5(15) 1.67% + 1
— -4
1x103{(1.672—1)+0 }

or = (.32 mm

So

Thas 1s the interference needed on radius to give the desired separation force.

(b) To facilitate easy assembly, the nylon should be heated so that the inner
radius expands by this amount. As shown in the previous section

or=«a-r- AT
0.32
— pr— 214QC
100 x 10-° x 15

(c) The maximum stress in the nylon ring when it is on the shaft will be the
hoop stress at the bore. This is given by

e pd AL o 167+ 1
=P 1 (V16221

os = 18 MN/m?
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As a practical point, it should be noted that the separation force will change
with time. This is because the modulus, E, will decrease with time. Suppose
that in this Example, the assembly is to be maintained in position for 1 year
and that during this time the modulus decreases to half its initial value (the 1
year modulus would be obtained from the creep curves in the normal way).
The above analysis shows that the interface pressure would then be half its
initial value (because ér is fixed) and this in turn means that the separation
force would become 500 N instead of 1 kN.

2.7 Multi-layer Mouldings

It is becoming common practice to have the cross-section of a plastic moulding
made up of several different materials. This may be done to provide a perme-
ation barrier whilst retaining attractive economics by having a less expensive
material making up the bulk of the cross-section. To perform stress analysis in
such cases, it is often convenient to convert the cross-section into an equivalent
section consisting of only one material. This new section will behave in exactly
the same way as the multi-layer material when the loads are applied. A very
common example of this type of situation is where a solid skin and a foamed
core are moulded to provide a very efficient stiffness/weight ratio. This type
of situation may be analysed as follows:

Example 2.8 A polypropylene sandwich moulding is 12 mm thick and
consists of a foamed core sandwiched between solid skin layers 2 mm thick. A
beam 12 mm wide is cut from the moulding and is subjected to a point load, W,
at mid-span when it is simply supported over a length of 200 mm. Estimate the
depth of a solid beam of the same width which would have the same stiffness
when loaded in the same way. Calculate also the weight saving by using the
foam moulding. The density of the solid polypropylene is 909 kg/m* and the
density of the foamed core is 600 kg/m?>.

Solution The first step in analysing the foamed sandwich type structure is
to calculate the second moment of area of the cross-section. This is done by
converting the cross section to an equivalent section of solid plastic. This is
shown in Fig. 2.18.

The equivalent width of the flange in the I section is given by

E
b ==(b 2.18
7 (bo) (2.18)
where E. and E; refer to the modulus values for the core (¢) and solid (s)
material. In most cases there is very little information available on the modulus
of foamed plastics but fortunately an empirical relationship has been found to
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NTII! ;1 2

Sandwich structure Equivalent section

Fig. 2.18 Equivalent section for sandwich moulding

exist between density (o) and modulus (Moore et al.).
E, (pc ) 2
LA ) 2.19)
E Ds

From the equivalent section the second moment of area can then be calcu-
lated as

12012 128)° 600\ * (8)°
- 2 +12(5)

I=—3 12 12
= 1439 mm*

The solid polypropylene beam which would have the same stiffness when
loaded in the same way would need to have the same 2nd moment of area. So
if its depth is 4 then

1 3
2d) = 1439,d = 11.3 mm
12
The weight per unit length of the solid beam would be
Ws=12x113x10%%x909x10° =123 g
The weight per unit length of the foamed beam is

W, = (909 x 2 x 12 x 2 x 107%) 4 (600 x 12 x 8 x 1072)
=101.2 ¢

Hence the weight saving is 17.7%
Once the foamed plastic moulding has been converted to an equivalent
section of solid plastic then the long term design procedures illustrated in the
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previous questions can be used. For example, to determine the 1 year deflec-
tion of the beam in this question, the appropriate 1 year modulus from the
polypropylene creep curves could be used.

Throne has reported that the relationship between foam modulus and density
can be generalised to other properties such as tensile strength, fatigue strength,
creep properties as well as shear and compression modulus. Thus if X is the

general material property then
X 2
=t = (ﬁ) (2.20)

X Ps

Example 2.9 A solid polyethylene beam is 10 mm thick and 15 mm wide.
If it is to be replaced with a sandwich section with solid polyethylene in the
two outer skins and polyethylene foam (density = 200 kg/m?) in the centre,
calculate the dimensions of the sandwich beam if it is to have optimum stiffness
at the same weight as the solid beam. If the foam material costs 20% more than
the solid material, calculate the increase or decrease in cost of the sandwich
beam.

Solution The weight per unit length, W, for the solid beam is
W =935 x 10° x 15 x 10 x 107 = 140 g/m

For the sandwich section

W = p.bh + p;2bd

W — 2bdp w 2d
T~ b boD D
where D = density ratio (o./ps)-

The flexural stiffness of the beam will be proportional to EI. So converting
the section to an equivalent ‘I’ beam as in the previous example

b2d +h)?  bH . (pc>2 bh3]

h

EJ=E L W
s : 12 12 ps) 12

Substituting for  from above, the stiffness may be optimised for constant W,
by differentiating this expression and equating to zero. This gives the optimum
beam depth as

d=

1 48W  48W  24W (D2—1)(D—1)]

72 _ 9% [bpsD2 “beD bosD?
2(4+= -2
D D
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Fig. 2.19

Using the information given
D = 200/935 = 0.214, ps = 935 x 107 g/mm’, W = 0.14 g/mm

So
d = 1.61 mm

Using the expression for # from above, the thickness of the foam is given by
h =31.6 mm
The cost of the solid beam is given by
(Cost), =935 x 10 x 15 x 107 x C, = 0.14 C;
The cost of the sandwich beam is given by
(Cost)r = pcbhC. + ps2bdCs = 0.159 C;

Hence 0.159 — 0.14
the additional cost = 0—1_4— =13.5%

It is interesting to generalise this solution for any core: skin density ratio.
Fig. 2.20 shows how the optimum skin thickness varies with D. This is
independent of the solid material density or modulus but is based on a weight
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per unit length of 140 g/m (equivalent to a solid thickness of 10 mm). If a
different solid thickness is of interest then the optimum skin thickness would
need to be scaled accordingly. For example, for a 5 mm thick solid beam which
is to be converted to a foam sandwich beam of the same weight per unit length,
the optimum skin thickness would be half of the value shown in Fig. 2.20. The
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optimum skin/core thickness ratios are shown in Fig. 2.21.
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Fig. 2.20 Variation of optimum skin thickness with core: skin density ratio
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Fig. 2.21 Optimum skin to core ratio for constant weight
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The stiffness ratios (i.e. stiffness of the foam sandwich beam relative to
the original solid beam) are also given in Fig. 2.21. In both cases the values
given are independent of the original solid material or its dimensions, so this
provides a good design chart. The design of solid/foam sandwich structures is
also considered in Chapter 3 in the laminate analysis.

2.8 Design of Snap Fits

A major attraction of plastics to designers is the ease with which fast assembly
mechanisms can be incorporated into the end-product. A very good example
of this is the snap fit. A typical design is shown in Fig. 2.22 although there
are many variations. Snap fits exploit the fact that thin plastic sections can
undergo relatively large flexural deflections for a short period of time and
exhibit complete recovery. The design of snap fits is straightforward and does
not involve creep curves since the time-scale of the deflection/stress is small.
The point that will be illustrated here is that in a real design situations it is
necessary to choose combinations of dimensions which provide the necessary
function but which do not overstress the plastic. In the following example a

——
¥
d

Se&ung

Fig. 2.22 Snap fit for Example 2.10
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set of design curves are developed to show how the different combinations of
dimensions might be selected.

Example 2.10 The polypropylene snap fit shown in Fig. 2.22 is to have a
length of 10—30 mm. If the insertion force is not to exceed 4 N and the yield
stress of the plastic is 30 MN/m?, calculate suitable cross-sectional dimensions
for the snap fit. The short-term modulus of the polypropylene is 900 MN/m?
and the coefficient of friction is 0.3. The safety factor on stress is to be 2.

Solution

N A

}

* Resolving vertical forces gives
Y V =Ncosa — uN sina

= N(cosa — psina)

Resolving horizontal forces gives

_L F = Nsina + uN cosa

s, | -
- —
Eliminating N from the above equations gives

V=F{1—utana}
u+tana

= N(sina + pcosa)

The snap fit may be regarded as a cantilever and for this situation, the vertical
deflection, 8, is given by

vL3 bd®
= m where [ = -E
s_Fﬁ{l—umm}
T 3EI | p+tana

Insertion force

Ebs 1 {l—utana} @21)

T4 @/dP  u+rana

For polypropylene in the situation given, Fig. 2.23 shows a set of design
curves linking F, b and (L/d). For a limiting insertion force of 4 N and
a typical maximum thickness, d, of 2 mm (to avoid excessive moulding
times — Chapter 5), a length of 20 mm would give an L/d ratio of 10 which
gives b = 18 mm.
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Fig. 2.23 Variation of insertion force with beam dimensions

It is also necessary to check that the stress in the snap fit does not exceed
the yield strength for the material (30 MN/m?). Allowing for a safety factor of
2, the maximum permissible stress will be 15 MN/m?.

The stress in a cantilever beam of this type will be maximum at point A
(Fig. 2.22) and is given by

stress, o4 = My
1
where M = bending moment (= VL)
y = half depth of beam (= d/2)
I = second moment of area (= bd>/12)

_VLd_FLd{l—utana}

A= T \a+ana
3Esd
_ ko 2.22
%A= S5 (2.22)

For the conditions given, 04 = 13.5 MN/m? which is less than the permitted
maximum of 15 MN/m? and so the chosen dimensions are acceptable. Note that
the stress is independent of the width, b. Fig. 2.24 gives a set of design curves
for the situation considered so that it may be seen that other combinations of
L, d and b could be chosen to meet the design specification. For example,
L =22 mm, d =2.5 mm and b = 12 mm gives an insertion force of 4 N and
a maximum stress of 14 MN/m? which is again acceptable.
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Fig. 2.24 Variation of stress with beam dimensions

2.9 Design of Ribbed Sections

It will be shown later (Chapters 4 and 5) that it is normally good practice to
design plastic products with cross-sections which are as thin as possible. This
is because thick sections cool very slowly and hence the moulding cycle times
are long resulting in uneconomic production. Also, thick sections tend to shrink
more and can lead to warpage and distortion. Of course thin sections tend to
have low stiffness and so engineers usually adopt geometrical configurations
which will enhance stiffness whilst retaining the required thinness in the wall
section.

In any particular material, the flexural stiffness will be defined by the second
moment of area, I, for the cross-section. As with a property such as area, the
second moment of area is independent of the material — it is purely a function
of geometry. If we consider a variety of cross-sections as follows, we can
easily see the benefits of choosing carefully the cross-sectional geometry of a
moulded plastic component.

All the sections have the same cross-sectional area (and hence the same
weight).

(@ -  Solid Rectangle (B = 10D)
(b) —  Solid Rectangle (B =4D)
(¢) -  Solid Rectangle (B =2D)
(d) -  Square (B=D)

(e} - Hollow rectangular box (B =2D, B = 10h)
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) ~  Solid circular section

(g -  Thin wall tube (D = 10h)
(h) -  Thick wall tube (D = 4h)
@) —  T-section (B = 8h)

Fig. 2.25 illustrates the various cross-sections and Fig. 2.26 compares their
flexural stiffnesses. An important conclusion from this is that “T” sections (or

L0 B L

(a) B=10D

(b)

O

(d@

(e) B=2DandB=10h

Fig. 2.25 Various cross-sections
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(9) Dia = 10h

@
O
T

T
@

|

Fig. 2.25 (continued)

indeed ‘L’ or ‘U’ sections) are very efficient at providing excellent stiffness
per unit weight. The following Example illustrates how such sections can be
designed into plastic products.

Example 2.11 An aluminium cantilever beam is 50 mm wide, 80 mm long
and 2 mm deep. The loading is 200 N spread uniformly over the cantilever.
If the beam is to be replaced by one made from acetal and the design criteria
is that the end deflections should be the same in each beam after one month,
calculate the dimensions (a) of a solid acetal beam and (b) an acetal beam with
unidirectional ribs. The modulus of the aluminium is 70 GN/m?.
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Fig. 2.26 Effect of geometry of flexural stiffness

Solution

(a) In order that the two beams (aluminium and acetal) will have the same
stiffness it is necessary that

(EDgr = (EDacetal (2.23)
In order to get the 1 month modulus for acetal, the strain in the beam must be

known.

o _My W(L/2)(da/2) _ Wida
E  EI ~ EI 4EI
where W = total load (200 N) and d, = depth of beam.

Also, deflection

Strain, &=

_we?
~ 8EI
So, strain,
28dal
€= 2
Using the information for the aluminium
200 x 80% x 12

8 x 70 x 10% x 50 x 23 mm
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Therefore,
2x55x%x2
E= ————
802

From the creep curves for acetal, at 1 month (2.6 x 10° s) and 0.34% strain,
the modulus (/) is approximately 1.3 GN/m?.

=0.34%

Therefore, using (2.23) and ignoring (W/12) on each side
70x2*=13xD’
D =7.6 mm

Hence an acetal beam 7.6 mm deep and of the same width and length as the
aluminium beam will perform in exactly the same way when the load of 200 N
is applied.

However, as will be shown in Chapters 4 and 5, it would not be good design
practice to use a plastic beam Section 7.6 mm thick. Such a section would take
a long time to mould and would probably have sink marks on its surface. It
would be preferable to use thinner wall sections and introduce ribs to provide
the desired stiffness. This is illustrated below.

(b) Consider the flat beam to be replaced by a ribbed section as shown in
Fig. 2.27. It is necessary for the second moment of area, I, to be the same for
both sections. Clearly there are many permutations for the dimensions of the

| ]

[=8

'f

Fig. 2.27 Flat beam and ribbed section, Example 2.11
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ribbed section which would meet this requirement. One practical consideration
is that the thickness of the rib should be less than the thickness of the top plate
(d) in order that there will be no evidence (sink mark) to show the presence
of the rib on the underside of the plate. A typical ratio (8) of rib thickness to
plate thickness is 0.6.

In order to assist with the design of the ribbed plate, Fig. 2.28 shows a chart
to enable permissible combinations of dimensions to be chosen. For example,
suppose that we wish the plate thickness to be 2 mm and there are to be five
ribs (= N) across the plate.

46 810 15 20

? S sckiig possible abovs
Q\\\Q\\n}, T
NN g
N O
ENNSSSISN
os |- \3 Eb‘ bs‘i

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
hD

Fig. 2.28 Design of ribbed plates

Then

[ v

50
%76 =0.66 and h/D =
From Fig. 2.28, d/D = 1.3.

So the depth of the S ribs would be 1.3 x 7.6 = 9.9 mm and their width
would be 0.6 x 2 = 1.2 mm.

Such a ribbed beam would perform in exactly the same way as the original
aluminium beam or the flat acetal beam. However, an additional consideration
is buckling of the ribs. If the ribs are thin and deep there is a possibility
that they will buckle along the lower unsupported edge if they are loaded in
compression (i.e. downward deflection of the cantilever in this Example).

W/ND = =0.26

7.

[=))
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Buckling is complex to analyse but if we consider the rib as a flat plate,
clamped along one edge then Roark gives the formula for the critical buckling

stress as
1.2E b\ 2
%= G ) (%) (2.24)

(h) 1=\ e
d) 1282 | E
If we take the critical stress as the yield stress then for many plastics, the

ratio of o./E is approximately 35 x 1073, Using Poisson’s ratio, v = 0.35 and
taking B = 0.6, as before, then

or

h h D
h 2 D 0267
d-D 4

or
4 _3q5t
D D

This line may be superimposed on the rib design data as shown in Fig. 2.28.
Combinations of dimensions above this line are likely to provide ribs which are
too slender and so are liable to buckling. Combinations below the line are likely
to be acceptable but do remember the assumptions made in the determination
of the buckling line — in particular, the ratio of o,/E will increase with time
due to creep and this will cause the buckling line to move downwards.

Returning to the Example, it is apparent that the dimensions chosen lie
above the buckling line. It is necessary therefore, to choose other dimensions.
For example, h = 2.5 mm gives

h w
D= 0.33, ND = 0.66 (as before)
So d/D = 1.15 which gives d = 11.15(7.6) = 8.7 mm.

These dimensions lie below the buckling line and so are acceptable. The
solution would therefore be a ribbed beam with five ribs, plate thickness =
2.5 mm, rib thickness = 1.5 mm and rib depth = 8.7 mm.

It should be noted that ribbed sections play an extremely important part in
the design of plastic products. Not only do they reduce manufacturing times
(because they utilise thinner sections), but they also save material. It may easily
be shown in this case that the volume of the ribbed beam is half the volume
of the flat acetal beam and this will result in a substantial cost saving.

Fig. 2.29 shows a design chart for slightly thicker ribs (8 = 0.8) so as to
reduce the likelihood of rib buckling.
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Fig. 2.29 Design of ribbed beams

2.10 Stiffening Mechanisms in Other Moulding Situations

In some moulding methods such as blow moulding, thermoforming and rota-
tional moulding, it is difficult if not impossible to produce stiffening ribs. Hence
other stiffening configurations such as corrugations have to be used. Fig. 2.30
illustrates a typical repeat unit in such a corrugation. The second moment of

Fig. 2.30 Corrugation profile
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area, I, will quantify the stiffening effect of the cross-section and if this is
related to the 7 value for the flat sheet of the same length and thickness then it
is possible to define a stiffness enhancement factor, g, as

1 12m (_  h\? 12p (_ A\ \?2
q—z{mh+—h—-(y—§> +ph+T(y—(nh+-2-)>

2
L 2nh | 2n (y— ﬂ) } (2.25)

sine hSina 2

where ¥ = distance to centre of area from the base of the cross-section, i.e.

2
0.5m+ pn+05p+ —n——
Sina

y=h 2n
(p+7n+—m—n—a)
and
m:é p=§- n=2
B’ R’ h

Clearly there are many permutations of D, b, h, &, etc and Fig. 2.31 shows
how the stiffness enhancement factor, ¢, changes with various values of these
parameters. In each case the angle « has been fixed at 85° and the corrugation
dimensions have been expressed as a function of the wall thickness, A.

whb 11 IRIANE Vi
N L A Y
el 117777
| 17177777
s 7777477
5 ol [ [V S A
1 77070

100 // % Bh=5 —
50 £ i

Fig. 2.31 Stiffness of corrugations as function of dimensions
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The obvious question is ‘Is there an optimum design for the corrugations?’
Unfortunately the answer is ‘No’ because if one wishes to increase transverse
stiffness then the obvious thing to do is to increase D up to the point where
buckling problems start to be a concern. Usually this is when D/h = 10, for
short-term loading and less than this for long term loading because of the
decrease in modulus of viscoelastic materials.

Another approach is to recognise that initially for a flat sheet, the axial
stiffness is high but the transverse stiffness is relatively low. As the corrugation
depth increases then the transverse stiffness increases but at the expense of the
axial stiffness. It is readily shown that the axial deflection per unit load for the
corrugations for the new geometry compared with the flat sheet is given by

4n3h
Lsin®a (2.26)

Axial stiffness ratio =

If this is then divided into the previous enhancement ratio, g, it is possible to
observe the way in which one stiffness increases at the expense of the other.
Fig. 2.32 shows this transverse/axial stiffness ratio as a function of the depth of
the corrugations. It may be seen that when the depth is less than four times the
wall thickness then the axial stiffness ratio is better than the transverse stiffness
ratio. However, when the depth is greater than four times the wall thickness
then the transverse stiffness ratio dominates.

14

-
N

® >

/
3|7
i3
3

Balance of transverse and
axlal stiffnesses
[}
g
n
[4 ]

T T T T

DM

Fig. 2.32 Optimisation of corrugation depth
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This would suggest that D/h = 4 offers the best balance of transverse and
axial properties. In fact the ‘optimum’ ratio is essentially independent of the
thickness, 4, but it depends on B and b. Fig. 2.33 shows this relationship and
reflects the combinations of B, b, D and h which will give the best design of
corrugations. Generally it is desirable to have B and b approximately equal and
it is also good design practice to keep D/h well below 10 (to avoid buckling).
Hence values of B, k and D in the shaded area tend to be best. A combination of
D/h=4,b/h =35 and B/h = 4 is known to give good results for rotationally
moulded products where shape must be used very effectively to ensure good
performance.

Bh= 10 8

P

(2]

L e e

e

Optimum value of D/h
n

o
-
o

4 6
bh

Fig. 2.33 Variation of optimum D/h with b/h

2.11 Mathematical Models of Viscoelastic Behaviour

Over the years there have been many attempts to simulate the behaviour of
viscoelastic materials. This has been aimed at (i) facilitating analysis of the
behaviour of plastic products, (ii) assisting with extrapolation and interpolation
of experimental data and (iii) reducing the need for extensive, time-consuming
creep tests. The most successful of the mathematical models have been based on
spring and dashpot elements to represent, respectively, the elastic and viscous
responses of plastic materials. Although there are no discrete molecular struc-
tures which behave like the individual elements of the models, nevertheless
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they do aid in the understanding and analysis of the behaviour of viscoelastic
materials. Some of the more important models will now be considered.

(a) Maxwell Model

The Maxwell Model consists of a spring and dashpot in series at shown in
Fig. 2.34. This model may be analysed as follows.

Stress ¢

Fig. 2.34 The Maxwell model
Stress—Strain Relations
The spring is the elastic component of the response and obeys the relation
o) =§&-¢ 2.27)

where oy and ¢, are the stress and strain respectively and £ is a constant.
The dashpot is the viscous component of the response and in this case the
stress o, is proportional to the rate of strain &, ie

oy =1n-& (2.28)
where 7 is a material constant.
Equilibrium Equation
For equilibrium of forces, assuming constant area
Applied Stress, 0 = 01 = 5 2.29)

Geometry of Deformation Equation

The total strain, € is equal to the sum of the strains in the two elements.
So
E=¢ +& (2.30)
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From equations (2.27), (2.28) and (2.30)

1
-¢'7+;-0 (2.31)

This is the governing equation of the Maxwell Model. It is interesting
to consider the response that this model predicts under three common time-
dependent modes of deformation.

(i) Creep
If a constant stress, o, is applied then equation (2.31) becomes
1
E=--0, (2.32)
n

which indicates a constant rate of increase of strain with time.
From Fig. 2.35 it may be seen that for the Maxwell model, the strain at any
time, ¢, after the application of a constant stress, g,, is given by

[0} g,
) = = + 2t
§ n
w
<
‘E- \ e.go"
v o i ¥ Recovery
e :'
|
! |
Jo : :
Ty : !
1 1
0 ty t2 Time
b
"
g Retaxation
]
o
o_I
0 ty ta2 Time

Fig. 2.35 Response of Maxwell model
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Hence, the creep modulus, E(t), is given by

_ % _ &
ety n+é&

E(@) (2.33)
(ii) Relaxation
If the strain is held constant then equation (2.31) becomes
0= ! -0+ L o
£ n
Solving this differential equation (see Appendix B) with the initial condition
o =0, at t =, then,

£,
o(t) =o0,e 7 (2.34)
o(t) = o,e "/T® (2.35)

where Tr = n/§ is referred to as the relaxation time.
This indicates that the stress decays exponentially with a time constant of
n/€ (see Fig. 2.35).

(iii) Recovery

When the stress is removed there is an instantaneous recovery of the elastic
strain, £!, and then, as shown by equation (2.31), the strain rate is zero so that
there is no further recovery (see Fig. 2.35).

It can be seen therefore that although the relaxation behaviour of this model
is acceptable as a first approximation to the actual materials response, it is
inadequate in its prediction for creep and recovery behaviour.

(b) Kelvin or Voigt Model

In this model the spring and dashpot elements are connected in parallel as
shown in Fig. 2.36.

Gy B 02
€, =8 155 KX
g —_— e =] ‘n
D2SEIEQCNS;
Stress, O

Fig. 2.36 The Kelvin or Voigt Model
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Stress—Strain Relations

These are the same as the Maxwell Model and are given by equations (2.27)
and (2.28).

Equilibrium Equation
For equilibrium of forces it can be seen that the applied load is supported
jointly by the spring and the dashpot, so

o=0]+0, (2.36)

Geometry of Deformation Equation
In this case the total strain is equal to the strain in each of the elements, i.e.

E=¢€1 =6 2.37)
From equations (2.27), (2.28) and (2.36)
o=§-€1+n&

or using equation (2.37)
o=§E-e4+n-8 (2.38)

This is the governing equation for the Kelvin (or Voigt) Model and it is

interesting to consider its predictions for the common time dependent defor-
mations.

(i) Creep
If a constant stress, o, is applied then equation (2.38) becomes

o,=&-+né

and this differential equation may be solved for the total strain, ¢, to give
Oy —it
e)=—|l—e "
§ [ ]

where the ratio /£ is referred to as the retardation time, Tpg.

This indicates an exponential increase in strain from zero up to the value,
0,/E, that the spring would have reached if the dashpot had not been present.
This is shown in Fig. 2.37. As for the Maxwell Model, the creep modulus may
be determined as

t 1-1
E@) = ;% —t [1 - e_T_R] (2.39)
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Fig. 2.37 Response of Kelvin/Voigt model

(ii) Relaxation
If the strain is held constant then equation (2.38) becomes

o=£E-¢

That is, the stress is constant and supported by the spring element so that the
predicted response is that of an elastic material, i.e. no relaxation (see Fig. 2.37)

(iii) Recovery
If the stress is removed, then equation (2.38) becomes

O0=£-e+né

Solving this differential equation with the initial condition &£ = ¢’ at the time
of stress removal, then
_&
et)=¢e (2.40)
This represents an exponential recovery of strain which is a reversal of the
predicted creep.

(c) More Complex Meodels

It may be seen that the simple Kelvin model gives an acceptable first approx-
imation to creep and recovery behaviour but does not account for relaxation.
The Maxwell model can account for relaxation but was poor in relation to creep
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and recovery. It is clear therefore that some compromise may be achieved by
combining the two models. Such a set-up is shown in Fig. 2.38. In this case
the stress—strain relations are again given by equations (2.27) and (2.28). The
geometry of deformation yields.

Total strain, ¢ = &1 + &3 + & 2.41)

Fig. 2.38 Maxwell and Kelvin models in series

where ¢; is the strain response of the Kelvin Model. From equations (2.27),
(2.28) and (2.41).

&t
s(t)——+(—70—t+& l—e—"’: (2.42)
3 &

From this the strain rate may be obtained as

=04 O (2.43)
m m

The response of this model to creep, relaxation and recovery situations is the
sum of the effects described for the previous two models and is illustrated in
Fig. 2.39. It can be seen that although the exponential responses predicted in
these models are not a true representation of the complex viscoelastic response
of polymeric materials, the overall picture is, for many purposes, an acceptable
approximation to the actual behaviour. As more and more elements are added
to the model then the simulation becomes better but the mathematics become

complex.

Example 2.12 An acrylic moulding material is to have its creep behaviour
simulated by a four element model of the type shown in Fig. 2.38. If the creep
curve for the acrylic at 14 MN/m? is as shown in Fig. 2.40, determine the
values of the four constants in the model.
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Fig. 2.39 Response of combined Maxwell and Kelvin models
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Fig. 2.40 Creep curve for acrylic at 20°C

Solution The spring element constant, &, for the Maxwell model may be
obtained from the instantaneous strain, ¢;. Thus

14
& = gg = 5,005 = 2800 MN/m?
1 R

The dashpot constant, n,, for the Maxwell element is obtained from the slope
of the creep curve in the steady state region (see equation (2.32)).

0o _ 14
& 1.167 x 10~6
= 4.32 x 10'° MN.s/m?

n = = 1.2 x 107 MN.ht/m?
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The spring constant, &3, for the Kelvin—Voigt element is obtained from the
maximum retarded strain, &, in Fig. 2.40.

O 14
& (0.7-0.5)102

The dashpot constant, n;, for the Kelvin—Voigt element may be determined
by selecting a time and corresponding strain from the creep curve in a
region where the retarded elasticity dominates (i.e. the knee of the curve
in Fig. 2.40) and substituting into equation (2.42). If this is done then 7, =
3.7 x 10® MN.s/m’.

Having thus determined the constants for the model the strain may be
predicted for any selected time or stress level assuming of course these are
within the region where the model is applicable.

5 = = 7000 MN/m?

(d) Standard Linear Solid

Another model consisting of elements in series and parallel is that attributed to
Zener. It is known as the Standard Linear Solid and is illustrated in Fig. 2.41.
The governing equation may be derived as follows.

0y, &

£

02, €2. E2
03, €3

M3

Fig. 2.41 The standard linear solid

Stress—Strain Relations
As shown earlier the stress—strain relations are

o1 = §6; (2.44)
02 = £262 (2.45)
03 = Mmé3 (2.46)

Equilibrium Equation
In a similar manner to the previous models, equilibrium of forces yields.
oy =03
o=01+0; (2.47)
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Geometry of Deformation Equation
In this case the total deformation, ¢, is given by
e=& =6 +¢&3 (2.48)
From equation (2.48)
E=¢€1 + &
but from equation (2.47)
oL =0—0y
and 03 =0 — 03 _
o — {-'26" + ag — §2€
& m

£ =

Rearranging gives
n36 + §10 = (61 + £2)€ + E26i€ (2.49)
This is the governing equation for this model.
The behaviour of this model can be examined as before
(i) Creep
If a constant stress, o,, is applied then the governing equation becomes
e{n3(€r + 6D} + §1&26 — £10, =0

The solution of this differential equation may be obtained using the boundary
condition ¢ = 0,/(&§; + &) at t = 0. So

. [ef} 0’0&1 11718
train, = -2 em&&) 2.50
S, £ = T G+ EE (250)

It may be seen in Fig. 2.42 that this predicts the initial strain when the stress
is first applied as well as an exponential increase in strain subsequently.

(ii) Relaxation
If the strain is held constant at ¢’, then the governing equation becomes
Mo + &0 — 156 =0

This differential equation may be solved with the boundary condition that
o =0, = ¢ (& + &) when the strain is first kept constant.

Str )= ° EL+E& 'l‘ (2.51
, ot) = 3 .
ess, o 15 2+ 61€ )

This predicts an exponential decay of stress as shown in Fig. 2.42.
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Fig. 2.42 Response of standard linear solid

(iii) Recovery

If the stress is at a value of ¢’ and then completely removed, the governing
equation becomes
n3(§) + 62)e + 61656 =0

The solution of this differential equation may be obtained using the boundary
condition that when the stress is removed, the strain is given by

=0/ +&)

! OJ — :
strain, £(¢) = {e - ——} emE+&) (2.52)
61+ 6)
This predicts an instantaneous recovery of strain followed by an exponential

decay.
It may be observed that the governing equation of the standard linear solid
has the form
a0 + a,0 = bjé + b,e
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where a,, a,, by and b, are all material constants. In the more modern theories
of viscoelasticity this type of equation or the more general form given in
equation (2.53) is favoured.
o " lo e
GHW +anp- P +---+aoa=b,,,at—m---+b,,e (253)

The models described earlier are special cases of this equation.

2.12 Intermittent Loading

The creep behaviour of plastics considered to date has assumed that the level of
the applied stress is constant. However, in service the material may be subjected
to a complex pattern of loading and unloading cycles. This can cause design
problems in that clearly it would not be feasible to obtain experimental data to
cover all possible loading situations and yet to design on the basis of constant
loading at the maximum stress would not make efficient use of material or be
economical. In these cases it is useful to have methods of predicting the extent
of the recovered strain which occurs during the rest periods of conversely the
accumulated strain after N cycles of load changes.

There are several approaches that can be used to tackle this problem and
two of these will be considered now.

2.12.1 Superposition Principle

The simplest theoretical model proposed to predict the strain response to a
complex stress history is the Boltzmann Superposition Principle. Basically this
principle proposes that for a linear viscoelastic material, the strain response to
a complex loading history is simply the algebraic sum of the strains due to each
step in load. Implied in this principle is the idea that the behaviour of a plastic
is a function of its entire loading history. There are two situations to consider.

(a) Step Changes of Stress
When a linear viscoelastic material is subjected to a constant stress, o, at time,
11, then the creep strain, £(t), at any subsequent time, ¢, may be expressed as
1
E(t—1)
where E(t — 1) is the time-dependent modulus for the elapsed time (¢ — ).
Then suppose that instead of this stress o1, another stress, o, is applied at
some arbitrary time, f7, then at any subsequent time, ¢, the stress will have
been applied for a time (¢ — ;) so that the strain will be given by
1
E(t—1)

e(t)y = 0] (2.54)

e(t) = (o4
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Now consider the situation in which the stress, o), was applied at time, r;,
and an additional stress, o3, applied at time, ¢,, then Boltzmanns’ Superposition
Principle states that the total strain at time, ¢, is the algebraic sum of the two
independent responses.

1 1
E—m T E—p *

This equation can then be generalised, for any series of N step changes of
stress, to the form

e() =

i=N 1

i=1

where o; is the step change of stress which occurs at time, ¢;.
To illustrate the use of this expression, consider the following example.

Example 2.13 A plastic which can have its creep behaviour described
by a Maxwell model is to be subjected to the stress history shown in
Fig. 2.43(a). If the spring and dashpot constants for this model are 20 GN/m?
and 1000 GNs/m? respectively then predict the strains in the material after 150
seconds, 250 seconds, 350 seconds and 450 seconds.

Solution From Section 2.11 for the Maxwell model, the strain up to 100s is
given by

o ot
s(t)—g‘f‘;

Also the time dependent modulus E(¢) is given by

_o __én
ety n+é&

Then using equation (2.54) the strains may be calculated as follows:
(i) at t = 150 seconds; o; = 10 MN/m? at t; = 0, 0 = —10 MN/m? at t, =

100 s
£(150) = oy ["_HM] + () [M]
&n én

E(t)

(2.56)

= 0.002 — 0.001 = 0.1%
(ii) at 250 seconds; oy, 07 as above, 03 = 5 MN/m? at t3 = 200 s

£(250) = 10 [W] (=10) [n +E- (250 — 100)]
&n &n
s [n+g-- (250—200)]
]

= 0.003 - 0.002 + 0.0005 = 0.15%
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Fig. 2.43 Strain predictions using superposition theory

(iii) at 350 seconds; o1, 03, 03 as above, 04 = 10 MN/m? at £, = 300 s
So,
€(350) = 0.003 = 0.3%

(iv) and in the same way
£(450) = 0.004 = 0.4%

The predicted strain variation is shown in Fig. 2.43(b). The constant strain
rates predicted in this diagram are a result of the Maxwell model used in
this example to illustrate the use of the superposition principle. Of course
superposition is not restricted to this simple model. It can be applied to any
type of model or directly to the creep curves. The method also lends itself to a
graphical solution as follows. If a stress o) is applied at zero time, then the creep
curve will be the time dependent strain response predicted by equation (2.54).
When a second stress, 0, is added then the new creep curve will be obtained
by adding the creep due to o, to the anticipated creep if stress o had remained
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alone. This is illustrated in Fig. 2.44(a). Then if all the stress is removed this
is equivalent to removing the creep strain due to o1 and o, independently as
shown in Fig. 2.44(b). The procedure is repeated in a similar way for any other
stress changes.

P

P'———l;z— -

, S

Op————rm g e ————

w
é A+B
B
Creep due -
to Oy - - C
Creep due -
-~ oo, Creep due
- to O3
Vi el -
4
0 ] tL i ;
4y Time
o e Ry

Fig. 2.44(b) Predicted strain response using Boltzmann’s superposition principle

(b) Continuous Changes of Stress

If the change in stress is continuous rather than a step function then equa-
tion (2.55) may be generalised further to take into account a continuous loading
cycle. So

_ 1w
S(t) -—_4 m a dr (2.57)

where o(t) is the expression for the stress variation that begins at time, ¢;.
The lower limit is taken as minus infinity since it is a consequence of the
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Superposition Principle that the entire stress history of the material contributes
to the subsequent response.

It is worth noting that in exactly the same way, a material subjected to a
continuous variation of strain may have its stress at any time predicted by

!
de(z

o(t) = / Et—1)- %dr (2.58)

—00

To illustrate the use of equation (2.57) consider the following Example.

Example 2.14 A plastic is subjected to the stress history shown in Fig. 2.45.
The behaviour of the material may be assumed to be described by the Maxwell
model in which the elastic component & = 20 GN/m? and the viscous compo-

nent , = 1000 GNs/m?. Determine the strain in the material (a) after u, seconds
(b) after w#, seconds and (c) after u3 seconds.

Stress (MN/m2)
A
10
slope =K; =0.1 slope =Ky = -0.2
0 uy 100 up T Ti'me (s)

Fig. 2.45 Stress history to be analysed

Solution As shown in the previous Example, the modulus for a Maxwell
element may be expressed as

én
n4 &
(a) The stress history can be defined as
—o0o <t <0,0(t) =0 — do(t)/dt =0
0<t<T,o)=Kt > do(t)/dt =K,

E@W) =
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Substituting into equation (2.57)

0 w
&) = Ei_ti'o'du_*'/w;’—_@&-dt
o0 )

2 #
e(u1)=-1&- r)t+§L—.‘,-'t1t where t =0
&n 2 0
e() =Ku (1 + ul)
D=Ku{g+g
then for u; = 50 seconds and K; = 0.1 MN/m? s
1 50
0)=0.1 = 0.037%
£(30) =0.1650) <2o <100 T 2% 106) 7%
1 100
=0.1 =0.1
£(100) = 0 (100)(20x103+2x106) 0.1%

It is interesting to note that if K; was large (say K; = 10 in which case
T =1 second) then the strain predicted after application of the total stress
(10 MN/m?) would be &(1) = 0.0505%. This agrees with the result in the
previous Example in which the application of stress was regarded as a step
function. The reader may wish to check that if at time T = 1 second, the stress
was held constant at 10 MN/m? then after 100 seconds the predicted strain
using the integral expression would be £(100) = 0.1495% which again agrees
with the previous example.

(b) After the time T, the change in stress is given by

Change in stress, o(t) = - K1\t —T)+ K¢t —T)

do(t)
—=-K+K
at 1+ K3
Hence,
u u2
t — &t t — &t
e(ua) =/u1{1 . dt +/M(_K| + Ky)dt

n gn 17} 577

where fy =0 and t; =T = 100 s,

1 1 T
e() = Ky [E + %] + (K1 — Ko)T [g — 5]

1 u T
-~ Ko [+ 52—
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then for K> = —0.2 MN/m?s, T = 100 seconds and u; = 125 seconds
€(125) = 0.094%
(c) After the time T!, the change in stress is given by
Change in stress, o(¢) = K,(t — ™

do(t) _
dt 7
Hence,
e(us) = /Qﬂ_‘_ﬁ - K,dt + / QM(_KI + K3)dt
. &n &n

0 151

u3

n+ & — T
—_— XK
+/ £n 2dt

b4
and from this, for u3 = 200 seconds and K, = —0.2 MN/m? s
£(200) = 0.075%

101

This will in fact be constant for all values of u3 because the Maxwell Model
cannot predict changes in strain if there is no stress. The overall variation in

strain is shown in Fig. 2.46.

Example 2.15 In the previous Example, what would be the strain after
125 seconds if (a) the stress remained constant at 10 MN/m? after 100 seconds

and (b) the stress was reduced to zero after 100 seconds.

Solution

(a) If the stress was kept constant at 10 MN/m? after 100 seconds as shown

in Fig. 2.47 then the effective change in stress would be given by
change in stress, o(f) = —K (¢t — T)
d
dol) _ g,
dt

So

u uz

5(u2)=/"_tu[(ld,+/w(_l(l)d,
&n &n

h 12
KT N K.T KT*?
& 27

&(up) =

£(125) = 0.125%
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Fig. 2.46 Variation of strain with time

Stress (MN/m?)
A
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.

0 100 Time (s)

Fig. 2.47 Stress history: Example 2.15(a)

(b) If the stress was completely removed after 100 seconds as shown in
Fig. 2.48 then the effective change in stress would be given by

change in stress, o(t) = -K,(t—T)— Ao
do(t) _

K
dt !
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Stress (MN/mz2)
A
10
Slope =K, =0.1
0 >
100 U Time (s)
Fig. 2.48 Stress history: Example 2.15(b)
So
Fo+e—¢ [ntre—¢ A
n+ &t — &t n t — &t o
s(u3)=/—K dt+/—(—K1)dt— ——
g &n E(u,—T)
f 5]
() K\T?
e(uy) =
3 27)

€(125) = 0.05%

It is apparent therefore that the Superposition Principle is a convenient
method of analysing complex stress systems. However, it should not be
forgotten that the principle is based on the assumption of linear viscoelasticity
which is quite inapplicable at the higher stress levels and the accuracy
of the predictions will reflect the accuracy with which the equation for
modulus (equation (2.33)) fits the experimental creep data for the material.
In Examples (2.13) and (2.14) a simple equation for modulus was selected in
order to illustrate the method of solution. More accurate predictions could have
been made if the modulus equation for the combined Maxwell/Kelvin model
or the Standard Linear Solid had been used.

2.12.2 Empirical Approach

As mentioned earlier, it is not feasible to generate test data for all possible
combinations of load variations. However, there have been a number of ex-
perimental investigations of the problem and these have resulted in some very
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useful design aids. From the experimental point of view the most straightfor-
ward situation to analyse and one that has considerable practical relevance is
the load/no-load cycle. In this case a constant load is applied for a period and
then completely removed for a period. The background to this approach is as
follows.

For a linear viscoelastic material in which the strain recovery may be
regarded as the reversal of creep then the material behaviour may be
represented by Fig. 2.49. Thus the time-dependent residual strain, £,(z), may
be expressed as

&) =¢et)—¢e(t—T) (2.59)

Strain

0 T t
Time, t

Fig. 2.49 Typical creep and recovery behaviour of a plastic

where ¢, is the creep strain during the specified period denoted by (¢) or (+ — T).

Since there can be an infinite number of combinations of creep and recovery
periods it has been found convenient to express this behaviour in terms of two
dimensionless variables. The first is called the Fractional Recovery, defined as

Strain recovered  &.(T) — (1)
Max. creep strain - &(T)

Fractional recovery, F, = (2.60)

where ¢.(T) is the creep strain at the end of creep period and &,(¢) is the
residual strain at any selected time during the recovery period.

The second dimensionless variable is called the Reduced Time, ¢z,
defined as

Reduced time, 1tz =

. t — T
Recovery- time _ ( ) (2.61)
Creep time T

Extensive tests have shown that if the final creep strain is not large then a
graph of Fractional Recovery against Reduced Time is a master curve which
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Fig. 2.50 Typical recovery behaviour of a plastic

describes recovery behaviour with acceptable accuracy (see Fig. 2.50). The
relationship between F, and fg may be derived in the following way.

When creep curves are plotted on logarithmic strain and time scales they are
approximately straight lines so that the creep strain, &.(f) may be expressed as

ec(1) = A" (2.62)
and using this relationship in equation (2.59)
&) =At"—A(@-T)"

and so the Fractional Recovery may be written as
AT" — [A" —A(t —T)"]

Fr= AT"
t\" t n
=1-(= L
(T) * (T )
Fr=141—(tr+ 1) (2.63)

In practice this relationship is only approximately correct because most plas-
tics are not linearly viscoelastic, nor do they obey completely the power law
expressed by equation (2.62). However this does not detract from the consid-
erable value of this simple relationship in expressing the approximate solution
to a complex problem. For the purposes of engineering design the expression
provides results which are sufficiently accurate for most purposes. In addition,
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equation (2.63) permits the problem of intermittent loading to be analysed in
a relatively straightforward manner thus avoiding uneconomical overdesign
which would result if the recovery during the rest periods was ignored.

From equation (2.63) and the definition of Fractional Recovery, F;, the
residual strain is given by

€r(t) = sc(T) -F. Ec(T)

O

If there have been N cycles of creep and recovery the accumulated residual

strain would be
e (t) =€ (T)xiv[('ﬁ)"— (’Lx—l)"] (2.64)
2 |\'r T

where ¢, is the period of each cycle and thus the time for which the total
accumulated strain is being calculated is t = 1,N.

Note also that the total accumulated strain after the load application for the
(N + 1)th time will be the creep strain for the load-on period ie £.(7) plus the
residual strain &,(z).

x=N n n
ie (eN+1)max = &.(T) {l + Z [(t—;,i) - (t%x - 1) } } (2.65)
x=1

Tests have shown that when total strain is plotted against the logarithm of
the total creep time (ie NT or total experimental time minus the recovery time)
there is a linear relationship. This straight line includes the strain at the end of
the first creep period and thus one calculation, for say the 10th cycle allows
the line to be drawn. The total creep strain under intermittent loading can then
be estimated for any combinations of loading/unloading times.

In many design calculations it is necessary to have the creep modulus in
order to estimate deflections etc from standard formulae. In the steady loading
situation this is straightforward and the method is illustrated in the Exam-
ples (2.1)—(2.5). For the intermittent loading case the modulus of the material
is effectively increased due to the apparent stiffening of the material caused
by the recovery during the rest periods. For example, if a constant stress of
17.5 MN/m? was applied to acetal (see Fig. 2.51) for 9600 hours then the total
creep strain after this time would be 2%. This would give a 2% secant modulus
of 17.5/0.02 = 875 MN/m?. If, however, this stress was applied intermittently
for 6 hours on and 18 hours off, then the total creep strain after 400 cycles
(equivalent to a total time of 9600 hours) would only be 1.4%. This would be
equivalent to a stress of 13 MN/m? being applied continuously for 9600 hours
and so the effective creep modulus would be 13/0.014 = 929 MN/m>.
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Fig. 2.51 Creep curves for acetal

The effective increase in modulus due to intermittent loading is shown in
Fig. 2.52. This illustrates that considerable material savings can be made if
intermittent loading of the plastic can be ensured.

Example 2.16 Analysis of the creep curves given in Fig. 2.51 shows that
they can be represented by an equation of the form &(t) = Aot" where the
constants n = 0.083 and A = 0.0486. A component made from this material is
subjected to a loading pattern in which a stress of 10.5 MN/m? is applied for
100 hours and then completely removed. Estimate (a) the residual strain in the
material 100 hours after the stress has been removed, (b) the total creep strain
after the 5th loading cycle in which the stress has been applied for 100 hours
and removed for 100 hours in each cycle and (c) the residual strain after 1000
cycles of the type described in (b).

Solution (a) The strain &.(T) after 100 hours at 10.5 MN/m? may be obtained
from the creep curves in Fig. 2.23 or by calculation from the equation &.(T) =
Aot"AT".

So

£.(100) = 0.0486(10.5)(100)°-083
= 0.51(100)%% = 0.747%
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Fig. 2.52 Variation of modulus for continuous and intermittent loading

Now from equation (2.60) the Fractional Recovery is given by
— £:.(100) — &,(1) =1~ er(t)
! £c(100) 0.747°
Also, the Reduced Time is given by
t—T 200-100 _
T ~— 100

1

Ir =

Then from equation (2.63)
Fo=1+1t—(r+1)

_ & _ 710.083
1 0.747_1+1 (2)
&.(t) = 0.044%

Alternatively, since recovery may be regarded as the reverse of creep this
part of the problem may be solved as follows.
The projected creep strain after 200 hours at 10.5 MN/m? is

£.(200) = 0.51(200)°983 = 0.792%

(see Fig. 2.51 to confirm this value of strain).
However, since the stress was removed after 100 hours the recovered strain
after a further 100 hours will be the same as £.(T), i.e. 0.747%. Thus the
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residual strain after the recovery period may be determined by superposition.
g, (t) =0.792 — 0.747 = 0.045%

This is simpler than the first solution but this approach is only convenient
for the simple loading sequence of stress on—stress off. If this sequence is
repeated many times then this superposition approach becomes rather complex.
In these cases the analytical solution shown below is recommended but it
should be remembered that the equations used were derived on the basis of the
superposition approach illustrated above.

(b) If the stress is applied for 100 hours and removed for 100 hours then
in equation (2.64), T = 100 hours and ¢, = 200 hours. Therefore after four
cycles i.e. t = 800 hours.

x=4 n n
tpx tpx
£-(800) = £.(100) [(—) — (— - 1) ]
() {7
x=4 200x 0.083 200x 0.083
~ 0.747 (—_) - <—— - 1) ]
Xz___; [ 100 100

= 0.747(0.059 + 0.0265 + 0.0174 + 0.0131)
= 0.0868%

Thus the total creep strain after the Sth load application for 100 hours would
be 0.0868 + 0.747 = 0.834%.

(c) The residual strain after the 1000th cycle may be calculated as shown
in (b) with the limits x = 1 to x = 1000. Clearly this repetitive calculation is
particularly suitable for a computer and indeed there are many inexpensive
desk-top programmable calculators which could give the solution quickly and
easily. Thus for a time, r, of 1000 x 200 hours.

x=1000 0.083 0.083
£:(2 x 105)=ec(100){ > [(%) - (% — 1) ”

x=1

= 0.342%.

However, in the absence of a programmable calculator or computer the
problem may be solved as follows. If the residual strain is calculated for,
say 10 cycles then the value obtained is

e(10*) = 0.121%

The total creep strain after the stress of 10.5 MN/m? has been applied for the
11th time would be 0.121 + 0.747 = 0.868%. Now tests have shown that a plot
of total creep strain plotted against the logarithm of the total creep time (i.e.
ignoring the recovery times) is a straight line which includes the point &.(T).
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Therefore after the 11th cycle the total creep time is 11 x 100 = 1.1 x 10
hours. If the total strain at this time is plotted on Fig. 2.51 then a straight line
can be drawn through this point and the point &.(T), and this line may be
extrapolated to any desired number of cycles. For the case in question the line
must be extrapolated to (1001 x 100) hours at which point the total strain may
be obtained as 1.09%. Thus the accumulated residual strain after 1000 cycles
would be 1.09 — 0.747 = 0.343% as calculated on the computer.

Of course it should always be remembered that the solutions obtained in this
way are only approximate since the assumptions regarding linearity of relation-
ships in the derivation of equation (2.64) are inapplicable as the stress levels
increase. Also in most cases recovery occurs more quickly than is predicted
by assuming it is a reversal of creep. Nevertheless this approach does give a
useful approximation to the strains resulting from complex stress systems and
as stated earlier the results are sufficiently accurate for most practical purposes.

2.13 Dynamic Loading of Plastics

So far the deformation behaviour of plastics has been considered for situations
where (i) the stress (or strain) is constant (ii) the stress (or strain) is changing
relatively slowly or (iii) the stress (or strain) is changed intermittently but the
frequency of the changes is small. In practice it is possible to have situations
where the stress and strain are changing quite rapidly in a regular manner. This
can lead to fatigue fracture which will be discussed in detail in later. However,
it is also interesting to consider the stress/strain relationships when polymers
are subjected to dynamic loading.

The simplest dynamic system to analyse is one in which the stress and
strain are changing in a sinusoidal fashion. Fortunately this is probably the
most common type of loading which occurs in practice and it is also the basic
deformation mode used in dynamic mechanical testing of plastics.

When a sinusoidally varying stress is applied to a material it can be repre-
sented by a rotating vector as shown in Fig. 2.53. Thus the stress at any moment
in time is given by

o = opsinwt (2.66)
where o is the angular velocity of the vector (= 2z f = 2x/T, where f is the
cyclic frequency in hertz (H ;) and T is the period of the sinusoidal oscillations).

If the material being subjected to the sinusoidal stress is elastic then there
will be a sinusoidal variation of strain which is in phase with the stress, i.e.

£ = g Sinwt

However, for a viscoelastic material the strain will lag behind the stress. The
strain is thus given by
& = gg sin(wt — 8) (2.67)

where § is the phase lag.
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Fig. 2.53 Sinusoidal variation of stress and strain in viscoelastic material

It is more usual to write these equations in a form which shows the stress
leading the strain, i.e.

€ = go sin wt (2.68)
o = og sin(wt + §) (2.69)
The latter equation may be expanded to give
0 = 0y Sin Wt cos & + op cos wt sin é (2.70)
Thus the stress can be considered to have two components:

(i) opcos$ which is in phase with the strain and
(ii) opsind which is 90° out of phase with the strain.

This leads to the definition of two dynamic moduli, E; and E>:

(i) Ey = (opcosd)/ep in phase with the strain
(ii) E3 = (opsinéd)/ep 90° out of phase with strain

We could thus represent these two moduli on a phasor diagram as shown in
Fig. 2.54. E| leads E; by 90° (7r/2 radians) and from this diagram it is possible
to define a complex modulus, E* where

E*=%:y/E%+E§=E|+iE2 (2.71)

where i = /—1.



112 Mechanical Behaviour of Plastics
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Fig. 2.54 Phasor diagram showing complex modulus (E*) relative to loss (E;) and storage (E)
moduli

This presentation format leads to the terminology

E = real modulus or storage modulus
E> = imaginary modulus or loss modulus.

Also, from Fig. 2.54 it is possible to relate E, and E; to the lag or phase angle, §

E,
tané = — 2.72
n 7 (2.72)

1

In dynamic mechanical analysis of plastics, the material is subjected to a
sinusoidal variation of stress and the strain is recorded so that E;, E; and §
can be determined. The classical variation of these parameters is illustrated in
Fig. 2.55.

At very low frequencies the polymer is rubber-like and has a low modulus
(E) typically 0.1 MN/m?). At very high frequencies, the material behaves like
a stiff, glassy solid with a high modulus (typically about 10> MN/m?). It may
be seen that this E| plot is the inverse of that shown in Fig. 2.9 since w o< 1/1.
The loss modulus, E,, will be zero at low and high frequencies but will rise to
a maximum close to the region where E; is increasing most rapidly. The loss
factor, tan 8(= E»/E,), will also have a maximum in the viscoelastic region
but this will occur at a lower frequency than the peak in the E, curve.

Example 2.17 Establish and plot the variation with frequency of the storage
and loss moduli for materials which can have their viscoelastic behaviour
described by the following models

(i) A Maxwell model with &€ = 1 GN/m? and n = 0.1 GNs/m?.
(ii) A Standard Linear Solid with & =2 GN/m?, & = 0.1 GN/m?,
n = 1 GNs/m?.
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E1, E2, tan &

Log ()

Fig. 2.55 Typical variation of E, E, and loss tangent for a viscoelastic material

Solution As illustrated above, the stress and strain will be given by
o = oy sin(wt + 8)
£ = gosinwt

However, in this type of question it is preferable to utilise complex numbers
and so the transformations will be used so that

a = gge' @t (2.73)
£ = goe™ (2.74)

(i) As shown earlier in this chapter, the governing equation for the Maxwell
model is given by

. 1. 1
E= -0+ -0

£§ n
Then from equations (2.73) and (2.74)

NP L
sotwe“‘" — _s_o.olwel(wr+8) + _ooel(wf+5)

o=— — 4 —-

iw=— -E*4+-E*
n
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where E* is the complex modulus. Rearranging gives
B — ionk

£+ wni
Using the fact that (a + bi)(a — bi) = a* + b?
o _dons  (E—om) _ @’ n*E + wnEi
(& +wni) (£ — wni) ?n? + €2
and since E*=E| +iE;
then storage modulus,

£ @

' T o2+ g2
and loss modulus,
wné?
E —_—

2T ot g

E, &
tand = — = —
E;  wn

The variations of E;, E, and tan$ with w are shown in Fig. 2.56. It may be
seen that the variations of E; and E, are of the general shape that would be
expected. The tané curve does not go through a maximum and so this is a
further shortcoming of this simple model.
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Fig. 2.56 Variation of £, E; and loss tangent for Maxwell model

(ii) For the Standard Linear Solid, the governing equation was derived
earlier as

no + 10 = n(& + £2)é + E261¢
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substituting from equations (2.73) and (2.74) once again
nogiwe" Y + £100e' D = n(&; + &)iweoe™ + £1&r80 "

Dividing across by goe and letting E* = age'“*+% /gpei
_ n(& + &)iw + £1§
&1 + noi
Multiplying top and bottom by the conjugate of the denominator, we get

_ {86 + 0’ + £)0?) + (£ nw)i
B £2 + w?n?

then, E*

E*

and since E* = E| + iE,

2 2 2
storage modulus, E;| = §i2+ n°(61 + f2)o

& + oy’
2
loss modulus, E; = ﬁi
£ + 0?n?
E; Efnw

tand = — =
E\  E& +n2 & + &)w?

It may be seen in Fig. 2.57 that the variations of E;, E, and tan § follow the
classical pattern referred to earlier in this section.
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Fig. 2.57 Variation of E;, E; and loss tangent for standard linear solid
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2.14 Time-Temperature Superposition

It has been shown throughout this chapter that the properties of plastics are
dependent on time. In Chapter 1 the dependence of properties on temperature
was also highlighted. The latter is more important for plastics than it would be
for metals because even modest temperature changes below 100°C can have
a significant effect on properties. Clearly it is not reasonable to expect creep
curves and other physical property data to be available at all temperatures. If
information is available over an appropriate range of temperatures then it may
be possible to attempt some type of interpolation. For example, if creep curves
are available at 20°C and 60°C whereas the service temperature is 40°C then a
linear interpolation would provide acceptable design data.

If creep curves are available at only one temperature then the situation
is a little more difficult. It is known that properties such as modulus will
decrease with temperature, but by how much? Fortunately it is possible to use
a time—temperature superposition approach as follows:

It was shown earlier that the variation of creep or relaxation moduli with
time are as illustrated in Fig. 2.9. If we now introduce temperature as a variable
then a series of such curves will be obtained as shown in Fig. 2.58. In general
the relaxed and unrelaxed modulus terms are independent of temperature. The
remainder of the moduli curves are essentially parallel and so this led to the
thought that a shift factor, ar, could be applied to move from one curve to
another.

A
Modulus

T3>T2>T1

v

log (time)
Fig. 2.58 Modulus—time curves for a range of temperatures
It may be seen from Fig. 2.59 that the two modulus curves for temperatures

T, and T, are separated by a uniform distance (logar). Thus, if the material
behaviour is known at T}, in order to get the modulus at time, ¢, and temperature
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Modulus 4 T, log(ay)
(Elrq
log(ar)
[El2 ‘\-’
t Var log(time)

Fig. 2.59 Modulus curves at temperatures 7 and T

T3, it would be necessary to use a time (f/ar) as shown in Fig. 2.59, in relation
to the Ty data. This means that

(E®)]r, = [E (i)] 2.75)
ar/lr,

where T, > T. Log (ar) is negative and so ar < 1.
Williams, Landel and Ferry developed an empirical relationship for this type
of shift factor. This has the form

C(T —Trey)

CZ + (T - Tref) (276)

logar =
where C; and C, are constants and T, is a reference temperature.
For many polymers it has been found that C| and C; are constants and T s
is taken as T, the glass transition temperature for the polymer (values are given
in Table 1.8). The WLF equation then takes the form

—17.4T — Tg)

51.6 + (T — Ty) @77

logar =
Thus all the different temperature related data in Fig. 2.58 could be shifted to
a single master curve at the reference temperature (7). Alternatively if the
properties are known at T,. then it is possible to determine the property at
any desired temperature. It is important to note that the shift factor cannot
be applied to a single value of modulus. This is because the shift factor is
on the horizontal time-scale, not the vertical, modulus scale. If a single value
of modulus E7, is known as well as the shift factor ar it is not possible to
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determine Er, without knowing how the modulus varies with time. This is
illustrated in Fig. 2.60 where it is readily seen that a knowledge of Er, and ar
do not lead to a single value of Er, unless the E(¢) relationship is known.

Modulus 4
[Ehf--—--—===2
Different E/t relationship

5 S
[E]T:,_________________I

o T

I

t Iog(time)'

Fig. 2.60 Various modulus—time curves

Example 2.18 A particular grade of polypropylene can have its relaxation
modulus described by the equation

E@) = 1.8

where E(¢) is in GN/m? when 't is in seconds. The temperature of the material
is 20°C. Use the WLF equation to determine the 1 year modulus of the material
at 60°C. The glass transition temperature for the polypropylene is —10°C.

Solution To use equation (2.76) it would be necessary to know the properties
at —10°C. In this example, the properties are known at 20°C which becomes the
reference temperature (7;). The approach taken will be to get the shift factor
at T»(= 60°C) and the shift factor at T;(= 20°C) and then subtract these to
get the shift factor from T to T5.

74T, -T,)  114(T,—Tp)
516+ (T, —T,) 516+ (T,—Tp)

17.4(20 + 10) 17.4(60 + 10)

T 516+ (20+10)  51.6 + (60 + 10)
= -362

ar =24 x 107

logar = (2.78)
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Therefore, using equation (2.75)

[E®]r, = [E (i)}
ar T,

; —0.1
~18 <———)
2.4 x 104

[E®)]r, = 0.78:7%!

The modulus at 7,(= 60°C) can now be calculated at any desired time. For
example, at 1 year (t = 3.15 x 10° s)

[E())eo = 0.78(3.15 x 106)~%!
= 0.14 GN/m?

The two modulus curves at 20°C and 60°C are illustrated in Fig. 2.61 along
with the shift factor.
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Fig. 2.61 Variation of modulus with time and temperature for polypropylene

2.15 Fracture Behaviour of Unreinforced Plastics

If a plastic moulding fails in the performance of its normal function it is
usually caused by one of two factors — excessive deformation or fracture. In the
previous sections it was pointed out that, for plastics, more often than not it will
be excessive creep deformation which is the limiting factor. However, fracture,
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if it occurs, can have more catastrophic results. Therefore it is essential that
designers recognise the factors which are likely to initiate fracture in plastics
so that steps can be taken to avoid this.

Fractures are usually classified as brittle or ductile. Although any type of
fracture is serious, brittle fractures are potentially more dangerous because there
is no observable deformation of the material prior to or during breakage. When
a material fails in a ductile fashion, large non-recoverable deformations are
evident and these serve as a warning that all is not well. In polymeric materials,
fracture may be ductile or brittle depending on such variables as the nature of
the additives, the processing conditions, the strain rate, the temperature and the
stress system. The principal external causes of fracture are the application of a
stress in a very short period of time (impact), the prolonged action of a steady
stress (creep rupture) or the continuous application of a cyclically varying stress
(fatigue). In all cases the fracture processes will be accelerated if the plastic is
in an aggressive environment.

Basically there are two approaches to the fracture of a material. These
are usually described as the microscopic and the continuum approaches. The
former approach utilises the fact that the macroscopic fracture of the material
must involve the rupture of atomic or molecular bonds. A study of the forces
necessary to break these bonds should, therefore, lead to an estimate of the
fracture strength of the material. In fact such an estimate is usually many times
greater than the measured strength of the material. This is because any real
solid contains multitudes of very small inherent flaws and microcracks which
give rise to local stresses far in excess of the average stress on the material.
Therefore although the stress calculated on the basis of the cross-sectional area
might appear quite modest, in fact the localised stress at particular defects in the
material could quite possibly have reached the fracture stress level. When this
occurs the failure process will be initiated and cracks will propagate through
the material. As there is no way of knowing the value of the localised stress,
the strength is quoted as the average stress on the section and this is often
surprisingly small in comparison with the theoretical strength.

The second approach to fracture is different in that it treats the material as a
continuum rather than as an assembly of molecules. In this case it is recognised
that failure initiates at microscopic defects and the strength predictions are then
made on the basis of the stress system and the energy release processes around
developing cracks. From the measured strength values it is possible to estimate
the size of the inherent flaws which would have caused failure at this stress
level. In some cases the flaw size prediction is unrealistically large but in many
cases the predicted value agrees well with the size of the defects observed, or
suspected to exist in the material.

In this chapter the various approaches to the fracture of plastics are described
and specific causes such as impact loading, creep and fatigue are described in
detail.
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2.16 The Concept of Stress Concentration

Any material which contains a geometrical discontinuity will experience an
increase in stress in the vicinity of the discontinuity. This stress concentration
effect is caused by the re-distribution of the lines of force transmission through
the material when they encounter the discontinuity. Causes of stress concen-
tration include holes, notches, keyways, corners, etc as illustrated in Fig. 2.62.

R £ Ny TR S R

BN - At .
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Fig. 2.62 Stress concentration

The classical equation for calculating the magnitude of the stress concentra-
tion at a defect of the type shown in Fig. 2.62(b) is

Ge=0 (1 + 2\/&7) (2.79)

where o is the local stress, o is the nominal stress on the material, 2a is the
defect size and r is the radius of the defect at the area in question.

The parameter (1 + 2+/a/r) is commonly termed the stress concentration
factor (K,) and for a hole where a = r then K, = 3, i.¢. the stresses around
the periphery of the hole are three times as great as the nominal stress in the
material.

It should be noted, however, that for a crack-like defect in which r — 0
then K, — oo. Obviously this does not occur in practice. It would mean that
a material containing a crack could not withstand any stress applied to it.
Therefore it is apparent that the stress concentration approach is not suitable
for allowing for the effects of cracks. This has given rise to the use of Fracture
Mechanics to deal with this type of situation.

2.17 Energy Approach to Fracture

When a force is applied to a material there is work done in the sense that a
force moves through a distance (the deformation of the material). This work is
converted to elastic (recoverable) energy absorbed in the material and surface
energy absorbed in the creation of new surfaces at cracks in the material. The
original work on Fracture Mechanics was done by Griffith and he proposed
that unstable crack growth (fracture) would occur if the incremental change in
the net energy (work done — elastic energy) exceeded the energy which could
be absorbed in the creation of the new surface. In mathematical terms this may
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be expressed as
a 9A
— (W - — 2.80
aa(W U)>vy %a (2.80)
where y is the surface energy per unit area.
Note that for a situation where the applied force does no work (i.e. there is
no overall change in length of the material) then W = 0 and equation (2.80)

becomes
oUu J0A

— — 81
a7 (2.81)
Now, for a through crack propagating in a sheet of material of thickness, B,
we may write
0A = 2Bda

So equation (2.80) becomes
%(W —-U)>2yB (2.83)

In the context of fracture mechanics the term 2y is replaced by the G, so
that the condition for fracture is written as

19
322 W -V>G. (2.84)

G. is a material property which is referred to as the toughness, critical
strain energy release rate or crack extension force. It is effectively the energy
required to increase the crack length by unit length in a piece of material of
unit width. It has units of J/m?.

Equation (2.84) may be converted into a more practical form as follows.
Consider a piece of material of thickness, B, subjected to a force, F, as shown
in Fig. 2.63(a). The load-deflection graph is shown as line (i) in Fig. 2.63(b).
From this the elastic stored energy, U,, may be expressed as

U, = 3F$ (2.85)

If the crack extends by a small amount da then the stiffness of the material
changes and there will be a small change in both load, 3F, and deflection,
38. This is shown as line (ii) in Fig. 2.63(b). The elastic stored energy would
then be

Uy = %(F + 9F)(8 + 99) (2.86)

From equations (2.85) and (2.86) the change in stored energy as a result of
the change in crack length 8a would be given by

U = U, — Uy = 5(F38 + 80F + 0F35) (2.87)
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Fig. 2.63 Force displacement behaviour of an elastic cracked plate

The work done, W, as a result of the change in crack length da is shown
shaded in Fig. 2.63(b). This will be given by

dW = F038 + 50F 35 (2.88)
Now using equations (2.87) and (2.88) in equation (2.84)
1 (Fos 89F
—d— - — 3 =G, 2.
2B { da da } G (2.89)

This equation may be simplified very conveniently if we consider the Compli-
ance, C, of the material. This is the reciprocal of stiffness and is given by

]
=— 2.90
F (2.90)
From this equation we may write
36 = FaC + CoF
and using this in equation (2.89) we get
F23C
G, =<£— 291
c= 38 (2.91)

where F, is the applied force at fracture.

This is a very important relationship in that it permits the fundamental mate-
rial property G, to be calculated from the fracture force, F., and the variation
of compliance with crack length.



124 Mechanical Behaviour of Plastics

Example 2.19 During tensile tests on 4 mm thick acrylic sheets of the
type shown in Fig. 2.63(a), the force-displacement characteristics shown in
Fig. 2.64(a) were recorded when the crack lengths were as indicated. If the
sheet containing a 12 mm long crack fractured at a force of 330 N, determine
the fracture toughness of the acrylic and calculate the applied force necessary
to fracture the sheets containing the other crack sizes.

Solution The compliance (§/F) of each sheet may be determined from the
slope of the graph in Fig. 2.64(a). A plot of compliance, C, against crack
dimension, a, is shown in Fig. 2.64(b) and from this the parameter dC/da
may be obtained. This is also shown plotted on Fig. 2.64(b). Using this, for
a = 6 mm, it may be seen that dC/da = 115 x 107 N~1.

Thus, from equation (2.91)

_F23C _ 330%(115 x 10°%)

= = = 1.56 kJ/m%.
2B %a 2(0.004) m

As this is a material constant, it may be used to calculate F, for the other
crack sizes. For example, for a =2 mm, dC/da = 7 x 1076 N1 o0

= 1.34 kN.

2(0.004)1.56 x 103
F.=
7 x 10—

Similarly for a = 3, 4,5 and 5.5 mm the fracture loads would be 1.15 kN,
0.98 kN, 0.71 kN and 0.5 kN respectively.

0 10 20 30 40 50 60
Displacement (um)

Fig. 2.64(a) Force-displacement characteristics for cracked plate
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Fig. 2.64(b) Compliance and rate of change of compliance for various crack lengths

An alternative energy approach to the fracture of polymers has also been
developed on the basis of non-linear elasticity. This assumes that a material
without any cracks will have a uniform strain energy density (strain energy per
unit volume). Let this be Uy. When there is a crack in the material this strain
energy density will reduce to zero over an area as shown shaded in Fig. 2.65.
This area will be given by ka? where k is a proportionality constant. Thus the
loss of elastic energy due to the presence of the crack is given by

—U = ka’BU, (2.92)
and

U
- (a) — 2aBU, (2.93)

Comparing this with equation (2.84) and assuming that the external work is

zero then it is apparent that
G, = 2kaU, (2.94)

where U, is the value of strain energy density at which fracture occurs.
Now, for the special case of a linear elastic material this is readily expressed
in terms of the stress, o., on the material and its modulus, E.
2
(e}
Ue = 30c €= 31 (2.95)
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N

F

Fig. 2.65 Loading of cracked plate

So, combining equations (2.94) and (2.95)

k0'2
Gc= —a
E

and in practice it is found that &k =~ 7, so

G, =% (2.96)

This is an alternative form of equation (2.91) and expresses the fundamental
material parameter G in terms the applied stress and crack size. From a knowl-
edge of G, it is therefore possible to specify the maximum permissible applied
stress for a given crack size, or vice versa. It should be noted that, strictly
speaking, equation (2.96) only applies for the situation of plane stress. For
plane strain it may be shown that material toughness is related to the stress
system by the following equation.

7(0'2a

G = Ec (1 —v?) (2.97)
where v is the lateral contraction ratio (Poissons ratio).
Note that the symbol G, is used for the plane strain condition and since this
represents the least value of toughness in the material, it is this value which is
usually quoted. Table 2.2 gives values for G|, for a range of plastics.
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Table 2.2
Typical fracture toughness parameters for a range of materials (at 20°C)
Ductility
Factor
(in mm)
12
Glc ch <K10> (ch)
Material (kJ/m?) (MN/m3/?) Oy Oy
ABS 5 2-4 0.13 17
Acetal 1.2-2 4 0.08 6
Acrylic 0.35-1.6 09-1.6 0.014-0.023 0.2-0.5
Epoxy 0.1-0.3 0.3-05 0.005-0.008 0.02-0.06
Glass reinforced polyester 5-17 5-7 0.12 14
LDPE 6.5 1 0.125 16
MDPE/HDPE 3.5-6.5 0.5-5 0.025-0.25 5-100
Nylon 66 0.25-4 3 0.06 3.6
Polycarbonate 0.4-5 1-2.6 0.02-0.5 0.4-2.7
Polypropylene copolymer 8 3-45 0.15-0.2 22-40
Polystyrene 03-0.8 07-1.1 0.02 04
uPVC 1.3-14 1-4 0.03-0.13 1.1-18
Glass 0.01-0.02 0.75 0.01 0.1
Mild Steel 100 140 0.5 250

2.18 Stress Intensity Factor Approach to Fracture

Although Griffith put forward the original concept of linear elastic fracture
mechanics (LEFM), it was Irwin who developed the technique for engineering
materials. He examined the equations that had been developed for the stresses
in the vicinity of an elliptical crack in a large plate as illustrated in Fig. 2.66.
The equations for the elastic stress distribution at the crack tip are as follows.

7] . (0N . [/36\ )
Ox = WCOS (5) {1 — Sin <§> sin (7)}
6 . (0N . [36
gy = WCOS (5) {1 -+ sin (5) sin (7)}
K . (0 6 36
Txy =W sin (5) COs (E) cos <7) J

and for plane strain

2K
g, = WCOS

or for plane stress, o, = 0.
Irwin observed that the stresses are proportional to (wa)!/? where ‘a’ is the
half length of the crack. On this basis, a Stress Intensity Factor, K, was

\p—

(2.98)

:)
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Normal stress o

Variation of o,
along x axis (6=0)

Crack

Crack tip

Fig. 2.66 Stress distribution in vicinity of a crack

defined as
K = o(na)'/? (2.99)

The stress intensity factor is a means of characterising the elastic stress
distribution near the crack tip but in itself has no physical reality. It has units
of MN m~%/2 and should not be confused with the elastic stress concentration
factor (K,) referred to earlier.

In order to extend the applicability of LEFM beyond the case of a central
crack in an infinite plate, K is usually expressed in the more general form

K = Yo(ra)'/? (2.100)

where Y is a geometry factor and ‘a’ is the half length of a central crack or
the full length of an edge crack.

Fig. 2.67 shows some crack configurations of practical interest and expres-
sions for K are as follows.

(a) Central crack of length 2a in a sheet of finite width

w 172

K =o(ma)/?{ L .tan ( 2= (2.101)
ma w

(b) Edge cracks in a plate of finite width

w 2W 172
K = o(na)'? {E tan ("—;) + OM sin (%)} (2.102)
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.

(a) Finite width plate (b) Double edge crack

- c
g
(c) Single edge crack

g
(d) Intemal penny crack

a/2c @

(f) Three point bending

03
02
o1

5 20 ¢

(e) Elliptical surface crack
Fig. 2.67 Typical crack configurations

(c) Single edge cracks in a plate of finite width

2 3
K = o(na)'? {1.12 —0.23 (%) +106 (%) —217 <%)
a 4
+30.4 = (W) } (2.103)

Note: in most cases (%) is very small so ¥ = 1.12.
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(d) Penny shaped internal crack
122
K = o(na) - (2.104)

assuming a < D

(e) Semi-elliptical surface flaw

K = o(ma)'/? (;1—1/3> (2.105)

(f) Three point bending

3FL a 172 a 3/2 a 5/2
K=—2==¢193( = -3.07 = 14.53 { —
2BW3/2{ (#) () +1=(5)

a\?2 a \9?2
— 25. — 5.8 — .
2511<W> +2 <W) (2.106)

F a
K= Wiz N (W) (2.107)

Thus the basis of the LEFM design approach is that

(a) all materials contain cracks or flaws

(b) The stress intensity value, K, may be calculated for the particular loading
and crack configuration

(c) failure is predicted if K exceeds the critical value for the material.

The critical stress intensity factor is sometimes referred to as the fracture
toughness and will be designated K .. By comparing equations (2.96) and (2.99)
it may be seen that K, is related to G, by the following equation

or

(EG)'* =K. (2.108)

This is for plane stress and so for the plane strain situation

1/2
( EGic ) =K (2.109)

Table 2.2 gives typical values of K. for a range of plastics

Example 2.20 A cylindrical vessel with an outside radius of 20 mm and an
inside radius of 12 mm has a radial crack 3.5 mm deep on the outside surface.
If the vessel is made from polystyrene which has a critical stress intensity factor
of 1.0 MN m~3/2 calculate the maximum permissible pressure in this vessel.
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Solution The stress intensity factor for this configuration is
P 2 1/2
K =3.05 Ri(za)
Rz —R\)(R2 + Ry)

The information given in the question may be substituted directly into this
equation to give the bursting pressure, Pg, as

_ 1.0(8 x 1073)(32 x 1073)
T 3.05(12 x 1073)2(7r x 3.5 x 10-3)1/2

Py = 5.6 MN/m*

2.19 General Fracture Behaviour of Plastics

If the defect or crack in the plastic is very blunt then the stress intensification
effect will be small and although failure will originate from the crack, the
failure stress based on the net section will correspond to the failure stress in
the uncracked material. If the stress on the material is based on the gross area
then what will be observed is a reduction in the failure stress which is directly
proportional to the size of the crack. This is shown as line A in Fig. 2.68.

Failure stress (oy)

Crack size {2a)

Fig. 2.68 Brittle and ductile failure characteristics for plastics

If, however, the defect or crack is sharp then the picture can change
significantly. Although ABS and MDPE are special cases, where the materials
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are insensitive to notch condition, other thermoplastics will exhibit brittle failure
if they contain sharp cracks of significant dimensions.

Polycarbonate is perhaps the most notoriously notch-sensitive of all thermo-
plastics, although nylons are also susceptible to ductile/brittle transitions in
failure behaviour caused by notch sharpening. Other plastics such as acrylic,
polystyrene and thermosets are always brittle — whatever the crack condition.

For brittle failures we may use the fracture mechanics analysis introduced
in the previous sections. From equations (2.96) and (2.99) we may write

2 2
= & = il = constant (2.110)
E E

From this therefore it is evident that the failure stress, o, is proportional to
a~'/2. This relationship is plotted as line B on Fig. 2.68. This diagram is now
very useful because it illustrates the type of ductile/brittle transitions which
may be observed in plastics. According to line B, as the flaw size decreases
the failure stress tends towards infinity. Clearly this is not the case and in
practice what happens is that at some defect size (@) the material fails by
yielding (line A) rather than brittle fracture.

This diagram also helps to illustrate why the inherent fracture toughness of
a material is not the whole story in relation to brittle fracture. For example,
Table 2.2 shows that polystyrene, which is known to be a brittle material,
has a K value of about 1 MN m~%/2, However, LDPE which has a very high
resistance to crack growth also has a K value of about 1 MN m~3/2. The
explanation is that polyethylene resists crack growth not because it is tough but
because it has a low yield strength. If a material has a low yield stress then its
yield locus (line A in Fig. 2.68) will be pulled down, possibly below the brittle
locus as happens for polyethylene. Fig. 2.69 illustrates some of the variations
which are possible in order to alter the ductile/brittle characteristics of plastics.
The brittle failure line can be shifted by changes in chemical structure, use of
alloying techniques, changes in processing conditions, etc. The yield locus line
can be shifted by the use of additives or changes in the ambient temperature
or straining rate.

It is apparent therefore that a materials resistance to crack growth is defined
not just by its inherent toughness but by its ratio of toughness to yield stress.
Some typical values of K./0y are given in Table 2.2.

Another approach to the question of resistance to crack growth is to consider
the extent to which yielding occurs prior to fracture. In a ductile material it
has been found that yielding occurs at the crack tip and this has the effect of
blunting the crack. The extent of the plastic zone (see Fig. 2.70) is given by

1 /K\?
=— | = 2.111
Tp 2 (ay) ( )

for plane stress. The plane strain value is about one third of this.

Gc
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Crack depth

Fig. 2.69 Effect of varying stress field on flaw size for ductile/brittle transition (K = constant)

Fig. 2.70 Extent of plastic zone at crack tip

The size of the plastic zone can be a useful parameter in assessing toughness
and so the ratio (K lc/ay)2 has been defined as a ductility factor. Table 2.2 gives
typical values of this for a range of plastics. Note that although the ratio used
in the ductility factor is conceptually related to plastic zone size, it utilises K.
This is to simplify the definition and to remove any ambiguity in relation to
the stress field conditions when related to the plastic zone size. It is important
that consistent strain rates are used to determine K, and o, particularly when
materials are being compared. For this reason the values in Table 2.2. should
not be regarded as definitive. They are given simply to illustrate typical orders
of magnitude.
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2.20 Creep Failure of Plastics

When a constant stress is applied to a plastic it will gradually change in
size due to the creep effect which was described earlier. Clearly the material
cannot continue indefinitely to get larger and eventually fracture will occur.
This behaviour is referred to as Creep Rupture although occasionally the less
acceptable (to engineers) term of Static Fatigue is used. The time taken for the
material to fracture will depend on the stress level, the ambient temperature,
the type of environment, the component geometry, the molecular structure, the
fabrication method, etc. At some stresses the creep rate may be sufficiently low
that for most practical purposes the endurance of the material may be regarded
as infinite. On the other hand, at high stresses the material is likely to fail
shortly after the stress is applied.

The mechanism of time-dependent failure in polymeric materials is not
completely understood and is the subject of much current research. In the
simplest terms it may be considered that as the material creeps, the stress
at some point in the material becomes sufficiently high to cause a micro-
crack to develop but not propagate catastrophically. The stress in the remaining
unbroken section of the material will than be incremented by a small amount.
This causes a further stable growth of the microcrack so that over a period of
time the combined effects of creep and stable crack growth cause a build up
of true stress in the material. Eventually a stage is reached when the localised
stress at the crack reaches a value which the remaining cross-section of the
material is unable to sustain. At this point the crack propagates rapidly across
the whole cross-section of the material.

Creep rupture data is usually presented as applied static stress, o, against the
logarithm of time to fracture, ¢, as shown in Fig. 2.71. If fracture is preceded
by phenomena such as crazing (see Section 2.20.2), whitening and/or necking,
then it is usual to indicate on the creep rupture characteristics the stage at which
these were first observed. It may be seen from Fig. 2.71 that the appearance
of crazing or whitening is not necessarily a sign the fracture is imminent. In
many cases the material can continue to sustain the applied load for weeks,
months or even years after these phenomena are observed. However, there is
no doubt that when a load bearing component starts to craze or whiten, it can
be disconcerting and so it is very likely that it would be taken out of service
at this point. For this reason it is sometimes preferable to use the term Creep
Failure rather than creep rupture because the material may have been deemed
to have failed before it fractures.

Isometric data from the creep curves may also be superimposed on the
creep rupture data in order to give an indication of the magnitudes of the
strains involved. Most plastics behave in a ductile manner under the action of
a steady load. The most notable exceptions are polystyrene, injection moulding
grade acrylic and glass-filled nylon. However, even those materials which are
ductile at short times tend to become embrittled at long times. This can cause
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Fig. 2.71 Typical creep rupture behaviour of plastics

difficulties in the extrapolation of short-term tests, as shown in Fig. 2.71. This
problem has come to the fore in recent years with the unexpected brittle fracture
of polyethylene pipes after many years of being subjected to moderate pres-
sures. On this basis the British Standards Institution (Code of Practice 312)
has given the following stresses as the design values for long term usage of
plastics.

Plastic Safe working stresses
LDPE 2.1 MN/m?
HDPE 5.0 MN/m?

PP 5.0 MN/m?
ABS 6.3 MN/m?
uPvVC 10.0-12.0 MN/m?

Other factors which promote brittleness are geometrical discontinuities (stress
concentrations) and aggressive environments which are likely to cause ESC (see
Section 1.4.2). The absorption of fluids into plastics (e.g. water into nylon) can
also affect their creep rupture characteristics, so advice should be sought where
it is envisaged that this may occur.

It may be seen from Fig. 2.71 that in most cases where the failure is ductile
the isometric curves are approximately parallel to the fracture curve, suggesting
that this type of failure is primarily strain dominated. However, the brittle
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fracture line cuts across the isometric lines. It may also be seen that whitening
or crazing occur at lower strains when the stress is low.

Many attempts have been made to obtain mathematical expressions which
describe the time dependence of the strength of plastics. Since for many plastics
a plot of stress, o, against the logarithm of time to failure, ¢4, is approximately
a straight line, one of the most common expressions used is of the form

tr=Ae® (2.112)

where A and B are nominally constants although in reality they depend on such
things as the structure of the material and on the temperature. Some typical
values for A and B at 20°C are given below. It is recommended that the material
manufacturers should be consulted to obtain values for particular grades of their
materials.

Acrylic Polypropylene
Sheet Moulded Homopolymer Copolymer
A(s) 1.33 x 104 4.73 x 1012 1.4 x 10" 1.03 x 10%*
B(m?/MN) 0.404 0.42 0.88 1.19

It is recommended that the material manufacturers should be consulted to
obtain values for particular grades of their materials.

One of the most successful attempts to include the effects of temperature
in a relatively simple expression similar to the one above, has been made by
Zhurkov and Bueche using an equation of the form

ty = toelVo /RT} (2.113)

where 1o is a constant which is approximately 10725 for most plastics
Uy is the activation energy of the fracture process
y is a coefficient which depends on the structure of the material
R is the molar gas constant (= 8.314 J/mol° K)
and T is the absolute temperature.

If the values for Uy and y for the material are not known then a series
of creep rupture tests at a fixed temperature would permit these values to be
determined from the above expression. The times to failure at other stresses
and temperatures could then be predicted.

2.20.1 Fracture Mechanics Approach to Creep Fracture

Fracture mechanics has also been used to predict failure under static stresses.
The basis of this is that observed crack growth rates have been found to be
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related to the stress intensity factor K by the following equation

a_ ek (2.114)
di ! ’
where C| and m are material constants.
Now using equation (2.100) we may write
d
:i—? = C1(Yo)"(ma)™?
If the material contains defects of size (24;) and failure occurs when these
reach a size (2a.) then the time to failure, t;, may be obtained by integrating
the above equation.

_ 2 1-m/2 1-m/2
R e T oy [a,. a! ] 2.115)

Although equations (2.112), (2.113) and (2.115) can be useful they must not
be used indiscriminately. For example, they are seldom accurate at short times
but this is not a major worry since such short-time failures are usually not of
practical interest. At long times there can also be inaccurate due to the embrit-
tlement problem referred to earlier. In practice therefore it is generally advisable
to use the equations in combination with safety factors as recommended by the
appropriate National Standard.

2.20.2 Crazing in Plastics

When a tensile stress is applied to an amorphous (glassy) plastic, such as
polystyrene, crazes may be observed to occur before fracture. Crazes are like
cracks in the sense that they are wedge shaped and form perpendicular to the
applied stress. However, they may be differentiated from cracks by the fact
that they contain polymeric material which is stretched in a highly oriented
manner perpendicular to the plane of the craze, i.e. parallel to the applied stress
direction. Another major distinguishing feature is that unlike cracks, they are
able to bear stress. Under static loading, the strain at which crazes start to
form, decreases as the applied stress decreases. In constant strain rate testing
the crazes always start to form at a well defined stress level. Of course, as with
all aspects of the behaviour of plastics other factors such as temperature will
influence the levels of stress and strain involved. Even a relatively low stress
may induce crazing after a period of time, although in some glassy plastics there
is a lower stress limit below which crazes will never occur. This is clearly an
important stress for design considerations. However, the presence of certain
liquids (organic solvents) can initiate crazing at stresses far below this lower
stress limit. This phenomenon of solvent crazing has been the cause of many
service failures because it is usually impossible to foresee every environment
in which a plastic article will be used.
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There is considerable evidence to show that there is a close connection
between crazing and crack formation in amorphous plastics. At certain stress
levels, crazes will form and studies have shown that cracks can nucleate in the
crazes and then propagate through the preformed craze matter. In polystyrene,
crazes are known to form at relatively low stresses and this has a significant
effect on crack growth mechanisms in the material. In particular, during fracture
toughness testing, unless great care is taken the material can appear to have a
greater toughness than acrylic to which it is known to be inferior in practice.
The reason is that the polystyrene can very easily form bundles of crazes at
the crack tip and these tend to blunt the crack.

If a plastic article has been machined then it is likely that crazes will form
at the surface. In moulded components, internal nucleation is common due to
the presence of localised residual stresses.

2.21 Fatigue of Plastics

The failure of a material under the action of a fluctuating load, namely fatigue,
has been recognised as one of the major causes of fracture in metals. Although
plastics are susceptible to a wider range of failure mechanisms it is likely that
fatigue still has an important part to play. For metals the fatigue process is
generally well understood, being attributed to stable crack propagation from
existing crack-like defects or crack initiation and propagation from structural
microflaws known as dislocations. The cyclic action of the load causes the
crack to grow until it is so large that the remainder of the cross-section cannot
support the load. At this stage there is a catastrophic propagation of the crack
across the material in a single cycle. Fatigue failures in metals are always brittle
and are particularly serious because there is no visual warning that failure is
imminent. The knowledge of dislocations in metals stems from a thorough
understanding of crystal structure, and dislocation theory for metals is at an
advanced stage. Unfortunately the same cannot be said for polymer fatigue.
In this case the completely different molecular structure means that there is
unlikely to be a similar type of crack initiation process although it is possible
that once a crack has been initiated, the subsequent propagation phase may be
similar.

If a plastic article has been machined then it is likely that this will introduce
surface flaws capable of propagation, and the initiation phase of failure will be
negligible. If the article has been moulded this tends to produce a protective
skin layer which inhibits fatigue crack initiation/propagation. In such cases it
is more probable that fatigue cracks will develop from within the bulk of the
material. In this case the initiation of cracks capable of propagation may occur
through slip of molecules if the polymer is crystalline. There is also evidence
to suggest that the boundaries of spherulites are areas of weakness which may
develop cracks during straining as well as acting as a crack propagation path.
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In amorphous polymers it is possible that cracks may develop in the voids
which are formed during viscous flow.

Moulded plastics will also have crack initiation sites created by moulding
defects such as weld lines, gates, etc and by filler particles such as pigments,
stabilisers, etc. And, of course, stress concentrations caused by sharp geomet-
rical discontinuities will be a major source of fatigue cracks. Fig. 2.72 shows a
typical fatigue fracture in which the crack has propagated from a surface flaw.

Free
surface

Fig. 2.72 Typical fatigue fracture surface

There are a number of additional features which make polymer fatigue a
complex subject and not one which lends itself to simple analysis. The very
nature of the loading means that stress, strain and time are all varying simul-
taneously. The viscoelastic behaviour of the material means that strain rate
(or frequency) is an important factor. There are also special variables peculiar
to this type of testing such as the type of control (whether controlled load
or controlled deformation), the level of the mean load or mean deformation
and the shape of the cyclic waveform. To add to the complexity, the inherent
damping and low thermal conductivity of plastics causes a temperature rise
during fatigue. This may bring about a deterioration in the mechanical prop-
erties of the material or cause it to soften so much that it becomes useless in
any load bearing application.

Another important aspect of the fatigue of all materials is the statistical
nature of the failure process and the scatter which this can cause in the results.
In a particular sample of plastic there is a random distribution of microcracks,
internal flaws and localised residual stresses. These defects may arise due to
structural imperfections (for example, molecular weight variations) or as a result
of the fabrication method used for the material. There is no doubt that failure
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processes initiate at these defects and so the development and propagation of a
crack will depend on a series of random events. Since the distribution and size
of the flaws are likely to be quite different, even in outwardly identical samples,
then the breaking strength of the plastic is a function of the probability of a
sufficiently large defect being correctly oriented in a highly stressed region of
the material. Since there is a greater probability of a suitable defect existing in
a large piece of material there may be a size effect. The most important point
to be realised is that the breaking strength of a material is not a unique value
which can be reproduced at will. At best there may be a narrow distribution
of strength values but in all cases it is essential to satisfy oneself about the
statistical significance of a single data point. The design procedures which are
most successful at avoiding fracture usually involve the selection of a factor of
safety which will reduce the probability of failure to an acceptably low value.

2.21.1 Effect of Cyclic Frequency

Consider a sample of plastic which is subjected to a fixed cyclic stress amplitude
of +0,. The high damping and low thermal conductivity of the material means
that some of the input energy will be dissipated in each cycle and will appear as
heat. The temperature of the material will rise therefore, as shown in Fig. 2.73.
Eventually a stage will be reached when the heat transfer to the surroundings
equals the energy dissipation. At this point the temperature of the material
stabilises until a conventional brittle fatigue failure occurs. This failure may be
plotted on a graph of stress amplitude against the logarithm of the number of
cycles to fracture as shown in Fig. 2.74. If, in the next test, the stress amplitude
is increased to o, then the material temperature will rise again and stabilise at
a higher value as shown in Fig. 2.73. Continued cycling then leads to a fatigue
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Fig. 2.73 Temperature rise during cyclic loading
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Fig. 2.74 Typical fatigue behaviour of acetal at 5 Hz

failure as shown in Fig. 2.74. Higher stress amplitudes in subsequent tests will
repeat this pattern until a point is reached when the temperature rise no longer
stabilises. Instead the temperature continues to rise and results in a short term
thermal softening failure in the material. Stress amplitudes above this cross-
over stress level will cause thermal failures in an even shorter time. The nett
result of this is that the fatigue curve in Fig. 2.74 has two distinct regimes.
One for the relatively short-term thermal failures and one for the long-term
conventional fatigue failures.

If the frequency of cycling is reduced then stress amplitudes which would
have produced thermal softening failures at the previous frequency, now result
in stable temperature rises and eventually fatigue failures. Normally it is found
that these fatigue failures fall on the extrapolated curve from the fatigue failures
at the previous frequency. Even at the lower frequency, however, thermal soft-
ening failures will occur at high stress levels. If fatigue failures are to occur at
these high stresses, then the frequency must be reduced still further. The overall
picture which develops therefore is shown in Fig. 2.75. In some plastics the
fatigue failure curve becomes almost horizontal at large values of N. The stress
level at which this occurs is clearly important for design purposes and is known
as the fatigue limit. For plastics in which fatigue failures continue to occur even
at relatively low stress levels it is necessary to define an endurance limit i.e.
the stress level which would not cause fatigue failure until an acceptably large
number of stress cycles.

The occurrence of thermal failures in a plastic depends not only on the
cyclic frequency and applied stress level but also on the thermal and damping
characteristics of the material. For example, polycarbonate has very little
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Fig. 2.75 Typical fatigue behaviour of acetal at several frequencies

tendency towards thermal failures whereas with polypropylene there is a
marked propensity in this direction. Thermosets, of course, are very thermally
stable and only exhibit brittle fatigue failures.

2.21.2 Effect of Waveform

Assuming that the cyclic waveform used in the previous section was sinusoidal
then the effect of using a square wave is to reduce, at any frequency, the level
of stress amplitude at which thermal softening failures start to occur. This is
because there is a greater energy dissipation per cycle when a square wave is
used. If a ramp waveform is applied, then there is less energy dissipation per
cycle and so higher stresses are possible before thermal runaway occurs.

2.21.3 Effect of Testing Control Mode

During cyclic loading of a material the energy dissipated is proportional to the
product of the stress and strain. If the loading on a plastic is such that the stress
amplitude is maintained constant, then any temperature rise in the material will
lead to an increase in strain since the modulus decreases with temperature. The
increase in strain means that more energy is dissipated, leading to a further drop
in modulus and a further increase in strain. It is this type of chain reaction which
leads to the thermal softening failures if the heat transfer to the surroundings
is insufficient.

The alternative mode of testing is to control the strain amplitude. In this case
an increase in temperature again causes a drop in modulus but this leads to a
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drop in stress amplitude. There is therefore a drop in energy dissipation and
hence temperature. In this case it is found that this self stabilising mechanism
prevents the occurrence of thermal softening failures. The nett result is that
under this mode of control the temperature rise always stabilises and only
fatigue type failures are observed.

2.21.4 Effect of Mean Stress

For convenience, in the previous sections it has been arranged so that the mean
stress is zero. However, in many cases of practical interest the fluctuating
stresses may be always in tension (or at least biased towards tension) so that
the mean stress is not zero. The result is that the stress system is effectively
a constant mean stress, o,, superimposed on a fluctuating stress o,. Since the
plastic will creep under the action of the steady mean stress, this adds to the
complexity because if the mean stress is large then a creep rupture failure
may occur before any fatigue failure. The interaction of mean stress and stress
amplitude is usually presented as a graph of (0,Vo,,) as shown in Fig. 2.76.
This represents the locus of all the combinations of o, and ¢, which cause
fatigue failure in a particular number of cycles, N. For plastics the picture
is slightly different from that observed in metals. Over the region WX the
behaviour is similar in that as the mean stress increases, the stress amplitude
must be decreased to cause failure in the same number of cycles. Over the
region YZ, however, the mean stress is so large that creep rupture failures are
dominant. Point Z may be obtained from creep rupture data at a time equal to
that necessary to give N cycles at the test frequency. It should be realised that,
depending on the level of mean stress, different phenomena may be the cause
of failure.

The level of mean stress also has an effect on the occurrence of thermal
failures. Typically, for any particular stress amplitude the stable temperature
rise will increase as the mean stress increases. This may be to the extent that a
stress amplitude which causes a stable temperature rise when the mean stress is
zero, can result in a thermal runaway failure if a mean stress is superimposed.

For design purposes it is useful to have a relationship between o, and o,
similar to those used for metals (e.g. the Soderberg and Goodman relationships).
It is suggested that the equation of a straight line joining points W and Z in
Fig. 2.76 would be best because it is simple and will give suitably conservative
estimates for the permissible combinations of o, and o), to produce failure in
a pre-selected number of cycles. Such an equation would have the form

Om
Ou =0y (1 ——) (2.116)

where oy is the fatigue endurance at N cycles
o, is the creep rupture strength at a time equivalent to N cycles
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Fig. 2.76 Relationships between stress amplitude and mean stress

Example 2.21 A rod of plastic is subjected to a steady axial pull of 50 N and
superimposed on this is an alternating axial load of £100 N. If the fatigue limit
for the material is 13 MN/m? and the creep rupture strength at the equivalent
time is 40 MN/m?, estimate a suitable diameter for the rod. Thermal effects
may be ignored and a fatigue strength reduction factor of 1.5 with a safety
factor of 2.5 should be used.

Solution The alternating stress, o, is given by

o, = Alternating load _ 4 x 100 (MN/m?)
area nd?

Also the mean stress, o, is given by

4
o = Steady load _4x 50 (MN/m?)
area nd?
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Then using equation (2.116)

Om
Oq =0y 1—0—
c

So applying the fatigue strength reduction factor and the factor of safety

25x4x100 13( 4x50x2.5)
nd? 15 d? x 40

This may be solved to give d = 6.4 mm.

2.21.5 Effect of Stress System

In the previous sections the stress system has been assumed to be cyclic
uniaxial loading since this is the simplest to analyse. If, however, the material
is subjected to bending, then this will alter the stress system and hence the
fatigue behaviour. In general it is found that a sample subjected to fluctuating
bending stresses will have a longer fatigue endurance than a sample of the
same material subjected to a cyclic uniaxial stress. This is because of the stress
gradient across the material in the bending situation. Fatigue cracks are initiated
by the high stress at the surface but the rate of crack propagation is reduced
due to the lower stresses in the bulk of the material. In addition, the crack
initiation phase may have to be lengthened. This is because mouldings have
a characteristic skin which appears to resist the formation of fatigue cracks.
Under uniaxial loading the whole cross-section is subjected to the same stress
and cracks will be initiated at the weakest region.

The stress gradient also means that the occurrence of thermal softening fail-
ures is delayed. At any particular frequency of stressing, thermal softening
failures will not occur until higher stresses if the stress system is bending
rather than uniaxial.

2.21.6 Fracture Mechanics Approach to Fatigue

During fatigue the stress amplitude usually remains constant and brittle failure
occurs as a result of crack growth from a sub-critical to a critical size. Clearly
the rate at which these cracks grow is the determining factor in the life of the
component. It has been shown quite conclusively for many polymeric materials
that the rate at which cracks grow is related to the stress intensity factor by a
relation of the form

da

oy = C2(AK) .17

d
where ﬁ is the crack growth rate

AK is the alternating stress intensity factor corresponding to the stress range
Ao (i.e. AK = Kuor — Kmin) and C, and n are constants.
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Hence a graph of log(da/dN) against log(AK) will be a straight line of
slope n as shown Fig. 2.77. Now, in Section 3.4 it was shown that the range
of stress intensity factor could be represented by a general equation of the form

K =Yo(na)/? or AK = Y(Ao)(ma)'? (2.118)

where Y is a geometry function.

{m/cycle)

da
oN

Ak (MN m™¥2)

Fig. 2.77 Crack growth rate as a function of stress intensity factor

Thus, combining equations (2.117) and (2.118) gives

d

= = Cal¥ (A0)(a) )"
Assuming that the geometry function, Y, does not change as the crack grows
then this equation may be integrated to give the number of cycles, N ¢, which
are necessary for the crack to grow from its initial size (24;) to its critical size

at fracture (2a.).
a. Ny

/ 1 da —/dN
YCy(Ao)nan/2 a2
0

a;
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Assuming n # 2

2

U=n/D) _ g=D1 = N 2.119

YCa(Aoy'n" 22 — n) {al Y =Ny @119

The way in which this sort of approach may be used to design articles
subjected to fatigue loading is illustrated in the following example.

Example 2.22 A certain grade of acrylic has a K, value of 1.6 MN m~3/2
and the fatigue crack growth data as shown in Fig. 2.77. If a moulding in
this material is subjected to a stress cycle which varies from 0 to 15 MN/m?,
estimate the maximum internal flaw size which can be tolerated if the fatigue
endurance is to be at least 10° cycles.

Solution The first step is to calculate the critical flaw size which will cause
brittle failure to occur in one cycle. This may be obtained from equation (2.100)
assuming ¥ = 1.

K= cr(Jta)l/2
or ) 2
K 1 1.6\ 1
a, = (_) -= (_) - =362x10"m
o n 15 b4

During cyclic loading, any cracks in the material will propagate until they
reach this critical size. If the article is to have an endurance of at least 10°
cycles then equation (2.119) may be used to determine the size of the smallest
flaw which can be present in the material before cycling commences.

a2 C
a0 — a™ = ZN(Boy' "2~ n)

Using C; = 1.8 x 10~ and n = 3.315 from Fig. 2.77 then a; = 1.67 um.
Therefore the inspection procedures must ensure that there are no defects larger
than (2 x 1.67) = 3.34 pm in the material before the cyclic stress is applied.

2.22 Impact Behaviour of Plastics

The resistance to impact is one of the key properties of materials. The ability
of a material to withstand accidental knocks can decide its success or failure
in a particular application. It is ironical therefore that for plastics this is one of
the least well defined properties. Although impact test data is widely quoted
in the literature, most of it is of little value because impact strength is not
an inherent material property and hence it is not possible to specify a unique
universal value for the impact strength of any plastic. Impact strength depends
on a range of variables including temperature, straining rate, stress system,
anisotropy, geometry of the article, fabrication conditions, environment and so
on. As a result of this there is often a poor correlation (a) between laboratory
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test data and product performance and (b) between test results from different
laboratories. The first of these problems is the more serious because it can raise
doubts in the mind of the designer about the use of plastics.

Fortunately the situation in practice is not quite as complex as it might seem.
In general, very acceptable designs are achieved by using impact data obtained
under conditions which relate as closely as possible to the service conditions.
Impact strength values available in the literature may be used for the initial
selection of a material on the basis of a desired level of toughness. Then,
wherever possible this should be backed up by tests on the plastic article, or a
specimen cut from it, to ensure that the material, as moulded, is in a satisfactory
state to perform its function.

As always, of course, to alleviate fracture problems it is essential to avoid the
factors which are likely to cause brittleness. These include stress concentrations
and low temperatures and the effects of these will be considered in the following
sections.

2.22.1 Effect of Stress Concentrations

During service the impact behaviour of a plastic article will be influenced by the
combined effects of the applied stress system and the geometry of the article.
Although the applied stress system may appear simple (for example, uniaxial) it
may become triaxial in local areas due to a geometrical discontinuity. Fig. 2.78

Oy

Fig. 2.78 Triaxial stress distribution at a notch
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shows the triaxial stresses which exist at the tip of a notch. It is this triaxiality
which promotes brittleness in the material. Therefore, in practice one should
avoid abrupt changes in section, holes, notches, keyways etc at critical, highly
stressed areas in a moulding.

In the laboratory the impact behaviour of a material could be examined by
testing plain samples, but since brittle failures are of particular interest it is
more useful to ensure that the stress system is triaxial. This may be achieved
most conveniently by means of a notch in the sample. The choice of notch
depth and tip radius will affect the impact strengths observed. A sharp notch
is usually taken as 0.25 mm radius and a blunt notch as 2 mm radius.

Fig. 2.79 shows the typical variation of impact strength with notch tip radius
for several thermoplastics. The first important fact to be noted from this graph is
that the use of a sharp notch will rank the plastics materials in a different order
to that obtained using a blunt notch. This may be explained by considering the
total impact strength as consisting of both crack initiation and crack propagation
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Fig. 2.79 Variation of impact strength with notch radius for several thermoplastics
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energy. When the very sharp notch (0.25 mm radius) is used it may be assumed
that the energy necessary to initiate the crack is small and the main contribution
to the impact strength is propagation energy. On this basis, Fig. 2.79 shows
that high density polyethylene and ABS have relatively high crack propagation
energies whereas materials such as PVC, nylon and acrylic have low values.
The significant improvement in impact strength for PVC and nylon when a
blunt notch is used would suggest that their crack initiation energies are high.
However, the smaller improvement in the impact behaviour of ABS with a
blunt notch indicates that the contribution from crack initiation energy is low.

Graphs such as Fig. 2.79 also give a convenient representation of the notch
sensitivity of materials. For example it may be seen that sharp notches are
clearly detrimental to all the materials tested and should be avoided in any
good design. However, it is also apparent that the benefit derived from using
generously rounded corners is much less for ABS than it is for materials such
as nylon or PVC.

Impact strength also increases as the notch depth is decreased. The variation
of impact strength with notch depth and radius may be rationalised for some
materials by use of the linear elastic stress concentration expression.

K, =1+2(a/r)'/? (2.120)

where ‘r’ is the notch radius and ‘a’ is the notch depth.

It has been shown that for acrylic, glass-filled nylon and methyl pentene
there is reasonable correlation between the reciprocal of the stress concentration
factor, K, and impact strength. However, for PVC good correlation could only
be achieved if the finite dimensions of the sample were taken into account in
the calculation of stress concentration factor.

2.22.2 Effect of Temperature

In most cases thermoplastic components are designed for use at room temper-
ature. It might appear, therefore, that data on the impact properties at this
temperature (approximately 20°C) would provide sufficient information for
design. However, this approach would be rather naive since even indoors,
temperatures may vary by an amount which can have a significant effect on
impact behaviour. For components used outdoors of course, the situation can
be much worse with conditions varying from sub-zero to tropical. In common
with metals, many plastics exhibit a transition from ductile behaviour to brittle
as the temperature is reduced.

Fig. 2.80 is typical of the effects which may be observed with several
common plastics materials. Quite apart from the changes in impact strength with
temperature an important lesson which should be learned from this diagram is
that the ranking of the materials is once again influenced by the test conditions.
For example, at 20°C polypropylene is superior to acetal whereas at —20°C it
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Fig. 2.80 Variation of impact strength with temperature for several thermoplastics

exhibits a considerable drop in impact strength to give it a poorer performance
than acetal.

It may be seen from Fig. 2.80 that some plastics experience the change from
ductile to brittle behaviour over a relatively narrow temperature range. This
permits a tough/brittle transition temperature to be quoted. In other plastics
this transition is much more gradual so that it is not possible to attribute it to
a single value of temperature. In these circumstances it is common to quote
a Brittleness Temperature, T5(1/4). This temperature is defined as the value
at which the impact strength of the material with a sharp notch (1/4 mm tip
radius) equals 10 kJ/m?. This temperature, when quoted, gives an indication of
the temperature above which there should be no problems with impact failures.
It does not mean that the material should never be used below T5(1/4) because
by definition it refers only to the sharp notch case. When the material has
a blunt notch or is un-notched its behaviour may still be satisfactory well
below Tp(1/4).
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2.22.3 Miscellaneous Factors Affecting Impact

Other factors which can affect impact behaviour are fabrication defects such as
internal voids, inclusions and additives such as pigments, all of which can cause
stress concentrations within the material. In addition, internal welds caused
by the fusion of partially cooled melt fronts usually turn out to be areas of
weakness. The environment may also affect impact behaviour. Plastics exposed
to sunlight and weathering for prolonged periods tend to become embrittled due
to degradation. Alternatively if the plastic is in the vicinity of a fluid which
attacks it, then the crack initiation energy may be reduced. Some plastics are
affected by very simple fluids e.g. domestic heating oils act as plasticisers for
polyethylene. The effect which water can have on the impact behaviour of
nylon is also spectacular as illustrated in Fig. 2.80.

The surface finish of the specimen may also affect impact behaviour.
Machined surfaces usually have tool marks which act as stress concentrations
whereas moulded surfaces have a characteristic skin which can offer some
protection against crack initiation. If the moulded surface is scratched, then
this protection no longer exists. In addition, mouldings occasionally have an
embossed surface for decorative effect and tests have shown that this can cause
a considerable reduction in impact strength compared to a plain surface.

2.22.4 Impact Test Methods
The main causes of brittleness in materials are known to be

(1) triaxiality of stress
(2) high strain rates, and
(3) low temperatures.

In order to provide information on the impact behaviour of materials, metal-
lurgists developed tests methods which involved striking a notched bar with a
pendulum. This conveniently subjected the material to triaxiality of stress (at
the notch tip) and a high strain rate so as to encourage brittle failures. The
standard test methods are the Izod and Charpy tests which use the test proce-
dures illustrated in Fig. 2.81(a) and (b). The specimens have a standard notch
machined in them and the impact energy absorbed in breaking the specimen is
recorded. With the ever-increasing use of plastics in engineering applications it
seemed appropriate that these well established test methods should be adopted.
However, even the metallurgists recognised that the tests do have certain short-
comings. The main problem is that the test conditions are arbitrary. The speed
of impact, method of stressing and specimen geometry are fixed and experience
has shown that it was too much to expect the results to be representative of
material behaviour under different conditions.

In particular, standard specimens contain a sharp notch so that it is propagation
energy rather than initiation energy which is the dominant factor. In general the
standard tests are useful for quality control and specification purposes but not
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(a) Charpy

[ Impact

(b) 1zod

Fig. 2.81 Pendulum impact tests

for the prediction of end-product performance. The complex interaction of the
variables does not permit component designs to be based on the data. A material
which appears bad in the standard tests will not necessarily be bad in service.

Although the Izod and Charpy tests are widely used for plastics, other types
of test are also popular. These include tensile impact tests and flexural plate
(falling weight) tests. The latter is particularly useful in situations where the
effects of flow anisotropy are being assessed. In addition, arbitrary end-product
tests are widely used to provide reassurance that unforseen factors have not
emerged to reduce the impact performance of the product.

The results of impact tests are often scattered even with the most careful test
procedures. In these circumstances it is normal practice to quote the median
strength rather than the average. This is because the median will be more
representative of the bulk of the results if there are odd very high or very low
results. A non-broken sample can also be allowed for in median analysis but
not when the average is used.

Impact strength are normally quoted as

Energy to break
area at notch section

Impact Strength = (J/m?)
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Occasionally the less satisfactory term of energy to break per unit width may
be quoted in units of J/m.

In some applications impact performance may not be critical and only a
general knowledge of materials behaviour is needed. In these circumstances
it would be unrealistic to expect the designer to sift through all the combina-
tion of multi-point data. Therefore diagrams such as Fig. 2.82 can be useful
for providing an overall indication of the general impact performance to be
expected from different plastics. However, this type of general guide should be
used with caution because it oversimplifies in at least two important respects.
It ignores the plane stress/plane strain toughness transition which causes the
order of merit to depend on the material thickness. Also it ignores the effect of
molecular orientation except insofar as this particular diagram refers to speci-
mens cut from one sort of moulding.

=
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Fig. 2.82 Comparison of impact strengths as measured by Charpy test

2.22.5 Fracture Mechanics Approach to Impact

In recent years impact testing of plastics has been rationalised to a certain
extent by the use of fracture mechanics. The most successful results have been
achieved by assuming that LEFM assumptions (bulk linear elastic behaviour
and presence of sharp notch) apply during the Izod and Charpy testing of a
plastic.
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During these types of test it is the energy absorbed at fracture, U., which
is recorded. In terms of the applied force, F., and sample deformation, 4§, this
will be given by

U= 1F.8 (2.121)

or expressing this in terms of the compliance, from equation (2.90)
U= AFiC (2.122)

Now, from equation (2.91) we have the expression for the toughness, G, of
the material

_Feac
‘" 2B da
So using equation (2.122) and introducing the material width, D
Uc
G.= 2.123
‘" BD® (2.129)

where @ = ((1/C)(dC/3a))~). This is a geometrical function which can be
evaluated for any geometry (usually by finite element analysis). Fig. 2.83 shows
the preferred test geometry for a Charpy-type test and Table 2.3 gives the
values of @ for this test configuration. Other values of @ may be determined
by interpolation.

Recommended specimen sizes are

Sip D 8 L s
4 10 10 55 40
6 6.7 67 55 40

F YoF
Fig. 2.83 Charpy test piece
It is apparent from equation (2.123) that a graph of BD# against fracture

energy U, (using different crack depths to vary @) will be a straight line, the
slope of which is the material toughness, G..
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Charpy calibration factor (@)

Mechanical Behaviour of Plastics

Table 2.3

@ Values
a/D SD=4 SD=6 SD=8
0.06 1.183 1.715 2.220
0.10 0.781 1.112 1.423
0.20 0.468 0.631 0.781
0.30 0.354 0.450 0.538
0.40 0.287 0.345 0.398
0.50 0.233 0.267 0.298
0.60 0.187 0.205 0.222

100

3

Fracture energy (mJ)
8

20

50
BD@ (x 10°% m?)

Fig. 2.84 Plot of U, against BD@
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Example 2.23 A series of Charpy impact tests on uPVC specimens with a
range of crack depths gave the following results

Crack length (mm) 1 2 3 4 5
Fracture Energy (mlJ) 100 62 46.5 37 31

If the sample section is 10 mm x 10 mm and the support width is 40 mm,
calculate the fracture toughness of the uPVC. The modulus of the uPVC is
2 GN/m?.

Solution Since B =D = 10 mm and using the values of @ from Table 2.3
we may obtain the following information.

a(mm) a/D Y] BD® U(mJ)
1 0.1 0.781 78.1 x 1076 100
2 0.2 0.468 46.8 x 107° 62
3 0.3 0.354 35.4 x 107 46.5
4 04 0.287 28.7 x 1076 37
5 0.5 0.233 23.3 x 107 31

A graph of U against BD@ is given in Fig. 2.84. The slope of this gives
G. = 1.33 kI/im’.
Then from equation (2.108) the fracture toughness is given by

K. = VEG,. = V2 x 109 x 1.33 x 103 = 1.63 MN m™>/2
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Questions
Where appropriate the creep curves in Fig. 2.5 should be used.
2.1 A plastic beam is to be subjected to load for a period of 1500 hours. Use the 1500 hour

modulus values given below and the data in Table 1.5 to decide which of the materials listed
would provide the most cost effective design (on a stiffness basis).

Poly-
Material PP uPvVC ABS Nylon 66 Polycarb. Acetal sulphone
1500 hr
modulus 0.3 2.1 1.2 1.2 2.0 1.0 2.1
(GN/m?)

2.2 An extruded T-section beam in polypropylene has a cross-sectional area of 225 mm and a
second moment of area, I, of 12.3 x 10° mm®. If it is to be built-in at both ends and its maximum
deflection is not to exceed 4 mm after 1 week, estimate a suitable length for the beam. The central
deflection, 4, is given by

§=WL3/384EI

where W is the weight of the beam. Use a limiting strain of 2%.

2.3 In the previous question the use of the 2% limiting strain will produce a conservative
estimate for the beam length because the actual strain in the beam will be less than 2%. If the
T-section is 25 mm wide and 25 mm deep with a general wall thickness of 5 mm, what is the %
error incurred by using the 2% modulus?. Calculate the likely beam deflection after 1 week. The
central bending moment on the beam is given by WL/24.

2.4 A polypropylene pipe with an outside diameter of 80 mm is required to withstand a
constant pressure of 0.5 MN/m? for at least 3 years. If the density of the material is 909 kg/m?
and the maximum allowable strain is 1.5% estimate a suitable value for the wall thickness of the
pipe. If a lower density grade of polypropylene (p = 905 kg/m>) was used under the same design
conditions, would there be any weight saving per unit length of pipe?

2.5 Show that for a simply supported beam of length, L, subjected to a point load, W, at
mid-span the maximum strain, ¢, in the material is given by
65d
”
where d is the beam depth and § is the central deflection.

£ =

2.6 A piece of thin wall polypropylene pipe with a diameter of 300 mm is rotated about its
longitudinal axis at a speed of 3000 rev/min. Calculate how long it would take for the diameter

of the pipe to increase by 1.2 mm. The density of the polypropylene is 909 kg/m?.
2.7 The maximum strain in a vertical liquid storage tank is given by ¢ = pgHR/2Eh where
H is the level above the base of the liquid of density p, and h is the wall thickness of the tank.

If a polypropylene tank of radius, R = 0.625 m, and height 3 m is to be filled with water for a
period of one year, calculate the thickness of the tank material so that the change in its diameter

will not exceed 12.5 mm. The density of the polypropylene is 904 kg/m°.

2.8 The value of the external pressure, P, which would cause a thin wall sphere of radius, R,
to collapse is given by
P. = 0.365E (h/R)*

where A is the wall thickness.
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An underground polypropylene storage tank is a sphere of diameter 1.4 m. If it is to be
designed to resist an external pressure of 20 kN/m? for at least 3 years, estimate a suitable value
for the wall thickness. Tensile creep data may be used and the density of the polypropylene is
904 kg/m>.

2.9 A polypropylene bar with a square section (10 mm x 10 mm) is 225 mm long. It is pinned
at both ends and an axial compressive load of 140 N is applied. How long would it be before
buckling would occur. The relationship between the buckling load, F, and the bar geometry is

F. = nElJL?

where L is the length of the bar and [ is the second moment of area of the cross-section.

2.10 Show that a ratio of depth to thickness equal to 10 is the normal limit if buckling is to be
avoided during short-term loading of plastics. What is likely to happen to this ratio for long-term
loading? You should consider the situation of buckling of a strut fixed at both ends for which the
critical buckling load is given by

4nEl
P, = T

2.11 Show that the critical buckling strain in a strut with pinned ends is dependent only on
the geometry of the strut.

A polypropylene rod, 150 mm long is to be designed so that it will buckle at a critical strain of
0.5%. Calculate a suitable diameter for the rod and the compressive load which it could transmit
for at least one year.

2.12 A circular polypropylene plate, 150 mm in diameter is simply supported around its edge
and is subjected to a uniform pressure of 40 kN/m?. If the stress in the material is not to exceed
6 MN/m?, estimate a suitable thickness for the plate and the deflection, 8, after one year. The
stress in the plate is given by

o =3(1 + v)PR*/8K?

and 8 = [3(1 — v)(5 + v)PR*1/16ER’

2.13 A cylindrical polypropylene bottle is used to store a liquid under pressure. It is designed
with a 4 mm skirt around the base so that it will continue to stand upright when the base bulges
under pressure. If the diameter of the bottle is 64 mm and it has a uniform wall thickness of
2.5 mm, estimate the maximum internal pressure which can be used if the container must not
rock on its base after one year. Calculate also the diameter change which would occur in the
bottle after one year under pressure.

2.14 A rectangular section polypropylene beam has a length, L of 200 mm and a width of
12 mm. It is subjected to a load, W, of 150 N uniformly distributed over its length, L, and it is
simply supported at each end. If the maximum deflection of the beam is not to exceed 6 mm after
a period of 1 year estimate a suitable depth for the beam. The central deflection of the beam is
given by

8 =5SWL/384EI

2.15 In a particular application a 1 m length of 80 mm diameter polypropylene pipe is subjected
to two dimetrically opposite point loads. If the wall thickness of the pipe is 3 mm, what is the
maximum value of the load which can be applied if the change in diameter between the loads is
not to exceed 3 mm in one year.

The deflection of the pipe under the load is given by

_v 05 122
5= = [0.48(L/R)">(R/h)"*}

and the stress is given by o = 2.4 W/h? where W is the applied load and 4 is the wall thickness
of the pipe.
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2.16 The stiffness of a closed coil spring is given by the expressions:
Stiffness = Gd* /64R°N

where d is the diameter of the spring material, R is the radius of the coils and N is the number
of cails.

In a small mechanism, a polypropylene spring is subjected to a fixed extension of 10 mm.
What is the initial force in the spring and what pull will it exert after one week. The length of
the spring is 30 mm, its diameter is 10 mm and there are 10 coils. The design strain and creep
contraction ratio for the polypropylene may be taken as 2% and 0.4 respectively.

2.17 A closed coil spring made from polypropylene is to have a steady force, W, of 3 N applied
to it for 1 day. If there are 10 coils and the spring diameter is 15 mm, estimate the minimum
diameter for the spring material if it is to recover completely when the force is released.

If the spring is subjected to a 50% overload for 1 day, estimate the percentage increase in the
extension over the normal 1 day extension. The shear stress in the material is given by 16 WR/d®.
Use the creep curves supplied and assume a value of 0.4 for the lateral contraction ratio.

2.18 A rod of polypropylene, 10 mm in diameter, is clamped between two rigid fixed supports
so that there is no stress in the rod at 20°C. If the assembly is then heated quickly to 60°C
estimate the initial force on the supports and the force after 1 year. The tensile creep curves
should be used and the effect of temperature may be allowed for by making a 56% shift in the
creep curves at short times and a 40% shift at long times. The coefficient of thermal expansion

for polypropylene is 1.35 x 107*°C~! in this temperature range.

2.19 When a pipe fitting is tightened up to a 12 mm diameter polypropylene pipe at 20°C the
diameter of the pipe is reduced by 0.05 mm. Calculate the stress in the wall of the pipe after 1
year and if the inside diameter of the pipe is 9 mm, comment on whether or not you would expect
the pipe to leak after this time. State the minimum temperature at which the fitting could be used.
Use the tensile creep curves and take the coefficient of thermal expansion of the polypropylene
to be 9.0 x 1075°C1.

2.20 A polypropylene pipe of inside diameter 10 mm and outside diameter 12 mm is pushed
on to a rigid metal tube of outside diameter 10.16 mm. If the polypropylene pipe is in contact
with the metal tube over a distance of 15 mm, calculate the axial force necessary to separate the
two pipes (a) immediately after they are connected (b) 1 year after connection. The coefficient
of friction between the two materials is 0.3 and the creep data in Fig. 2.5 may be used.

2.21 A nylon bush is to be inserted into a metal housing as illustrated in Fig. 2.85 The housing
has a diameter of 40 mm and the inside diameter of the bush is 35 mm. If the length of the bush is
10 mm and the initial extraction force is to be 1.2 kN, calculate (a) the necessary interference on
radius between the bush and the housing (b) the temperature to which the bush must be cooled to
facilitate easy assembly (c) the internal diameter of the bush when it is in the housing and (d) the
long term extraction force for the bush. The short term modulus of the nylon is 2 GN/m?, its
coefficient of friction is 0.24 and its coefficient of thermal expansion is 100 x 1075°C~!, Poissons
Ratio for the Nylon is 0.4 and its long term modulus may be taken as 1 GN/m?,

2.22 If the bobbin illustrated in Example 2.6 (Fig. 2.16) is cooled from 20°C to —40°C,
estimate the maximum hoop stress set up in the acetal. The modulus of the acetal at —40°C is
3 GN/m? and Poisson’s ratio is 0.33. The coefficients of thermal expansion for acetal and steel
are 80 x 107%°C~" and 11 x 1076°C~!, respectively.

2.23 From the creep curves for a particular plastic the following values of creep rate at various
stress levels were recorded for times between 10° and 107 seconds:

Stress
(MN/m?) 1.5 3.0 4.5 6.0 7.5 9.0 12.0

strain
rate (s) 4.1 x 107" 7x 107" 95x 10" 1.2x 10710 1.4 x 107! 1.6 x 1071° 2 x 1071©
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Nylon bush

40 mm 35 mm

Metal housing

Fig. 2.85 Nylon bush in metal housing

Confirm whether or not this data obeys a law of the form
£=Ao"

and if so, determine the constants A and n. When a stress of 5 MN/m? is applied to this material
the strain after 10° seconds is 0.95%. Predict the value of the strain after 9 x 10° seconds at this
stress.

2.24 For the grade of polypropylene whose creep curves are given in Fig. 2.5, confirm that
the strain may be predicted by a relation of the form

£(t) = Ar"

where A and n are constants for any particular stress level. A small component made from this
material is subjected to a constant stress of 5.6 MN/m? for 3 days at which time the stress is
completely removed. Estimate the strain in the material after a further 3 days.

2.25 A small beam with a cross-section 15 mm square is foam moulded in polypropylene. The
skin has a thickness of 2.25 mm and the length of the beam is 250 mm. It is to be built in at
both ends and subjected to a uniformly distributed load, w, over its entire length. Estimate the
dimensions of a square section solid polypropylene beam which would have the same stiffness
when loaded in this way and calculate the percentage weight saving by using the foam moulding.

(Density of skin = 909 kg/m>, density of core = 450 kg/m®).
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2.26 If the stress in the composite beam in the previous question is not to exceed 7 MN/m?
estimate the maximum uniformly distributed load which it could carry over its whole length.
Calculate also the central deflection after 1 week under this load. The bending moment at the
centre of the beam is WL/24.

2.27 A rectangular section beam of solid polypropylene is 12 mm wide, 8 mm deep and
300 mm long. If a foamed core polypropylene beam, with a 2 mm solid skin on the upper
and lower surfaces only, is to be made the same width, length and weight estimate the depth
of the composite beam and state the ratio of the stiffness of the two beams. (p = 909 kg/m’,
p = 500 kg/m®).

2.28 Compare the flexural stiffness to weight ratios for the following three plastic beams. (a) a
solid beam of depth 12 mm, (b) a beam of foamed material 12 mm thick and (c) a composite
beam consisting of an 8 mm thick foamed core sandwiched between two solid skin layers 2 mm
thick. The ratio of densities of the solid and foamed material is 1.5. (hint: consider unit width
and unit length of beam).

2.29 For a sandwich beam with solid skins and a foamed core, show that (a) the weight of the
core should be twice the weight of the skin if the beam is to be designed for maximum stiffness
at minimum overall weight and (b) the weight of the core should equal the weight of the skin if
the beam is to be designed to provide maximum strength for minimum weight.

2.30 The viscoelastic behaviour of a certain plastic is to be represented by spring and dashpot
elements having constants of 2 GN/m? and 90 GNs/m? respectively. If a stress of 12 MN/m? is
applied for 100 seconds and then completely removed, compare the values of strain predicted by
the Maxwell and Kelvin— Voigt models after (a) 50 seconds (b) 150 seconds.

2.31 Maxwell and Kelvin—Voigt models are to be set up to simulate the creep behaviour
of a plastic. The elastic and viscous constants for the Kelvin—Voigt models are 2 GN/m? and
100 GNs/m? respectively and the viscous constant for the Maxwell model is 200 GNs/m?. Esti-
mate a suitable value for the elastic constant for the Maxwell model if both models are to predict
the same creep strain after 50 seconds.

2.32 During a test on a polymer which is to have its viscoelastic behaviour described by the
Kelvin model the following creep data was obtained when a stress of 2 MN/m? was applied to it.

Time(s) 0 0.5x10° 1x10° 3x10° 5x10} 7x10° 10x10* 15x 10*

Strain 0 3.1 x 1073 5.2 x 1073 8.9 x 1073 9.75 x 1072 9.94 x 103 9.99 x 102 9.99 x 103

Use this information to predict the strain after 1500 seconds at a stress of 4.5 MN/m?. State the
relaxation time for the polymer.

2.33 A Standard Model for the viscoelastic behaviour of plastics consists of a spring element
in series with a Voigt model as shown in Fig. 2.86. Derive the governing equation for this model
and from this obtain the expression for creep strain. Show that the Unrelaxed Modulus for this
model is £ and the Relaxed Modulus is &£/(§; + &).

2.34 The grade of polypropylene whose creep curves are given in Fig. 2.5 is to have its
viscoelastic behaviour fitted to a Maxwell model for stresses up to 6 MN/m? and times up to
1000 seconds. Determine the two constants for the model and use these to determine the stress in
the material after 900 seconds if the material is subjected to a constant strain of 0.4% throughout
the 900 seconds.

2.35 The creep curve for polypropylene at 4.2 MN/m? (Fig. 2.5) is to be represented for times
up to 2 x 10° s by a 4-element model consisting of a Maxwell unit and a Kelvin-Voigt unit in
series. Determine the constants for each of the elements and use the model to predict the strain
in this material after a stress of 5.6 MN/m? has been applied for 3 x 10° seconds.
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Fig. 2.86 Standard model for viscoelastic material

2.36 Show that for a viscoelastic material in which the modulus is given by E(t) = At™", there
will be a non-linear strain response to a linear increase in stress with time.

2.37 In a tensile test on a plastic, the material is subjected to a constant strain rate of 1073 s. If
this material may have its behaviour modelled by a Maxwell element with the elastic component

£ =20 GN/m? and the viscous element n = 1000 GNs/m?, then derive an expression for the
stress in the material at any instant. Plot the stress—strain curve which would be predicted by
this equation for strains up to 0.1% and calculate the initial tangent modulus and 0.1% secant
modulus from this graph.

2.38 A plastic is stressed at a constant rate up to 30 MN/m? in 60 seconds and the stress then
decreases to zero at a linear rate in a further 30 seconds. If the time dependent creep modulus
for the plastic can be expressed in the form

§n
n+ &t
use Boltzmann’s Superposition Principle to calculate the strain in the material after (i) 40 seconds

(ii) 70 seconds and (iii) 120 seconds. The elastic component of modulus in 3 GN/m? and the
viscous component is 45 x 10° Ns/m?.

E(t) =

2.39 A plastic with a time dependent creep modulus as in the previous example is stressed at
a linear rate to 40 MN/m? in 100 seconds. At this time the stress in reduced to 30 MN/m?
and kept constant at this level. If the elastic and viscous components of the modulus are

3.5 GN/m? and 50 x 10° Ns/m?, use Boltzmann's Superposition Principle to calculate the strain
after (a) 60 seconds and (b) 130 seconds.

2.40 A plastic has a time-dependent modulus given by
E(1) = 10°r7%%

where E(f) is in MN/m? when ‘¢’ is in seconds. If this material is subjected to a stress which
increases steadily from 0 to 20 MN/m? in 800 seconds and is then kept constant, calculate the
strain in the material after (a) 500 seconds and (b) 1000 seconds.
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2.41 A plastic which behaves like a Kelvin—Voigt model is subjected to the stress history
shown in Fig. 2.87. Use the Boltzmanns Superposition Principle to calculate the strain in the
material after (a) 90 seconds (b) 150 seconds. The spring constant is 12 GN/m? and the dashpot
constant is 360 GNs/m?.

Stress
(MN/m2) i

10 K=-0.1 MN/m2 /s

0 3
50 100 Time (s)

Fig. 2.87

2.42 A plastic component was subjected to a series of step changes in stress as follows. An
initial constant stress of 10 MN/m? was applied for 1000 seconds at which time the stress level
was increased to a constant level of 20 MN/m?2. After a further 1000 seconds the stress level was
decreased to 5 MN/m? which was maintained for 1000 seconds before the stress was increased to
25 MN/m? for 1000 seconds after which the stress was completely removed. If the material may
be represented by a Maxwell model in which the elastic constant £ = 1 GN/m? and the viscous
constant n = 4000 GNs/m?, calculate the strain 4500 seconds after the first stress was applied.

2.43 In tests on a particular plastic it is found that when a stress of 10 MN/m? is applied for 100
seconds and then completely removed, the strain at the instant of stress removal is 0.8% and 100
seconds later it is 0.058%. In a subsequent tests on the same material the stress of 10 MN/m? is
applied for 2400 seconds and completely removed for 7200 seconds and this sequence is repeated
10 times. Assuming that the creep curves for this material may be represented by an equation of
the form £(t) = At" where A and n are constants then determine the total accumulated residual
strain in the material at the end of the 10th cycle.

2.44 In a small polypropylene component a tensile stress of 5.6 MN/m? is applied for 1000
seconds and removed for 500 seconds. Estimate how many of these stress cycles could be
permitted before the component reached a limiting strain of 1%. What is the equivalent modulus
of the material at his number of cycles? The creep curves in Fig. 2.5 may be used.

2.45 A cylindrical polypropylene pressure vessel of 150 mm outside diameter is to be pres-
surised to 0.5 MN/m? for 6 hours each day for a projected service life of 1 year. If the material
can be described by an equation of the form e(r) = At" where A and n are constants and the
maximum strain in the material is not to exceed 1.5% estimate a suitable wall thickness for
the vessel on the assumption that it is loaded for 6 hours and unloaded for 18 hours each day.
Estimate the material saved compared with a design in which it is assumed that the pressure is
constant at 0.5 MN/m? throughout the service life. The creep curves in Fig. 2.5 may be used.
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2.46 For the type of Standard Linear Solid described in Q 2.33, derive equations for the storage
modulus, the loss modulus and tan § when the material is subjected to a sinusoidally varying stress.
Confirm that for n = 1 GNs/m?, & = 2 GN/m? and & = 0.1 GN/m?, your equations predict the
classical variation of E|, E; and tan for values of w in the range 0.01 to 100 s~!.

2.47 Creep rupture tests on a particular grade of uPVC at 20°C gave the following results for
applied stress, o, and time to failure, ¢.

Stress (MN/m?) 60 55 52 48 45 43
time(s) 800 7x10° 3.25 x 10* 2.15 x 10° 8.9 x 10° 2.4 x10°

Confirm that this data obeys a law of the form
t=Ae ¥

and determine the values of the constants A and B.

2.48 For the material in the previous question, use the Zhurkov-Beuche equation to calculate
the time to failure under a steady stress of 44 MN/m? if the material temperature is 40°C. The
activation energy, Uy, may be taken as 150 kJ/mol.

2.49 A 200 mm diameter plastic pipe is to be subjected to an internal pressure of 0.5 MN/m?
for 3 years. If the creep rupture behaviour of the material is as shown in Fig. 3.10, calculate a
suitable wall thickness for the pipe. You should use a safety factor of 1.5.

-312

2.50 Fracture Mechanics tests on a grade of ABS indicate that its K value is 2 MN m and

that under static loading its growth rate is described by the equation.
dajdt =3 x 1071 g32

where K has units MN m~%2, If, in service, the material is subjected to a steady stress of
20 MN/m? estimate the maximum defect size which could be tolerated in the material if it is to
last for at least 1 year.

2.51 Use the data in Table 2.2 to compare crack tip plastic zone sizes in acrylic, ABS and
polypropylene.

2.52 In a tensile test on an un-notched sample of acrylic the fracture stress is recorded as
57 MN/m?. Estimate the likely size of the intrinsic defects in the material.

2.53 In a small timing mechanism an acetal copolymer beam is loaded as shown in Fig. 2.88.
The end load varies from 0 to F at a frequency of 5 Hz. If the beam is required to withstand at
least 10 million cycles, calculate the permissible value of F assuming a fatigue strength reduction
factor of 2. The surface stress (in MN/m?) in the beam at the support is given byl FL where F
is in Newtons and L is the beam length in mm. Fatigue and creep fracture data for the acetal
copolymer are given in Figs 2.89 and 2.90.

OtoF

Bl S8 b

S0mm

J'_ e

Fig. 2.88 Beam in timing mechanism
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2.54 A plastic shaft of circular cross-section is subjected to a steady bending moment of 1 Nm
and simultaneously to an alternating bending moment of 0.75 Nm. Calculate the necessary shaft
diameter so as to avoid fatigue failure (the factor of safety is to be 2.5). The fatigue limit for the
material in reversed bending is 25 MN/m? and the creep rupture strength at the equivalent time
may be taken as 35 MN/m?. Calculate also the shaft diameter if the fatigue strength reduction
factor is to be taken as 2.

2.55 A 10 mm diameter uPVC shaft is subjected to a steady tensile load of 500 N. If the
fatigue strength reduction factor is 1.8 and the factor of safety is to be 2 calculate the largest
alternating bending moment which could be applied at a frequency of 5 Hz if fatigue failure is not
to occur inside 107 cycles. The creep rupture characteristic for the material is given in question 3.1
and the reversed bending fatigue behaviour is described by the equation 0 = (43.4 — 3.8logN)
(where N is the number of cycles to failure and o is the stress in MN/m?). It may be assumed
that at 5 Hz, thermal softening will not occur.

2.56 A uPVC rod of diameter 12 mm is subjected to an eccentric axial force at a distance of
3 mm from the centre of the cross-section. If the force varies sinusoidally from —F to F at a
frequency of 10 Hz, calculate the value of F so that fatigue failure will not occur in 10 cycles.
Assume a safety factor of 2.5 and use the creep rupture and fatigue characteristics described in
the previous question. Thermal softening effects may be ignored at the stress levels involved.

2.57 For the purposes of performing an impact test on a material it is proposed to use an elastic
stress concentration factor of 3.5. If the notch tip radius is to be 0.25 mm estimate a suitable
notch depth.

2.58 On an impact testing machine for plastics the weight of the pendulum is 4.5 kgf. When the
pendulum is raised to a height of 0.3 m and allowed to swing (a) with no specimen in position and
(b) with a plain sample (4 x 12 mm cross-section) in position, the pendulum swings to heights of
0.29 and 0.2 m respectively. Estimate (i) the friction and windage losses in the machine (ii) the
impact energy of the specimen (iii) the height the pendulum will swing to if it is released from
a height of 0.25 m and breaks a sample of exactly the same impact strength as in (ii). (Assume
that the losses remain the same and that the impact strength is independent of strike velocity).

2.59 A sheet of polystyrene 100 mm wide, 5 mm thick and 200 mm long contains a sharp
single edge crack 10 mm long, 100 mm from one end. If the critical stress intensity factor is
1.75 MN m~3/2, what is the maximum axial force which could be applied without causing brittle
fracture,

2.60 A certain grade of PMMA has a K value of 1.6 MN m~%2 and it is known that under
cyclic stresses, cracks grow at a rate given by (2 x 10-6AK>32). If the intrinsic defects in the
material are 50 mm long, how many hours will the material last if it is subjected to a stress cycle
of 0 to 10 MN/m? at a frequency of 1 Hz.

2.61 A series of fatigue crack growth tests on a moulding grade of polymethyl methacrylate
gave the following results

da/dN (m/cycle) 2.25x 1077 4.0x 1077 62x 1077 11x 1077 17 x 1077 29 x 1077
AK(MN m™/%) 0.42 0.53 0.63 0.79 0.94 1.17

If the material has a critical stress intensity factor of 1.8 MN m~%2 and it is known that
the moulding process produces defects 40 m long, estimate the maximum repeated tensile stress
which could be applied to this material for at least 10° cycles without causing fatigue failure.

2.62 A series of uniaxial fatigue tests on unnotched plastic sheets show that the fatigue limit
for the material is 10 MN/m?. If a pressure vessel with a diameter of 120 mm and a wall thickness
of 4 mm is to be made from this material, estimate the maximum value of fluctuating internal
pressure which would be recommended. The stress intensity factor for the pressure vessel is given
by K = 204(2a)"/? where oy is the hoop stress and ‘a’ is the half length of an internal defect.



CHAPTER 3 - Mechanical Behaviour of Composites

3.1 Deformation Behaviour of Reinforced Plastics

It was mentioned earlier that the stiffness and strength of plastics can be
increased significantly by the addition of a reinforcing filler. A reinforced plastic
consists of two main components; a matrix which may be either thermoplastic
or thermosetting and a reinforcing filler which usually takes the form of fibres.
A wide variety of combinations are possible as shown in Fig. 3.1. In general,
the matrix has a low strength in comparison to the reinforcement which is
also stiffer and brittle. To gain maximum benefit from the reinforcement, the
fibres should bear as much as possible of the applied stress. The function of
the matrix is to support the fibres and transmit the external loading to them by
shear at the fibre/matrix interface. Since the fibre and matrix are quite different
in structure and properties it is convenient to consider them separately.

3.2 Types of Reinforcement

The reinforcing filler usually takes the form of fibres but particles (for example
glass spheres) are also used. A wide range of amorphous and crystalline
materials can be used as reinforcing fibres. These include glass, carbon,
boron, and silica. In recent years, fibres have been produced from synthetic
polymers—for example, Kevlar fibres (from aromatic polyamides) and PET
fibres. The stress—strain behaviour of some typical fibres is shown in Fig. 3.2.

Glass in the form of fibres is relatively inexpensive and is the principal
form of reinforcement used in plastics. The fibres are produced by drawing off
continuous strands of glass from an orifice in the base of an electrically heated
platinum crucible which contains the molten glass. The earliest successful
glass reinforcement had a calcium-alumina borosilicate composition developed

168
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or
themosetting matrix
+ +
+
Particulate Discontinuous Continuous
filer fibres fibres
Particulate composite Uni-directional short Uni-directional continuous
(Quasi-isotropic) fibre composite fibre composite
Random shot fibre Bi-directional continuous
compostte fibre composite
(QuasHsotropic)

Muiti-directional continuous fibre
composite
(Quasi-isotropic)

Fig. 3.1 Various types of composite (Adapted from Daniel and Ishai)

specifically for electrical insulation systems (E glass). Although other glasses
were subsequently developed for applications where electrical properties are
not critical, no commercial composition better than that of E-glass has been
found. Certain special glasses for extra high strength or modulus have been
produced in small quantities for special applications e.g. acrospace technology.

During production the fibres are treated with a fluid which performs several
functions.

(a) it facilitates the production of strands from individual fibres
(b) it reduces damage to fibres during mechanical handling and
(c) it acts as a process aid during moulding.

This treatment is known as sizing. As mentioned earlier, the joint between
the matrix and the fibre is critical if the reinforcement is to be effective and so
the surface film on the glass ensures that the adhesion will be good.
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Stress (GN/m?2)

0 1.0 2.0 Y 4.0
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Fig. 3.2 Typical tensile behaviour of fibres

3.3 Types of Matrix

The matrix in a reinforced plastic may be either thermosetting or thermoplastic.

(a) Thermosets

In the early days nearly all thermosetting moulding materials were compos-
ites in that they contained fillers such as woodflour, mica, cellulose, etc to
increase their strength. However, these were not generally regarded as rein-
forced materials in the sense that they did not contain fibres.

Nowadays the major thermosetting resins used in conjunction with glass
fibre reinforcement are unsaturated polyester resins and to a lesser extent epoxy
resins. The most important advantages which these materials can offer are that
they do not liberate volatiles during cross-linking and they can be moulded

using low pressures at room temperature. Table 3.1 shows typical properties of
fibre reinforced epoxy.
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Table 3.1
Typical properties of bi-directional fibre composites

Volume fraction Density Tensile strength Tensile modulus
Material Vp) (kg/m3) (GN/m?) (GN/m?)
Epoxy - 1200 0.07 6
Epoxy/E-Glass 0.57 1970 0.57 22
Epoxy/Kevlar 0.60 1400 0.65 40
Epoxy/Carbon 0.58 1540 0.38 80
Epoxy/Boron 0.60 2000 0.38 106

(b) Thermoplastics

A wide variety of thermoplastics have been used as the base for reinforced
plastics. These include polypropylene, nylon, styrene-based materials, thermo-
plastic polyesters, acetal, polycarbonate, polysulphone, etc. The choice of a
reinforced thermoplastic depends on a wide range of factors which includes
the nature of the application, the service environment and costs. In many
cases conventional thermoplastic processing techniques can be used to produce
moulded articles (see Chapter 4). Some typical properties of fibre reinforced
nylon are given in Table 3.2.

Table 3.2
Typical properties of fibre reinforced nylon 66

Weight fraction Density Tensile strength Flexural modulus

Material D) (kg/m*) (GN/m?) (GN/m?)
Nylon 66 - 1140 0.07 2.8
Nylon 66/glass 0.40 1460 0.2 11.2
Nylon 66/carbon 0.40 1340 0.28 24.0
Nylon 66/glass/carbon 0.20C/0.20G 1400 0.24 20.0
Nylon 66/glass beads 0.40 1440 0.09 5.6

3.4 Forms of Fibre Reinforcement in Composites

Reinforcing fibres have diameters varying from 7 wm to 100 um. They may be
continuous or in the form of chopped strands (lengths 3 mm-50 mm). When
chopped strands are used, the length to diameter ratio is called the Aspect
Ratio. The properties of a short-fibre composite are very dependent on the
aspect ratio — the greater the aspect ratio the greater will be the strength and
stiffness of the composite.

The amount of fibres in a composite is often expressed in terms of the
volume fraction, V. This is the ratio of the volume of the fibres, vy, to the
volume of the composite, v.. The weight fraction of fibres, W, may be related
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to the volume fraction as follows.
Wr _prvr _ Py
Wrp=—F=—==—V (3.1)
TZW, T e o0 !

where p is the density and the subscripts f and ¢ refer to fibres and composite
respectively.

Table 3.3 indicates the extent to which the properties of plastics are influ-
enced by the level of fibre content. Full details of the forms in which reinforcing
fibres are available for inclusion in plastics are given in Chapter 4.

Table 3.3
Effect of fibre content on properties of glass reinforced nylon 66

Weight fraction, Wy

Property 0 0.10 0.20 0.30 0.40 0.50 0.60
Density 1140 1210 1280 1370 1460 1570 1700
Tensile strength (GN/m?) 0.07 0.09 0.13 0.18 0.21 023 0.24
% elongation at break 60 35 35 3.0 25 25 1.5
Flexural modulus (GN/m?) 2.8 4.2 6.3 9.1 11.2 154 19.6
Thermal expansion pm/m/°C 90 37 32 30 29 25 22
Water absorption (24 hr) 1.6 1.1 0.9 0.9 0.6 0.5 04

3.5 Analysis of Continuous Fibre Composites

The greatest improvement in the strength and stiffness of a plastic is achieved
when it is reinforced with uni-directional continuous fibres. The analysis of
such systems is relatively straightforward.

(i) Longitudinal Properties
Consider a composite with continuous aligned fibres as shown in Fig. 3.3.

If the moduli of the matrix and fibres are E,, and E; respectively then the
modulus of the composite may be determined as follows.

Equilibrium Equation
The applied force on the composite will be shared by the fibres and the
matrix. Hence
Fi=Ff+F, (3.2)

Geometry of Deformation Equation
The strain, ¢, is the same in the fibres and matrix and is equal to the strain
in the composite.
&1 =€ = & 3.3)
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Fibres,
Matrix, m
2
1
F F
Fig. 3.3 Loading parallel to fibres
Stress—Strain Relationships
g =E1£CL, of =Ef8f, Om =Em€m (34)

Combining equations (3.3) and (3.4)
Eis.A; = EfEfAf + EemAm
and using equation (3.2)

A A
e () o5 (5)
c 4

If the fibres have a uniform cross-section, then the area fraction will equal
the volume fraction, so
E\=EfVy+EnVp 3.5)

This is an important relationship. It states that the modulus of a unidirectional
fibre composite is proportional to the volume fractions of the materials in the
composite. This is known as the Rule of Mixtures. It may also be used to
determine the density of a composite as well as other properties such as the
Poisson’s Ratio, strength, thermal conductivity and electrical conductivity in
the fibre direction.

Example 3.1 The density of a composite made from unidirectional glass
fibres in an epoxy matrix is 1950 kg/m?. If the densities of the glass and epoxy
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are known to be 2540 kg/m® and 1300 kg/m?, calculate the weight fraction of
fibres in the composite.
Solution From the rule of mixtures
Pc=pfVe+ pmVm = psVys + pm(l — Vi)
1950 = 2540V 4+ 1300(1 — Vi)
Vy=0.52

. . or 2540
U t 3. Wp=—=V; =
sing equation (3.1). Wy = py 1950

Example 3.2 PEEK is to be reinforced with 30% by volume of unidirec-
tional carbon fibres and the properties of the individual materials are given
below. Calculate the density, modulus and strength of the composite in the
fibre direction.

27(0.52) = 0.68

Density Tensile strength Modulus
Material (kg/m’) (GN/m?) (GN/m?)
PEEK 1300 0.058t 3.8
Carbon fibre (HM) 1800 2.1 400

T Note that as shown below, this must be the matrix stress at the fibre fracture strain.
Solution From the rule of mixtures
pe = psVs + pmVim = 0.13(1800) + 0.7(1300) = 1450 kg/m’
Ocu = 04V + OV = 0.3(2.1) + 0.7(0.058) = 0.67 GN/m?
E;q =EfVy + E,Vy, =0.3(400) +0.7(3.8) = 122.7 GN/m?

Example 3.3 Calculate the fraction of the applied force which will be taken
by the fibres in the composite referred to in Example 3.2

Solution From equations (3.2), (3.3) and (3.4), the force in the fibres is
given by
Fr=o0rA; =EfesVyv,

Similarly the force in the composite is given by
=EfesVive + Emem Vv,

Hence,
Fy _ EfVy

=——"2F __ —0978
Fi  E;V;+EnVn
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It may be seen that a very large percentage of the applied force is carried by
the fibres. Note also that the ratio of stresses in the fibre may be determined
in a similar way.

From the rule of mixtures, the stresses are related as follows.

o) = Gfo + 0omVm

g1 Om
— =V —({1 -V
or ¢+ O'f( )
. . . o, E,
As the strains are the same in the matrix and fibres — = —
oy Ef
o1 E,,, 38
— =V — (1 =-V)=03+—(0.7) =0.307
of f+Ef( 7) + 20007
Thus, o
L —1326
]

As shown in Fig. 3.4 stress—strain tests on uniaxially aligned fibre compos-
ites show that their behaviour lies somewhere between that of the fibres and
that of the matrix. In regard to the strength of the composite, o,,, the rule of
mixtures has to be modified to relate to the matrix stress, o,, at the fracture
strain of the fibres rather than the ultimate tensile strength, o,,, for the matrix.

| 450.
900
uni- " Tb- "7 Trandom
directional directional

Stress

0 Strain

Fig. 3.4 Stress—strain behaviour for several types of fibre reinforcement
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This is because, with brittle fibres, failure of the composite will occur when
the fibres reach their fracture strain. At this point the matrix is subjected to the
full applied load, which it is unable to sustain.

Thus, as shown earlier, the ultimate strength of the composite may be
predicted by the rule of mixtures.

Ocu = O'quf + a’,l"Vm (3.6)

However, as shown in Fig. 3.5, this equation only applies when the volume
fraction is greater than a certain critical value, V5. From Fig. 3.5. this will be
defined by

Omu(l = Verir) = O'fuvcrit + U:n(l — Verit)

- /
Omis = O G3.7)

Vet = ————2—
Ofy+ Opu — O}y

0 Vy — 1

Fig. 3.5 Effect of volume fraction on strength

In addition it may be seen that the strengthening effect of the fibres is only
observed (i.e. 6, > 0m,) When the volume fraction is greater than a certain
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value V. From Fig. 3.5 the value of V, is obtained from

Omy = 0’qu1 +0’:ﬂ(1 -V

Omu — Oy,

Vi (3.8)

Ofu — Om

In practice the maximum volume fraction, V., which can be achieved in
unidirectional fibre composites is about 0.8. Designers must therefore arrange
for volume fractions to be in the range V| — Vyax. It should also be noted that
in commercial production it is not always possible to achieve the high standards
of manufacture necessary to obtain full benefit from the fibres. It is generally
found that although the stiffness is predicted quite accurately by equation (3.5),
the strength is usually only about 65% of the value calculated by the rule of
mixtures. For fibre reinforcement systems other than unidirectional fibres, these
values can be reduced even more. To allow for this a constant ‘k’ is sometimes
included in the fibre contribution to equation (3.6).

Example 3.4 For the PEEK/carbon fibre composite referred to in
Example 3.2 calculate the values of V, and V. if it is known that the ultimate
tensile strength of PEEK is 62 MN/m?.

Solution From equation (3.7)

Omu — Op, 0.062 — 0.058
crit = = = 0.19%
Vet Ofu+Om—0, 2.1+0.062—0.058
and from equation (2.46)
— / —
v, = OO _ 0.062 ~ 0.058 — 02%

Ora—0o,  21-0058

m

(ii) Properties Perpendicular to Longitudinal Axis

The properties of a unidirectional fibre will not be nearly so good in the
transverse direction compared with the longitudinal direction. As a material
in service is likely to be subjected to stresses and strains in all directions it
is important to be aware of the properties in all directions. The transverse
direction will, of course, be the weakest direction and so it is necessary to pay
particular attention to this.

The transverse modulus, E.7, may be determined in a manner similar to that
described earlier for the longitudinal modulus. Consider a unidirectional fibre
composite subjected to a transverse force, F.r, in the direction perpendicular
to the fibre axis.
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Equilibrium Condition
Referring to Fig. 3.6. The force in the fibres will be the same as the force

in the matrix:
2
F L

Fy=Ff=Fp,

he

Fig. 3.6 Loading perpendicular to fibres

Assuming that the width and thickness (into the page) is the same for both the
matrix and the fibres, then

02 =0f =0p (3.9)

Geometry of Deformation Equation

The total transverse deformation will be the sum of the deformations in the
matrix and the fibres

8 = 8f + 6
e2he = eshy + Emhm (3.10)

where h is the thickness of the relevant component.

Stress—Strain Relations
O = EcTscT, of = Efsf, On = Emé‘m (3.1 1)
Then, from (3.10) and (3.11) we may write

o, Ophy  Omhn
E, Efh: Enh,
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Using equation (3.9) and the fact that the thickness ratios will be equal to
the corresponding volume fractions

1 Vi Vnm

=Sy m 3.12

E ’ + E. (3.12)

E, = ———ﬂ— (3.13)
VfEm + V,,,Ef

Fig. 3.7 shows how the longitudinal and transverse moduli vary with volume
fraction for a unidirectional fibre composite.
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Em [ —_.—_" s
0 0.2 0.4 0.6 0.8 1

Volume fraction of fibres (V)

Fig. 3.7 Variation of longitudinal and transverse modulus in unidirectional composites

In practical terms the above analysis is too simplistic, particularly in regard
to the assumption that the stresses in the fibre and matrix are equal. Generally
the fibres are dispersed at random on any cross-section of the composite (see
Fig. 3.8) and so the applied force will be shared by the fibres and matrix but
not necessarily equally. Other inaccuracies also arise due to the mis-match of
the Poisson’s ratios for the fibres and matrix. Several other empirical equations
have been suggested to take these factors into account. One of these is the
Halpin—Tsai equation which has the following form

1+ 2ﬂVf)

= v, (3.14)

E2=Em(
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Matrix

Fibres

Fig. 3.8 Dispersion of fibres in cross-section of unidirectional composite

where
_ (Ef/Em)—1

p= (Ef/Em) +2

The predictions from this equation are shown in Fig. 3.7.
Another alternative is the Brintrup equation which gives E; as

E,Es

E, =
' E(1-V)+VE,

(3.15)

where
E, =E,/(1-V2)

A simplistic mechanics of materials analysis of the shear modulus G, gives

1 Vi Va
Gz G; Gpn
or
GsG
G = ——Lm
ViGm+ VuGy

where the shear modulus of the fibres is the Gz but it has been written as
G/ for simplicity.

As in the case of the transverse tensile modulus, E;, the above analysis
tends to underestimate the in-plane shear modulus. Therefore, once again it
is common to resort to empirical relationships and the most popular is the
Halpin—Tsai equation

(3.16)

Gy = G, {(Gf +Gp)+ Vi (Gy — Gm)}

(Gf + Gm) - Vf(Gf e Gm)



Mechanical Behaviour of Composites 181

Example 3.5 Calculate the transverse modulus of the PEEK/carbon fibre
composite referred to in Example 3.2, using both the simplified solid mechanics
approach and the empirical approach. For PEEK v,, = 0.36.

Solution From equation (3.13)

3 3.8(400)
" 0.3(3.8) + 0.7(400)

E; = 5.4 GN/m?

Using the Halpin—Tsai equation
_ (Ef/Em)—1 _ (400/3.8) -1

- = =0.97
b (Ef/Em)+2  (400/3.8) +2
1+ 2(0.3)(0.97)} )
=38|-————2——-"| =85GN
E,=38 [ = (03097 8.5 GN/m
Using the Brintrup equation
E,, =3.8/(1 - 0.36%) = 4.37 GN/m’
4.
E, (4.37)400 = 6.2 GN/m?

= 200(1 = 0.3) + 0.3(4.37)

Some typical elastic properties for unidirectional fibre composites are given in
Table 3.4.

Table 3.4
Typical elastic properties of unidirectional fibre reinforced plastics

Fibre

volume

fraction, E; E, Gp
Material Vs (GN/m?) (GN/m?) (GN/m?) vi2
GFRP 0.6 40 9 4 0.31
(E glass/epoxy)
GFRP 0.42 32 7 31 0.35
(E glass/polyester)
KFRP 0.6 79 4.1 1.5 043
(Kevlar 49/epoxy)
CFRP 0.6 125 9 44 0.34
(carbon/epoxy)
CFRP 0.62 497 53 56 0.31

(carbon HM/epoxy)

GFRP — Glass Fibre Reinforced Plastic
KFRP - Kevlar Fibre Reinforced Plastic
CFRP - Carbon Fibre Reinforced Plastic
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3.6 Deformation Behaviour of a Single Ply or Lamina

The previous section illustrated how to obtain the elastic properties of a uni-
directional lamina. In practice considerably more information may be required
about the behavioural characteristics of a single lamina. To obtain details of the
stresses and strains at various orientations in a single ply the following type of
analysis is required.

(i) Loading on Fibre Axis

Consider the situation of a thin unidirectional lamina under a state of plane
stress as shown in Fig. 3.9. The properties of the lamina are anisotropic so it will
have modulus values of E; and E; in the fibre and transverse directions, respec-
tively. The values of these parameters may be determined as illustrated above.

Y

Gilobal
axes

Oy

Ox Ox

Oy

Fig. 3.9 Single thin lamina under plane stress

The direct strains in the global X and Y directions will be given by (see
Appendix C for details)

£ = g—‘ - VZI? (3.17)
1 2
£y = 2 —pppt (3.18)
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and the shear strain y;, is related to the shear stress, 7.y, and the shear modulus,
G2, by
Ty

G2

Yay = (3.19)

The convention normally used is that direct stresses and strains have one
suffix to indicate the direction of the stress or strain. Shear stresses and strains
have two suffices. The first suffix indicates the direction of the normal to the
plane on which the stress acts and the second suffix indicates the direction of
the stress (or strain). Poisson’s Ratio has two suffices. Thus, vj; is the negative
ratio of the strain in the 2-direction to the strain in the 1-direction for a stress
applied in the 1-direction (v; = —&,/¢; for an applied o). vy, is sometimes
referred to as the major Poisson’s Ratio and vy; is the minor Poisson’s Ratio.
In an isotropic material where v2; = v,;, then the suffices are not needed and
normally are not used.

In the analysis of composites it is convenient to use matrix notation because
this simplifies the computations very considerably. Thus we may write the
above equations as (see Appendix E)

1 V2
— -2 9
E, E;
Sx _v12 1 Gx
5(=1%E B 2
Vxy ! 2 1 Txy
0 0 —
G2
or in abbreviated form
{e} = [S}o} (3.20)

where (5] is called the compliance matrix.

In order to describe completely the state of triaxial (as opposed to biaxial)
stress in an anisotropic material, the compliance matrix will have 36 terms. The
reader is referred to the more advanced composites texts listed in the Bibliog-
raphy if these more complex states of stress are of interest. It is conventional to
be consistent and use the terminology of the more general analysis even when
one is considering the simpler plane stress situation. Hence, the compliance
matrix [S] has the terms

Sn Sz Sis
[S]= {821 S22 82
Se1 Se2  Ses

where

1 1 1
Sn=—, Sn=—, Se&=—
"7 E E, Gn
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vi2 |
Sp=8S1=-——=—7-
E, E;

S16 =861 = 826 =S62 =0

Using matrix notation, equation (3.20) may be transposed to give the stresses
as a function of the strains

{0} = [S17e)

This may also be written as

{o} = [Ql{e} (3.21)
where [Q] is the stiffness matrix and its terms will be
E E,
Q=——"—, QOn=+—r— Qe=GCp
1 —viavy 1 —vyvi2
vnE E
Q2 =0 R

T 0 =vva)  d—vav)

Q16 =061 = Q6 = Q2 =0

(ii) Loading Off the Fibre Axis

The previous analysis is a preparation for the more interesting and practical
situation where the applied loading axis does not coincide with the fibre axis.
This is illustrated in Fig. 3.10.

The first step in the analysis of this situation is the transformation of the
applied stresses on to the fibre axis. Referring to Fig. 3.10 it may be seen that
oy and oy may be resolved into the x, y axes as follows (the reader may wish
to refer to any standard Strength of Materials text such as Benham, Crawford
and Armstrong for more details of this stress transformation):

o) = o, cos? 6+ oy sin® 9 + 274y sin Ocos 6
0y = Oy sin? 0 + oy cos? 6 — 27,y sinfcos @

T12 = —0xsinfcos @ + o, sinfcosd + 1',(y(cos2 6 — sin6)

Using matrix notation

o1 3§ 2s¢ Oy
{ oy } = [ s 2 =2 ] {a, } (3.22)
12 —s¢ sc (¢2—-s11 g,

where ¢ = cos @ and s = siné.
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In shorthand form, this matrix equation may be written as

{oh2 = [Ta]{o'}xy

where [T,] is called the Stress Transformation matrix.
Similar transformations may be made for the strains so that

£ Ex
{ &2 } =[T,]1§ & (3.23)
%VIZ %y::y

In each case the stresses in the global directions x, y may also be expressed
in terms of the local stresses or strains. For example,

Oy a1
i)
Txy T12

3§ —2sc
[To1 ! = lsz c? 2s¢ ]
sc —sc (¢* —s?)

where
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Now, in order to determine the stiffness in the global (x, y) directions for a
lamina in which the fibres are aligned at an angle 8 to the global x direction,
it is necessary to go through the following three steps:

1. Determine the strains in the local (1,2) directions by transforming the
applied strains through 6° from the global (x,y) directions.

2. Calculate the stresses in the local directions using the on-axis stiffness
matrix [Q] derived earlier.

3. Transform the stresses back to the global directions through an angle
of —6°. ‘

Using matrix notation, these three steps are carried out as follows:

{82}=[s2 c? —sc l{e,}
Y12 —2s¢ 2s¢ (c2—s2) Yy

Note the modification to [T,] to give the Strain Transformation matrix 7, so
that we can use yi; instead of 1yy,.

g On Q2 O 3
{02}=[Q21 O» 0]{62}
12 0 0 Qed Ly

Oy 2 52 —2sc o1
{ay}= [sz c? 2sc {02}
Tay sc —sc (=51 Ly

Linking these steps together to obtain the global stresses in terms of the
global strains

oy o —2sc On Qr O
{"y } = [5’2 ¢ 2s¢ ] [Qﬂ On O ]
Try sc —s¢ (2 —s%) 0 0 Qe

c? 52 sC &y
[ 52 c? —sc ] { &y }
—2s¢ 2s¢ (¢t —s?) Yy

which provides an overall stiffness matrix [Q]

Ox (&
{ oy } = [Q] { &y } (3.24)
Txy Txy

Step 1

Step 2

Step 3




Mechanical Behaviour of Composites 187

where
~ 1
01 = S IE: cos* 8 4 E, sin® 6 + (2v12E2 + 4AG12) cos® Osin” 6]

0n=0pn= %[1’12152(0054 0 + sin* 9)

+ (E) + E3 — 4AG3) cos? 0 sin? 6]
Qo1 = Qi = c0s’ Bsind(E} — vigFz — 2AGi2)

— cos9sin® O(E; — vi2E2 — 2AG12)}

— 1
Qn = X[Ez cos* @ + E| sin* 6 + sin® 6 cos® 0Q2vzE; + 40G12)]

O = 06 = %[<3089Siﬂ3 O(E) — vi2E; — 2AG12)]
— cos>0sinB(Ez — v2Es — 20G12)]
Qs = -i-[sin2 6cos? O(E| + Ey — 2vpEs — 20Gp2))
+ AG2(cos* 8 + sin* 9)]

in which A = (1 — vjavp;) and vi2E; = vy E;.
By a similar analysis it may be shown that, for applied stresses (rather than
applied strains) in the global directions, the overall compliance matrix [S] has

the form L
Ex S Sz Sie] { ox
{ Ey } = l§21 S §26] { oy } (3.25)
Txy Se1 Se2  Ses Txy

where [S] = [Q]~! and the individual terms are

11 = S11 cos? 6 + Sz sin* 0 + (2512 + Se) cos? O sin 0

12 = (S11 + S22 — Ses) cos? 9sin® 6 + S12(cos* 6 + sin 6)

16 = (2811 — 2812 — Se6) cos> Osinf — (2527 — 2512 — Ses) sin® 6 cos 6
S22 = S118in* 0 + S23 cos* 6 + (2512 + Ses) cos? sin? §

Se2 = Sa6 = (2811 — 2812 — Ses) cos @sin® @ — (2522 — 28,2 — See) sin 6 cos> 6
Se6 = 4(S11 — 2812 + Ses) cos? @sin® 6 + Seg(cos? 6 — sin® §)?

321
Se1 =

I
| tal

from which, using the earlier terms from the on-axis lamina stiffness matrix [S],
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1 - c? 5 c2s?
— =3 2 (c? - 2 (s? — il
E, = E (2 —s v|2)+ (S ctvyr) + Gor
1 - s2 02 c2s?
— =8 =—(S —-c l)12)+—(C —s*w) + —
y Gz
1 - 4c“ 4022 2 — s?)
= S¢6 = (1+v12)+—(l+v21)+(—)—
Gyy G
2 52 2.2
ﬂ_2=_ - N e N
E, " E, 521 E, (Pvip —s )+E (s*va1 — *) + oo

Thus one may use the above expressions to calculate the stiffness of a uni-
directional lamina when it is loaded at any angle 8 to the fibre direction. If
computer facilities are available for the matrix manipulation then it is not
necessary to work out the individual terms as above — the required information
can be determined directly from the matrices. For example, as indicated above

1 1 1

1 — e Gy=— (3.26)
1 S22 7 Ses

3.7 Summary of Approach to Analysis of Unidirectional Composites
1. The strains and stresses in the local (1-2) axis are related by
[eliz = [S]loli2
or [oli2 = [Qlel;z  where [Q] = [S]™

2. The global (x—y) stresses and strains may be related to the local (1-2)
stresses and strains by

[oli2 = [Tolloly
[eliz = [Tellelxy
3. The global stresses and strains are related by
[e)ey =[S0y
[0]xy = [Qllely
where
[0] = [T,17'[QIIT] and [S] = [Q]™'

In each case [6]12 and [¢];2 are written as shorthand for

(oJ] €1
[0'2 ] and [ &9 ]
712 Y12

The following Examples illustrate the use of these equations
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Example 3.6 A unidirectional composite consisting of carbon fibres in a
PEEK matrix has the fibres aligned at 25° to the loading axis. If the fibres and
matrix have the properties indicated below, calculate Ey, Ey, Gyy, Vxy, and vy,.

E; =240 GN/m? =23 GN/m?
ve =023 m = 0.35
Ve =0.6

o = 1700 kg/m®*  p,, = 1300 kg/m’
G =80 GN/m’ Gm= 1.1 GN/m?

Solution The lamina properties in the local (1-2) directions are calculated
as follows:

E\=EfVi+En(1-Vs),  Ei=145.2 GN/m’

g, UF2-8 V) p 1533 GNim?
(1—-8-Vy)
Halpin—Tsai Equation
-G,
Gi = G,y (Gs +Gm) + Vs(Gy )

(G5 +Gm)~Vi(Gy—Gp)’
G2 =4.185 GN/m®>  Halpin—Tsai Equation
v12=vf-Vf+v,,,-(1—Vf) vi2 = 0.278

E
1 = vy - (E_'?) W = 0.029
The behaviour of the lamina when subjected to loading at 6 degrees off the
fibre axis is determined using matrix manipulation as follows:

Loading On-Axis Compliance Matrix Stiffness Matrix
1 v
— 2
E, E,
Vi2 1 1
S=|—-—— — 0 =S
E) E, Q
1
0 0 —
G2
Stress Transformation Matrix Overall Compliance Matrix
c? 5t 2.5.c o
To=| s c? —2.5.c S=0

—s.c sc (c*—s%)
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The lamina properties are then obtained as:

_ 1
S11 = 0.041, E.==—  E,=24.26 GN/m?
11
_ 1
S22 = 0.079, Ey=— E, =127 GN/m?
S22
_ 1
Se6 =0.143, Gy==—  Gyy =6.9 GN/m’
Ses
§2| = 0.026, vxy = —Ex - §2|, vyx = —Ey . §12,

Vyy = 0.627, vy = —0.328

Alternatively the lamina properties can be calculated from the equations
given above.

- 52 c? . st

S“=E—l-(cz—sz-v12)+sz-(s2—c2-v21)+ e =0.041,
Ex=§i“=24.26

S = ;—,21 (F=ctvp)+ 2—22 (-5 )+ cz;.zfz = 0.079,
Ey=§—122 = 12.702

§“=4':;'s2~(1+v.z)+4';22"2-(1+v21)+(020%2‘2)2-=0.143,
ny=$ =69

§.2=2_21.(c2.u,—s2)+2_22.(s2.v2—c2)+026':2

Ury = —§21 . Ex, Vxy = 0.627
Vi = =812+ Ey, vy = 0.328

In this Example the angle, 8, was set at 25°. Fig. 3.11 shows the variation of
the moduli and Poisson’s Ratio values for all angles between 0° and 90°. This
gives an interesting overview of the performance of unidirectional composites
when subjected to off-axis loading.

Example 3.7 A thin unidirectional Kevlar fibre/epoxy composite has the
properties listed below. If the fibres are aligned at 6 to the x-axis, show how
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Fig. 3.11 Variation of properties in unidirectional composite as a function of fibre angle
the strains in the global X — Y directions vary with 6 when a stress o is applied
as shown in Fig. 3.12,

E, = 80000 MN/m?, E; = 4000 MN/m?, G, = 1500 MN/m®
vi2 =043

Global
axis

X

I ,////‘,://///;,/// 7 2

_ 7 : /, / . /}/ -

10 MN/m? _ 1 _ ///////% >
7 / / 77 ’/ /[

.

Fig. 3.12 Unidirectional Kevlar/epoxy composite (single ply)
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Solution Let 6 = 25° and o, = 10 MN/m? to illustrate the method of

solution.
The Stress Transformation Matrix is
2

2 s 2s¢ 0.821 0.179 0.766
T, = [ s & =2 ] or T,,=( 0.179 0.821 —0.766)
—sc sc (¢ —s?) -0.383 0.383  0.643

In order to get the strains in the global directions it is necessary to determine
the overall compliance matrix [S]. This is obtained as indicated above, ie

[S1=[01""  where [Q]=I[T,1"'[Q]-[Tcl

The local compliance matrix is

-1 -2 7
— 0
E, E,
— 1
s=|=22 — o and Q=5
E, E,
1
0 0 —
| Gz -

The Strain Transformation matrix is
N O sc
Te=| s? c? —SsC
—2s¢ 2s¢ (c?—s?%)

So,
0=T;'Q-T. and §=0'

Then
&7 _[0x _ 1.12-107% —63-10 -1.87-107*
[ey] =5 [ay] S= [ —6.3-1075 265-100*  5.89- 10—6]
Yy —1.87-10* 5.89-10¢ 4.35.10°*
Directly by matrix manipulation
& =1.126-10°  ¢,=-6.309-10"*  y,, =-1.878.10"°

Txy

or by multiplying out the terms
& =[G1) (@) + Gr2) - (0y)1+ Br6) - (zy) £, =1.126-107

and similarly for the other two strains. Figure 3.13 illustrates how the strains
vary for different values of 6.

Example 3.8 A thin unidirectional carbon fibre composite is loaded as shown
in Fig. 3.14 and has the properties listed below. If the fibres are aligned at 35°
to the x-axis, calculate the stresses parallel and perpendicular to the fibres,
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Fig. 3.13 Variation in direct and shear strains for unidirectional composite loaded axially

Global
axis

-14 MN/m?

10 10 MN/m?

-14 MN/m?

Fig. 3.14 Unidirectional carbon fibre single ply composite
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194
when the stresses oy, oy and 1y, are applied. Calculate also the strains in the

global X — Y directions.
E\ = 125000! MN/m?, E, = 7800 MN/m?, Gj; = 4400 MN/m?,
vz =034 0, =10 MN/m?, ¢, =—14 MN/m?, 17,y = —5 MN/m?
Solution The Stress Transformation Matrix is
2 s 2s¢ 0.671 0329 0.94
T, = [ s 2 =2s ] or T,= ( 0.329 0.671 —0.94 )
—s¢ sc (2 -5% -0.47 047 0.342
The stresses parallel and perpendicular to the fibres are then given by
(4] Ox
T12 Txy

So,
o1 = —2.59 MN/m®> 0y = —1.4 MN/m®

In order to get the strains in the global directions it is necessary to determine
the overall compliance matrix [S]. This is obtained as indicated above, ie

where [0] = [T,]7' - [Q] - [T¢)

712 = —12.98 MN/m?

S1=101"
The local compliance matrix is
1 -y 0
E, E,
—V12 1 -1
S= — 0 and =S
E; E, Q
1
0 0 —
G2
The Strain Transformation matrix is
c? 5 sc
T, = [ 52 c? —SsC
—2s¢ 2s¢ (> —s%)
So,
0=T;'"Q T and §5=0'
Then
&1 _ [0x]  _ 6.64 x 107> -2.16 x 107> —7.02 x 1073
[ey} =S. [a,] S= [—2.16x 107°  1.07x 107 —-427x1073
Tay -7.02x 107° —427x107° 151 x107*
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Directly by matrix manipulation
ex=1318x 1072 £ =-1509x10"  y, =8.626 x 10~
or by multiplying out the terms
&x = [S11) - (@) + B12) - GI + Br6) - (7)) & = 1.318 x 107

and similarly for the other two strains.

3.8 General Deformation Behaviour of a Single Ply

The previous section has considered the in-plane deformations of a single ply.
In practice, real engineering components are likely to be subjected to this type
of loading plus (or as an alternative) bending deformations. It is convenient
at this stage to consider the flexural loading of a single ply because this will
develop the method of solution for multi-ply laminates.

(i) Loading on Fibre Axis

Consider a unidirectional sheet of material with the fibres aligned in the x-
direction and subjected to a stress, o,. If the sheet has thickness, k, as shown
in Fig. 3.15 and we consider unit width, then the normal axial force ¥, is
given by

Fig. 3.15 General forces and moments acting on a single ply
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Or more generally for all the force components Ny, Ny and Ny,
h

2
[N] = / (0] dz 3.27)
h

2
Similarly the bending moment, M, per unit width is given by

Once again, all the moments M, M, and M,,, can be expressed as

h

2
[M] = / [oldz (3.28)
h

2

Now in order to determine [o] as a function of z, consider the strain £(z) at
any depth across the section. It will be made up of an in-plane component (¢)
plus a bending component (z/R) which is normally written as z.x, where k is
the curvature of bending.

Hence,
e@)=¢e+zx
The stresses will then be given by

o(z) = [Q] - [e] + [Q] - z.[«]
where [Q] is the stiffness matrix as defined earlier.
Now, from equation (3.27), the forces [N] are given by
h h

2 2
IN1= [[Q]-[e]-dz+ [[Q}-[x]-zdz
ot

2
2 h2

= (Qlielh + 101 ("— - —) [c]

2

4 4
[N] = [Alle] + [Bl{«] (3.29)

where [A] is the Extensional Stiffness matrix (= [Q]h) and [B] is a Coupling
Marrix. It may be observed that in the above analysis [B] is in fact zero for
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this simple single ply situation. However, its identity has been retained as it
has relevance in laminate analysis, to be studied later.
Returning to equation (3.28), the moments may be written as

h h
2 2
[M] = [Q][¢] / 2dz + [QIIK] / 2dz
—g 3
h3
= [Blfe] + Q)] - 75
[M] = [Bl(¢] + [D)k] (3.30)

where [D] is the Bending Stiffness Matrix (= [Q]4/12).
Equations (3.29) and (3.30) may be grouped into the following form

[Z] - [g g] [i] (3.31)

and these are known as the Plate Constitutive Equations.
For this special case of a single ply, [B] = 0 and so the forces are related to
the strains by

[N] = [A]le] (3.32)

(which is effectively [¢] = [Q][¢] as shown previously) or the strains are related
to the forces by

[e1=[alIN]  where [a] = [A]"!

(which is effectively [¢] = [S][o] as shown previously).
Also, for the single ply situation, the moments are related to the curvature
by
(M] = [Dlix] (3.33)

or the curvature is related to the moments by
[«] =1[dl[M]  where [d] = [D]"'
It should be noted that it is only possible to utilise [a] = [A]™! and [d] =

[D]~! for the special case where [B] = 0. In other cases, the terms in the [a]
and [d] matrices have to be determined from

-1
[; Z] = [‘; g] (3.34)



198 Mechanical Behaviour of Composites

(ii) Loading off Fibre Axis

For the situation where the loading is applied off the fibre axis, then the
above approach involving the Plate Constitutive Equations can be used but it
is necessary to use the transformed stiffness matrix terms Q.

Hence, in the above analysis

[A]=1[Q]-h
[D] =[Q]- K*/12
The use of the Plate Constitutive Equations is illustrated in the following
Examples.

Example 3.9 For the 2 mm thick unidirectional carbon fibre/PEEK
composite described in Example 3.6, calculate the values of the moduli,
Poisson’s Ratio and strains in the global direction when a stress of o, =
50 MN/m? is applied. You should use

(i) the lamina stiffness and compliance matrix approach and
(ii) the Plate Constitutive Equation approach.

Solution

(i) As shown in Example 3.6, for the loading in Fig. 3.16

B 4.12x107° -2.58 x 107> —6.24 x 1073
S=|-258x10° 787x107° 1.77x 10—5] m2/MN
—624x107° 177x10° 143 x10™*

Global

axis
4{\_

100 N/mm

100

0

Fig. 3.16 Single ply composite subjected to plane stress
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and
1 1
E.= = =24.26 GN/m?, E,==— = 12.7 GN/m’
Sn S2
1 -
Gry = =— = 6.9 GN/m?, vy, = —E, Sy = 0.627
Ses
vy = —E,S)2 = 0.328
Also,
£y [0
Txy Txy
So,

£, =206x107%, £, =-129x107%,  a,,=-3.12x107°
Note that

_ Oy oy
Ex E, VyxE_y
gy = ;—i Vyy Zf:
As o, = 0 in this Example
Vyy = —Z—j = 0.627 as above

(ii) Alternatively using the Plate Constitutive Equation Approach.
Ny=0h =100 N/mm, N,=0, N, =0.

_ _

486 x 10* 3.76 x 10* 1.65 x 10*
837 x 10* 1.65 x 10* 4.84 x 10*

[6.86 x 104 1.62 x 10* 2.79 x 10*
D=

2.06 x 10° 4.86 x 10 8.37 x 10°
A= l N/mm

1.62 x 10* 1.25 x 10* 5.51 x 10°
2.79 x 10* 5.51 x 10> 1.61 x 10*
a=A""'andd =D""' (since B =0)

206 x 1075 —129%x 1075 —3.12x 1073
a= {—1.29 x 1075  393x107° 8.89x 10-6] mm/N
—3.12x 1075 889 x 107 7.16 x 1075

N mm
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6.18 x 105 —3.87 x 1075 937 x 10~3
d=|-387x10"° 1.18x10™* 2.66x 1075 | (N mm)!
-937x 1075  2.66 x 105 2.14 x 1074

1 1 1 —aj
= Vxy = s
y 7 ags x h w a

* an Xh’

- an xh’
—ap2
an

E, =2426 GN/m?,  E,=12.7 GN/m?

G,y = 6.98 GN/m?, Vyy = 0.627, vy, =0.328

Vix =

These values agree with those calculated above. Also, for the applied force
N, =50 x 2 = 100 N/mm.

&y N, oy
Vxy ny Txy
£: =2.061 x 107 £, =-1291x107  y,,=-3.124x1073

It is interesting to observe that as well as the expected axial and transverse
strains arising from the applied axial stress, oy, we have also a shear strain.
This is because in composites we can often get coupling between the different
modes of deformation. This will also be seen later where coupling between
axial and fiexural deformations can occur in unsymmetric laminates. Fig. 3.17
illustrates why the shear strains arise in uniaxially stressed single ply in this
Example.

Original uni-directional composite

VOIPIOIII VIV TIIIIIIII

VPO I IO OIS TIIIIIII4

Deformed shape

Fig. 3.17 Coupling effects between extension and shear
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Example 3.10 If a moment of M, = 100 Nm/m is applied to the unidirec-
tional composite described in the previous Example, calculate the curvatures
which will occur. Determine also the stress and strain distributions in the global
(x—y) and local (1-2) directions.

Solution Using the D and d matrices from the previous Example, then for
the applied moment M, = 100 N:

Kx M,
Kxy M,y

This enables the curvatures to be determined as

—Ky —Ky
Uy = Vpy =
iy Ky

Ky =—387m™', k,=12m™', Kk, =267Tm",
vye = 0.328, v,y =3.05
The bending strains in the global directions are given generally by
e=«kZ

Hence

h

(ex)max = & K <§) = F 3.87 x 10_3
h

(ey)max = £ K&, (5) == 0.012

h
(VayImax = % Kuy (5) =+267x107"*

Ey
Ey
Vxy

0. =0, 0,=150MN/mM? 1,=0

The stresses are then obtained from

So

For the local directions, the strain and stress transformation matrices can

be used:
g Ox
712 Txy

01 =26.8 MN/m?, 03 = 1232 MN/m?,  1,, = 57.5 MN/m?

So
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€1 Ex
Y12 Vxy

g1 =-514x 1075, g =8x1073, 1y, =0.014

So

These stresses and strains are illustrated in Fig. 3.18.

Global strains Global stresses

00.39% -1.2% 0 -0.27%0 0 -150 0 0

1.2%
€y €y Yy o, o, Ty
Local strains Local stresses
0 _08% 0 -14% 0 -2680 -123 575 0
0 0 08% 0 1.4% 0 26.8 123 0 575
€1 €2 T2 S, G, T2

Fig. 3.18 Stresses and strains, Example 3.10

Note that if both plane stresses and moments are applied then the total
stresses will be the algebraic sum of the individual stresses.

3.9 Deformation Behaviour of Laminates

(i) Laminates Made from Unidirectional Plies

The previous analysis has shown that the properties of unidirectional fibre
composites are highly anisotropic. To alleviate this problem, it is common to
build up laminates consisting of stacks of unidirectional lamina arranged at
different orientations. Clearly many permutations are possible in terms of the
numbers of layers (or plies) and the relative orientation of the fibres in each
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layer. At first glance it might appear that the best means of achieving a more
isotropic behaviour would be to have two layers with the unidirectional fibres
arranged perpendicular to each other. For example, two layers arranged at 0°
and 90° to the global x-direction or at +45° and —45° to the x-direction might
appear to offer more balanced properties in all directions. In fact the lack of
symmetry about the centre plane of the laminate causes very complex behaviour
in such cases.

In general it is best to aim for symmetry about the centre plane. A lami-
nate in which the layers above the centre plane are a mirror image of those
below it is described as symmetric. Thus a four stack laminate with fibres
oriented at 0°, 90°, 90° and 0° is symmetric. The convention is to denote this
as [0°/90°/90° /0°}r or [0°, 903, 0°]t or [0°/90°];. In general terms any laminate
of the type [0, —6, —6, A]t is symmetric and there may of course be any even
number of layers or plies. They do not all have to be the same thickness but
symmetry must be maintained. In the case of a symmetric laminate where the
central ply is not repeated, this can be denoted by the use of an overbar. Thus
the laminate [45/ — 45/0/90/0/ — 45/45]t can be written as [+45, 0, 90];.

In-plane Behaviour of a Symmetric Laminate

The in-plane stiffness behaviour of symmetric laminates may be analysed as
follows. The plies in a laminate are all securely bonded together so that when
the laminate is subjected to a force in the plane of the laminate, all the plies
deform by the same amount. Hence, the strain is the same in every ply but
because the modulus of each ply is different, the stresses are not the same. This
is illustrated in Fig. 3.19.

Laminate

Stresses Strains

Fig. 3.19 Stresses and strains in a symmetric laminate

When external forces are applied in the global x—y direction, they will equate
to the summation of all the forces in the individual plies. Thus, for unit width
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of laminate this may be expressed in terms of the stresses or forces as

( h/2 h/2
Ge=14 /(ax)fdz (or Ny = /(ax)de)

—h/2 —h/2

: h/2 h/2
Ty=1 /(oy)de (or Ny = /(oy)de)

—h/2 —h/2

( h/2 h/2
Ty=y / —h/2(tey)fdZ (or Nyy = / (Txy) rdZ)

—h/2

where h is the thickness of the laminate. o,, N, are the overall stresses or forces
and (0); is the stress in the ply ‘f’ (see Fig. 3.20).

f th layer
A

h/2

z
Fig. 3.20 Ply f in the laminate
In matrix form we can write
Oy 1 b2 o,
Oy =~ / oy dzZ
= h
Txy -2 Ny /f
1 hi2 au le Qm Ex
=Z/ On Qs |dZ4 &  dZ
—hj2 LSym. Qs6 Yxy / f
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As the strains are independent of Z they can be taken outside the integral:

Oy 1 MO le le Ex
Oy ¢ =+ / Qn Qx|dZ4 &
T h Oes f

Tyy _hy2 Lsym. Yxy

Oy &y
(iwf)
Txy Yy /£

where, for example,

(or [N}y = [Alle]xy)

> -

hy2 h/2
An = / §|1d2=2./§”d2
—h/2 0

[A] is the Extensional Stiffness Matrix although it should be noted that it also
contains shear terms. -
Within a single ply, such as the fth, the Q - terms are constant so,

=/
Alfl = Z Q 1hf

In overall terms

14
[A1=_ Ohs (3.35)
f=1

Thus the stiffness matrix for a symmetric laminate may be obtained by
adding, in proportion to the ply thickness, the corresponding terms in the stiff-
ness matrix for each of the plies.

Having obtained all the terms for the extensional stiffness matrix [A], this
may then be inverted to give the compliance matrix [a].

la] = [A]™"

The laminate properties may then be obtained as above from inspection of
the compliance matrix.

aj 1h Y 022}1 a66h
where 4 is the thickness of the laminate.

S —aj? v —da2
xy — — X = -
? ay > ann
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3.10 Summary of Steps to Predict Stiffness of Symmetric Laminates

1. The Stiffness matrix [Q] is obtained as earlier each individual ply in the
laminate.

2. The Stiffness matrix [A] for the laminate is determined by adding the
product of thickness and [Q] for each ply.

3. The Compliance matrix [a] for the laminate is determined by inverting
[A] ie [a] = [A]7.

4, The stresses and strains in the laminate are then determined from

&y Oy
Eon o)
Vxy Txy

Example 3.11 A series of individual plies with the properties listed below
are laid in the following sequence to make a laminate

[0/352/ — 352)s

Determine the moduli for the laminate in the global XY directions and the
strains in the laminate when stresses of o, = 10 MN/mZ, oy =—14 MN/m?
and 7y = —5 MN/m? are applied. The thickness of each is 1 mm.
E; = 125000 MN/m? E, = 7800 MN/m?> G, = 4400 MN/m?
Vip = 0.34

Solution The behaviour of each ply when subjected to loading at 8 degrees
off the fibre axis is determined using Matrix manipulation as follows:

Compliance Matrix Stiffness Matrix
- 1 v -
— 2 9
E, E,
Vi2 1
S=|— — 0 =51
E, E, ¢
1
0 0 —
L G -
Stress Transformation Matrix Strain Transformation Matrix
2§ 2sc c? 52 sc
[T], = [ 2 —2sc ] [T]e = [ s? c? —sc ]
—sc sc (c2 —s?) —2s¢ 2sc (¢t —s?)
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Overall Stiffness Matrix Overall Compliance Matrix
06)=T;'-QT. 5 =00

. 6.27 x 10* 2.71 x 10* 3.66 x 10*
0@35) = [2.71 x 10* 2.21 x 10* 1.87 x 104]
3.66 x 10* 1.87 x 10* 2.88 x 10*

Hence, the Extension Stiffness matrix is given by

A =2.000)+4.035) + 4.0(-35)

753 x 10° 222 x 10° 0
A= [2.22 x 10° 193 x 10° 0 } N mm
0 0 2.39 x 10°
The compliance matrix is obtained by inverting [A]
a=A""
20x 107 —2.31x107° 0
a= [f2.31 x 1076 7.84 x 107° 0 (N mm™!)
0 0 4.17 x 107°
The stiffness terms in the global directions may be obtained from:
1
E .= . E, =49.7 GN/m?
ay X 10
1 ]
E,=———. E,=128GN/m* and G, = ~— = 24 GN/m’
ajy X 10 ’ ags X 1
ap
Vyy = — Vey = 1,151
YT ¥

(note the high value of Poisson’s Ratio which can be obtained in composite

laminates)
a
Ve = =2 v, =0.295
a

and the strains may be obtained as

£y Oy
[sy} =a- [0,}-10
Yxy Txy

£r=524x 107 £, =133 x 107, y, =-208x107*
e, = 0.052%, £y = —0.133%,  y, =—0.021%

It may be seen from the above analysis that for cross-ply (0/90)s and symmetric
angle ply [—0/6]; laminates, Aj¢ = Ag; =0 and Ay = Ag; = 0 (also aje =
as1 = as; = 0). For other types of laminates this will not be the case.



208 Mechanical Behaviour of Composites

3.11 General Deformation Behaviour of Laminates

The previous section has illustrated a simple convenient means of analysing
in-plane loading of symmetric laminates. Many laminates are of this type and
so this approach is justified. However, there are also many situations where
other types of loading (including bending) are applied to laminates which may
be symmetric or non-symmetric. In order to deal with these situations it is
necessary to adopt a more general type of analysis.

Convention for defining thicknesses and positions of plies

In this more general analysis it is essential to be able to define the position and
thickness of each ply within a laminate. The convention is that the geometrical
mid-plane is taken as the datum. The top and bottom of each ply are then defined
relative to this. Those above the mid-plane will have negative co-ordinates and
those below will be positive. The bottom surface of the fth ply has address
hy and the top surface of this ply has address & s_;. Hence the thickness of the
fth ply is given by
h(f)=hs—hs_y

For the 6 ply laminate shown in Fig. 3.21, the thickness of ply 5 is given by
h(S)=hs —hy4 =3 —-1=2mm

Fig. 3.21 Six ply laminate

The thickness of ply 1 is given by
h(1) = hy — hp = (=3) — (—6) = 3 mm
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Analysis of Laminates

The general deformation analysis of a laminate is very similar to the general
deformation analysis for a single ply.

(i) Force Equilibrium: If there are F plies, then the force resuitant, N, for
the laminate is given by the sum of the forces for each ply.

F Foh
W= >IN = [ (o)
f=I

f=l;,f_|

and using the definition for [o] from the analysis of a single ply,

F
[Nl = ((0]- [s] + [Q] - z - [k])sdz
f=i

F hy hy
=y [@]-[e]/dzﬂé]-[x]/z.dz

f=1 hy_y hy_y f
[N1. = [AlelL + [Blx]. (3.36)
where
F —_—
[A1 =) "[0l;(hy — hyy) (3.37)
f=1

This is called the Extensional Stiffness Matrix and the similarity with that
derived earlier for the single ply should be noted.
Also, the Coupling Matrix, [B] is given by

1
(B =5 D101, (K} — K} (3.38)
f=l1

The Coupling Matrix will be zero for a symmetrical laminate.

(i1)) Moment Equilibrium: As in the case of the forces, the moments may be
summed across F plies to give

FoY

F
=Y Ml =Y [ to)dz
f:l

f=1h/_‘
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and once again using the expressions from the analysis of a single ply,

FoM
1 =Y [ (0l + (@1cIAdz

f=lhj—1
F hy Ryt
=Y [ az+ 101 [ 2z,

f=1 Ry hioy

(M], = [Bll¢lL + [D]lx]L (3.39)
where [B] is as defined above and
1<
(D)= 3 fX_jl[Q] sy =) (3.40)

As carlier we may group equations (3.36) and (3.39) to give the Plate Consti-

tutive Equation as
N A Bj|e
) =[5 5] L2 64

This equation may be utilised to give elastic properties, strains, curvatures, etc.
It is much more general than the approach in the previous section and can
accommodate bending as well as plane stresses. Its use is illustrated in the
following Examples.

Example 3.12 For the laminate [0/35,/ — 35,]; determine the elastic
constants in the global directions using the Plate Constitutive Equation.
When stresses of o, = 10 MN/m?, oy =—14 MN/m? and Tay = =5 MN/m?
are applied, calculate the stresses and strains in each ply in the local and global
directions. If a moment of M, = 1000 N m/m is added, determine the new
stresses, strains and curvatures in the laminate. The plies are each 1 mm thick.

E, =125 GN/m?, E, =7.8 GN/m?, G, =4.4 GN/m?, v, =0.34

Solution The locations of each ply are illustrated in Fig. 3.22.
Using the definitions given above, and the Q values for each ply, we may
determine the matrices A, B and D from

10
A=Y 0shs —hs1),
f=1

10
Y 0f - [hy) = (hp))
f=1

W =

10
B= % 30, [P -], D=
f=1
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Fig. 3.22 Ten ply laminate

Ex N x Oy

Exy Ny Tay
where h = full laminate thickness = 10 mm, and @ = A~! since [B] = 0.
This matrix equation gives the global strains as

ey =524x10"% £ =133x1073,  ¢,=208x10"*
Also,

E = E = — S
* a“'h’ y a22-h, x a(,(,-h
- —an b = —an
Xy — ’ yx =
aiy a

E,=49.7GN/m?,  E, =128 GN/m?, G, = 24 GN/m’
Vry = 1.149 vy = 0.296

It may be seen that these values agree with those calculated in the previous
Example. To get the stresses in the global (xy) directions for the ‘f’th ply

Oy _ Ex
Try Yxy
when f=1,f=2,f=9%9and f =10
0y = 4.5 MN/m?, o, =—11.3 MN/m?, 7,y = —0.28 MN/m’
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when f =3,f =4, f=7and f =8
o; = —10.8 MN/m?, o, =-192 MN/m?, 17, = —11.8 MN/m?
when f =5 and 6
0y = 62.6 MN/m?, ¢, = -9 MN/m?, 1,y = —0.9 MN/m?.

Note that in the original question, the applied force per unit width in the
x-direction was 100 N/mm (ie o, - (10)). As each ply is 1 mm thick, then the
above stresses are also equal to the forces per unit width for each ply. If we
add the above values for all 10 plies, then it will be seen that the answer is
100 N/mm as it should be for equilibrium. Similarly, if we add N, and N,, for
each ply, these come to —140 N/mm and —50 N/mm which also agree with
the applied forces in these directions.

In the local (1-2) directions we can obtain the stresses and strains by using
the transformation matrices. Hence, for the ‘f’th ply

23] Ox
0y | =T, | 0Oy
712 Txy

£1 Ex
Y12 Yxy

So that for f =1, 2,9 and 10

o1 = —0.44 MN/m?, 0; = —6.4 MN/m?,  7,, = 7.3 MN/m?

e1=138x10"°, &£ =-815x10"* y,=167x1073
For f =3,4,7 and 8

0 = —0.96 MN/m?, 03 = —5.8 MN/m?, 1y = —7.5 MN/m?

e =1.82x 1074, £2=—62x107% y,=-18x1073
For f =5and 6

o1 =4.5 MN/m?, o0, = —11.3 MN/m?, 1t = —0.28 MN/m?
£1=525% 1074, £ =-133x10"%, y,=-2.09x107*

When the moment M, = 1000 Nm/m is added, the curvatures, «, can be
calculated from

Ka M, —K —K
[lq,}:d-[My] Vyy = z Vi = ad
M,, Kx Ky

Kxy
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where d = D! since [B] = 0.
ke =0435m™',  k,=-045Tm™!, K, =-0147m"
Vey = 1.052 vy = 0.95

When the bending moment is applied the global stresses and strains in each
ply may be obtained as follows:

Ex =Ky Z, &y =ky-Z, Vey = Kxy - Z
At the top surface, Z = —5 mm
g =—217x107%, &, =228x107%, y,=-7.34x10"*

and the stresses are given by

So that
o, = —47T MN/m*, 0, =57 MN/m?, 1., = 154 MN/m’.

The local stresses and strains are then obtained from the stress and strain
transformations

2] Ox £y Ex
[02]=T0,[0>.} and [52]=T5,[€y]
12 Txy Y12 Vxy

o1 = —44.1 MN/m?, o, =2.8 MN/m?, 1), = —19.5 MN/m?
e1=-36x10"% £ =47x10"% yp=-444x10"

For the next interface, z = —4 mm, the new values of &,, €, and y,, can be
calculated and hence the stresses in the global and local co-ordinates. f = 1
and f = 2 need to be analysed for this interface but there will be continuity
across the interface because the orientation of the plies is the same in both
cases. However, at z = —3 mm there will be a discontinuity of stresses in the
global direction and discontinuity of stresses and strains in the local directions
due to the difference in fibre orientation in plies 2 and 3.

The overall distribution of stresses and strains in the local and global direc-
tions is shown in Fig. 3.23. If both the normal stress and the bending are applied
together then it is necessary to add the effects of each separate condition. That
is, direct superposition can be used to determine the overall stresses.
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Global strains
0 0.23%-0.07%0

Global stresses

0 0.2% -0.23% 0
€x €y

[a]als]a]o]|-]a[8]s]s

—
(=
~

Fig. 3.23 Stresses and strains, Example 3.12: (a) global; (b) local

Note, to assist the reader the values of the terms in the matrices are

r7.52 x 10°  2.22 x 10° 0 0 00
A=[222x10° 193 x 10° 0 ]N/mm B=[0 0 o}
i 0 0 2.39 x 10° 000
- 201 x 106 =231 x 107 0
a=|-231x10"% 7.82x10°¢ 0 (N/mm)~!
| 0 0 4.17 x 1076
r 525%x 105 224 x 105  —1.75 x 108
D=| 224x10° 1.84x10° —9.042 x 10° | Nmm,
| —1.75 x 10° —9.04 x 10° 2.38 x 10°
434 x 1077 —-457x 1077 1.46 x 1077
d=|-457x10"7 1.14x10°% 9.75 x 10-8] (Nmm) ™!
1.46 x 1077 975 x 10°% 5.63 x 1077

The solution method using the Plate Constitutive Equation is therefore
straightforward and very powerful. Generally a computer is needed to handle
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the matrix manipulation — although this is not difficult, it is quite time-
consuming if it has to be done manually.

The following Example compares the behaviour of a single ply and a
laminate.

Example 3.13 A single ply of carbon fibre/epoxy composite has the
following properties:

E, =175 GN/m?, E; = 12 GN/'m?, Gy =5 GN/m?, v;; = 0.3

Plot the variations of E,, E, Gy, and vy, for values of 6 in the range 0 to 90°
for (i) a single ply 0.4 mm thick and (ii) a laminate with the stacking sequence
[£60];. This laminate has four plies, each 0.1 mm thick. Discuss the meaning
of the results.

Solution

(i) Single ply The method of solution simply involves the determination of
[S1, [Q], [O], [S] and [a] as illustrated previously, ie

1 Vi2
E] El
Vi2 1 -1
Sl=|—-—— — 0 d =|{S
S| E, 5 an Q1 = 1S|
1
0 0 —
Gn

Then
0l=T,-Q-T, and [S|=0|"
Al = 10| h and  |a|= Al
Then for 6 = 25° (for example)
1

E, = — = 28.3 GN/m?
a”h
1
E, = — =11.7 GN/m?
anh
1
Gy = e 7.3 GN/m?
by = 220495  and v, = —2 =0.205
a az

Fig. 3.24 shows the variation of these elastic constants for all values of 6
between 0 and 90°.
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Fig. 3.24 Variation of elastic properties for a single ply of carbon/epoxy composite

(ii) Symmetric 4 Ply Laminate The same procedure is used again except that
this time the |A| matrix has to be summed for all the plies, ie

f=4
Al =" [0], (hs — hy-1) and |a] = |A|™"
7=l
where h0=—02,h1 =—0,1,h2=0’h3=0.1’h4=0.2.

Once again, for 8 = 50° (for example)

E.= 1 146 o2

a“h
1
E, = — = 24.8 GN/m?
Y azzh m
1
Gyy = i 44 GN/m?
y= 2 _ 0615 and vy = —2 = 1.045
ait az

Fig. 3.25 shows the variation of these elastic constants for values of 8 in the
range 0 to 90°.
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Fig. 3.25 Variation of elastic properties for a (4+/ — 45) symmetric laminate of carbon/epoxy

It is interesting to compare the behaviour of the single ply and the laminate
as shown in Figs 3.24 and 3.25. Firstly it is immediately evident that the lami-
nate offers a better balance of properties as well as improvements in absolute
terms. The shear modulus in particular is much better in the laminate. Its peak
value at 45° arises because shear is equivalent to a state of stress where equal
tensile and compressive stresses are applied at 45° to the shear direction. Thus
shear loading on a [+ 45]; laminate is equivalent to tensile and compressive
loading on a [0/90], laminate. Thus the fibres are effectively aligned in the
direction of loading and this provides the large stiffness (or modulus) which is
observed.

It is also worthy of note that large values of Poisson’s Ratio can occur
in a laminate. In this case a peak value of over 1.5 is observed — something
which would be impossible in an isotropic material. Large values of Poisson’s
Ratio are a characteristic of unidirectional fibre composites and arise due to the
coupling effects between extension and shear which were referred to earlier.

It is also important to note that although the laminae [+ 45]; indicates that
E,=E, =181 GN/m?, this laminate is not isotropic or even quasi-isotropic.
As shown in Chapter 2, in an isotropic material, the shear modulus is linked
to the other elastic properties by the following equation

Ey

Goyy=——
Y21+ vyy)
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For the [+ 45]; laminate this would give
18.1
Gy=—"""—""
¥ 2(1+0.814)
However, Fig. 3.25 shows that G,, = 45.2 GN/m? for the [+ 45], laminate.
Some laminates do exhibit quasi-isotropic behaviour. The simplest one is
[0, = 60];. For this laminate
E,=E,=664GN/m?> and v = v, =032], G,y =251 GN/m?
(using the individual ply data in the above Example).
If we check G, from the isotropic equation we get
E, 66.4
ny = =
2(1 4+ vey)  2(140.321)

This agrees with the value calculated from the laminate theory.
In general any laminate with the lay-up

[ T 2m N—l]
O,_,_,"', T
N'N N |,

HES
N’ N’ Y s

is quasi-isotropic where N is an integer equal to 3 or greater. The angles for
the plies are expressed in radians.

= 5 GN/m?

=25.1 GN/m?.

or

3.12 Analysis of Multi-layer Isotropic Materials

The Plate Constitutive equations can be used for curved plates provided the
radius of curvature is large relative to the thickness (typically r/h > 50). They
can also be used to analyse laminates made up of materials other than unidi-
rectional fibres, eg layers which are isotropic or made from woven fabrics can
be analysed by inserting the relevant properties for the local 1-2 directions.
Sandwich panels can also be analysed by using a thickness and appropriate
properties for the core material. These types of situation are considered in the
following Examples.

Example 3.14 A blow moulded plastic bottle has its wall thickness made of
three layers. The layers are:

QOutside and inside skin — Material A

thickness = 0.4 mm, E; = E; = 3 GN/m?, G2 = 1.1 GN/m?, v;; = 0.364

Core — Material B

thickness = 0.4 mm, E; = E, = 0.8 GN/m?, G|, = 0.285 GN/m?,
Vi2 = 0.404.
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If the diameter of the bottle is 160 mm, calculate the hoop and axial strains
in the bottle wall when an internal pressure of 200 kN/m? is applied. Calculate
also the stresses in the individual layers.

Solution Although the composite wall is curved, the (r/h) value is large
and so it can be analysed using the method illustrated for laminates. In this
case, each ply is isotropic and so the properties do not vary with 8. It is thus
necessary to get Q for each ply relative to the centre line of the wall thickness

hg =06, hj=-02, h=0, h3 =02, hs=006
ie the wall section is treated as if it has four plies

[material A (0.4 mm)/material B (0.2 mm)];

Also 0.2 x 80
hoop stress, oy = % = ———lxz— = 13.33 MN/m?
(or Ny = oyh = 16 N/mm)
0.2 x 80
axial stress, 0y = % == Xxu = 6.67 MN/m?
(or Np =ogh =8 N/mm)
N 3.444 x 10° 1.244 x 10° 0
0, = [1.244 x 10> 3.444 x 10° 0 N/mm?,
0 0 1.103 x 103

9565 3767 0
0, = [376.7 956.5 0
0 0 2858

N/mm?

Also, _ _ _ .
Q=04 and 0, =05

Then the Extensional Stiffness Matrix is given by

4
A=2Qf(hf—hf—1), a=A""! (since [B] = 0).
r=1

The strains are related to the forces (or stresses) by

&y N,
Vxy ny

Therefore the axial and hoop strains are

£ =7932x107%, &, =4.809 x 1073 (3, = 0)
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The effective elastic constants for the composite are:
1 1 1

E, = E, = Gy = ——
* a“-h Y azz-h ¥ a“-h
i —4ap2 _ —amz

y = =
77 an T ap

So
E, =226 x 10° MN/m* E, =2.26 x 10* MN/m* G,, = 830.6 MN/m?

and
Vxy = 0.36, vy = 0.36

The stresses in the individual layers are obtained from
OAx _ Ex OBy _ €x
oay | =CQ1 | & oy | =Qa- | &
TAxy Vxy TBxy Vxy

oax =8.71 MN/m> and o4, = 17.55 MN/m?
(taxy = 0 MN/m?)
0px =25 MN/m*> and o0p, = 4.9 MN/m?
(tasy = 0 MN/m?)

So,

The values of stress may be checked by simple equilibrium analysis.
(i) Force equilibrium: N4 + Np = N;
OaxAp + 0B Ap = Ny
(ii) Geometry of deformation:
E4 = EB = &
So

Oax _ OB _(ﬂ)a
E, Ep Ax Egp Bx

E
(E_BAE) 0pAs + 0pAp = N,

E
ope = Ny/ ((E—") Ay +AB) = 2.4 N/mm?
B

3
Oax = (@) 2.4 = 8.8 N/mm?
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To assist the reader the values of the terms in the matrices are

3.15x 100 1.16x10° 0 0 0 0
A= [1.16x 100 3.158x10° 0O N/mm B= [0 0 o}
0 0 996.7 0 00
3.67x 107 —1.35x 1074 0
a= [—1.35 x 107 3.67 x 1074 0 ] mm/N
0 0 1.003 x 1073

This type of analysis could also be used for a sandwich structure with solid
skins and a foamed core. It is simply a matter of using the appropriate values
of Ey, Gy, E,, vy; for the skin and core material. This is illustrated in the
following Example.

Example 3.15 A sandwich moulding is made up of solid skins with a foamed
plastic core. The skins and core may be regarded as isotropic with the following
the properties:

Skin — Material A, E, = E; = 3.5 GN/m?, G, = 1.25 GN/m?, v}, = 0.4.
Foam Core — Material B, E| = E; = 0.06 GN/m?, G, = 0.021 GN/m?,
Vi2 = 0.43.

The skins are each 1 mm thick and the core is 20 mm thick.

If moments of M, = 400 Nm/m and M, = 300 Nm/m are applied to the
moulding, calculate the resulting curvatures and the stresses and strains in the
cross-section.

Solution As the skins and core are isotropic, we only need to get the O
values for each:

Skin Foamed Core

0,=11.667 x 10° 4.167 x 10° 0 31.63 73.63 0

4.167 x 10° 1.667 x 10° 0 _[73.63 3163 0
0 0 1.25 x 10° 0 0 2098

Assuming as before that there are four layers with the centre line at the
mid-plane of the cross-section, then

hy=-11, h=-10, h =0, h3=10, hy=11 mm

As these are only moments applied and the section is symmetric (B = 0) we
only need the D and d matrices. These are given by

QA
D= 5X:Qf[h-}—h}_,]
f=1



222 Mechanical Behaviour of Composites

9.69 x 10° 3.89 x 10° 0
D= [3.89 x 10° 9.69 x 10° 0 ] Nmm,
0 0 2.89 x 10°
1.23 x 107 —4.94 x 1077 0
d= l—4.94 x 107¢ 123 x 10°¢ 0 ]
0 0 3.45 x 1076

Then the curvatures, «, are given by
Kx M,
Kxy M,y

Ky = 3.44 x 1074 mm~!, Ky =1.72 x 10~ mm~!, Kyy =10

So,

The strains will be directly proportional to the distance across the thickness, ie
e=«x-Z
At top surface, Z = —11 mm, s0 & = (3.44 x 107%)(—=11) = —3.78 x 1073
stress, 0; = Ej&; = 3500(3.78 x 107%) = —13.25 MN/m’

At interface (skin side), Z = —10 mm, so & = (3.44 x 107%)(~10) =
—3.44 x 1073;

stress, o, = E &, = 3500(3.44 x 107%) = —12.04 MN/m?
At interface (core side), £, = —3.44 x 1073;
stress, oy = 60(—3.44 x 1073) = —0.21 MN/m?

Similarly in the y-direction,
At top surface

gy =—189x10"%, o, =—6.6 MN/m’
At interface (skin)
gy =-172x10"%, o, =—6 MN/m’
At interface (core)
ey =~-172x 1073, o, =—0.1 MN/m?

In both cases the stresses and strains will be mirrored on the bottom section of
the beam (ie positive instead of negative). These are illustrated in Fig. 3.26.
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X - strains X - stresses
-0.378% 0 -13.25 0

0 0.378% 0 13.25

0 0.189% 0 6.6
Y - strains Y - stresses

Fig. 3.26 Stresses and strains, Example 3.15

3.13 Analysis of Non-symmetric Laminates

Example 3.16 A unidirectional carbon fibre/PEEK laminate has the stacking
sequence [0/35,/—35;]7. If it has an in-plane stress of o, = 100 MN/m?
applied, calculate the strains and curvatures in the global directions. The
properties of the individual plies are

E, =145 GN/m?, E, =15GN/m?, Gj; =4 GN/m?, v, =0278
Each ply has a thickness of 0.1 mm.
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Solution This stacking sequence is similar to that in Example 3.11 except
that in this case the laminate is not symmetrical. As shown in Fig. 3.27, the
centre line of the laminate is in the middle of one of the plies and

ho

=-025  h =

—0.15, hy=-0.05, h; =0.05,

hs =0.15, hs =0.25

Fig. 3.27 Non-symmetric laminate

The approach is the same as before. O must be determined for each layer as
shown below and thus the values in the A, B and D matrices.

(o)

It
" M"‘M i [«

r1.46 x 10°
4.20 x 10°
0

r7.28 x 10*
3.44 x 10*
[4.17 x 104

r7.28 x 104
3.44 x 104
[4.17 x 10*

r 7.28 x 10*
3.44 x 10*
[ —-4.17 x 10*

- 7.28 x 10*
3.44 x 10*
| —4.17 x 10*

1.51 x 104 0
0 4x10°

3.44 x 10* 4.17 x 104]

420 x 10° 0 ]

2.80 x 10* 1.98 x 10*
1.98 x 10* 3.42 x 10*

3.44 x 10* 4.17 x 10*
2.80 x 10* 1.98 x 104]
1.98 x 10* 3.42 x 10*

3.44 x 10 —-4.17 x 10*
2.80 x 10* —1.98 x 104l
-198 x 10*  3.42 x 10*

3.44 x 10* —4.17 x 10*
2.80 x 10* —1.98 x 104]
—-198 x 10  3.42 x 10*

5
0y —hy) 8= %Z [ — o)
f=1

s [@s) = @y
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In this case [B] # 0 and so [a] and [d] cannot be obtained by inverting the [A]
and [D] matrices respectively. They must be obtained from

a b] _[A B]!

g dy [B D
The in-plane strains and the moments and curvatures are all linked in this
non-symmetrical lamina and are obtained from

£x ayy, ap aws by b b N,
€y ay ay ax by byp by N,
Yo | _ |a61 ae2 aes ber bez bes | | Nay
ke | | B Bz Bie du diz dis| | My
Ky Bt B B du dn dx| | M,
Kxy Bst Bs: Bes der der des) LMy

where
N = o - h(N, = 50 N/mm)

which gives the strains and curvatures as

£x=3326x 107, £, =-2868x 107,  y, =—3.405x 107

Ky = 0.012 mm™~', Ky = —0.01 mm™', Kzy = 0.019 mm™'

The important point to note from this Example is that in a non-symmetrical
laminate the behaviour is very complex. It can be seen that the effect of a simple
uniaxial stress, oy, is to produce strains and curvatures in all directions. This
has relevance in a number of polymer processing situations because unbalanced
cooling (for example) can result in layers which have different properties, across
a moulding wall thickness. This is effectively a composite laminate structure
which is likely to be non-symmetrical and complex behaviour can be expected
when loading is applied.

The reader may wish to check the matrices in this Example:

r4.37 x 10 1.41 x 10* 0
A= |141x10* 1.27 x 10* 0 ]
0 0 1.40 x 10*
T 6.65 x 107° =573 x 10> —6.81 x 10~
a=|-573x 107> 1.53x107% —2.05x 10-5]
| —6.81 x 1077 —=2.05x 103  1.02x 10~*

B= 604.5 258.2 -792
| -16.7 x 10° —-792 604.4

230 x 107% —2.09x 10~* 377 x 10-4]

r—1.46 x 10>  604.5 —1.67 x 103}

b=|-224x10"* 149x107* 534x107°
9.55x 1075 201 x10™% —-2.03 x 10~*
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B=1-209%x10"* 149x107* 2.01x10~*
[ 3.77x107% 534x107° -2.03x 10~

r1.05 x 100 2352 —167.1]

r 230 x 1074 —2.24 x 1074 9.55x10‘5}

D= 235.2 2392 -79.2
-167.1 -79.2  233.0

r 2.15x1073 —160x 1073  1.64 x 1073
d=|-1601 x 1073  6.65x 103 —4.04 x 10-4l
[ 1.64x 1073 —4.04x10"2 874x1073

3.14 Analysis of Short Fibre Composites

In order to understand the effect of discontinuous fibres in a polymer matrix
it is important to understand the reinforcing mechanism of fibres. Fibres exert
their effect by restraining the deformation of the matrix as shown in Fig. 3.28.
The external loading applied through the matrix is transferred to the fibres by
shear at the fibre/matrix interface. The resultant stress distributions in the fibre
and matrix are complex. In short fibres the tensile stress increases from zero
at the ends to a value (0 )max Which it would have if the fibre was continuous.
This is shown in Fig. 3.29. From the previous section it may be seen that
(0f)max may be determined from

(Gf Jmax _ Oc

E f E 1

where o, is the stress applied to the composite and E; may be determined from
the rule of mixtures.

(3.42)

Fibre

(a) Before force
application

(b) Force
applied

Fig. 3.28 Effect of fibre on deformation of matrix
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Stresses

| (9 max

A

Fig. 3.29 Short Fibre Composites

The stress distribution in short fibres is often simplified to the form shown
in Fig. 3.29(c)

It is evident from Fig. 3.29 that there is a minimum fibre length which will
permit the fibre to achieve its full load-carrying potential. The minimum fibre
length in which the maximum fibre stress, (05 )max, can be achieved is called
the load transfer length, ¢,. The value of £; may be determined from a simple
force balance

force transmitted by shear at interface = 7,(¢/2)nd
force exerted by fibre =0y (7td2 /4)

hence,
— (c f Jmaxd

£
! 27,

(3.43)
where, 7y is the shear strength of the fibre/matrix interface.
The maximum value of £, will occur when (0f)max reaches the tensile
strength of the fibre, oy,, and this is defined as the critical fibre length, £,
ag fud

be=——— 3.44
= T, (3.44)
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Example 3.17 Short carbon fibres with a diameter of 10 xm are to be used
to reinforce nylon 66. If the design stress for the composite is 300 MN/m?
and the following data is available on the fibres and nylon, calculate the load
transfer length for the fibres and also the critical fibre length. The volume
fraction of the fibres is to be 0.3.

Modulus (GN/m?) Strength (GN/m?)
Carbon fibres 230 29
Nylon 66 2.8 -

The interfacial shear strength for carbon/nylon may be taken as 4 MN/m?

Solution
E\ =EiV;+EnVn
E| = 230(0.3) + 2.8(0.7) = 71 GN/m?
Using (3.42)

. 300
(0f)max = Ef (Z—l) =230 (W) = 972 MN/m?

Using (3.43)

_ (O )maxd _ 972(10 x 107%)

¢
' 21, 2x4

1.2 mm

Using (3.44)
_opd 2900010 x 107%)

£, = = =3.6
‘T 21, 2x4 i

It may be seen from Fig. 3.29 that due to the ineffective end portions of
short fibres, the average stress in the fibre will be less than in a continuous
fibre. The exact value of the average stress will depend on the length of the
fibres. Using the stress distributions shown in Fig. 3.29(b) the fibre stresses
may be analysed as follows.

F| = os(nd*/4)

doy nd?
F2— [0f+ (E) dx] —4—

F3 = (vynd)dx
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Now, for equilibrium of forces F| = F, + F3

oy (nd?/8) = <af + %idx) (nd*/4) + (tnd)dx

(d/8)do; = —t,dx

Integrating this equation gives

of x
(d/4)/dof = —/tydx
0 %z

dr, (%E - x)
d

This is the general equation for the stress in the fibres but there are 3 cases
to consider, as shown in Fig. 3.30

(3.45)

O'f=

la) l<iy {b) L=l
Stress Stress
(Ot max ——

& /-

=]

Fig. 3.30 Stress variations in short fibres
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(a) Fibre lengths less than £,

In this case the peak value of stress occurs at x = 0, so from equation (3.45)
27,

=0

The average fibre stress, oy, is obtained by dividing the area under the
stress/fibre length graph by the fibre length.

1, (20t
_ _ 2\ d Tyé

Now from (3.6)
¢
o, = (%) Vi +0l,(1= V) (3.46)

(b) Fibre length equal to ¢,

In this case the peak stress is equal to the maximum fibre stress.
Soatx=0

27,8
o5 = (0f)max = 5 d (3.47)
1 [/21y¢, ‘
_ 2\ d !
Average fibre stress =0, = 7
t
So from (3.6)
e 7
o = (%) Vi+al(1-Vy) (3.48)

(c) Fibre length greater than ¢,
(i) For £ > x> (€ —¢)

(ii) for (¢ — &) > x>0
oy = constant = (0'f Jmax

27,8
a,=%
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Also, as before, the average fibre stress may be obtained from

[0 )max](€ — &) + [(o )max]let ¢,
Of = ! , ! L= [(Uf)max] <1 - ﬂ)
So from (3.6)

¢

2

Note that in order to get the average fibre stress as close as possible to the
maximum fibre stress, the fibres need to be considerably longer than the critical
length. At the critical length the average fibre stress is only half of the value
achieved in continuous fibres.

Experiments show that equations such as (3.49) give satisfactory agreement
with the measured values of strength and modulus for polyester sheets re-
inforced with chopped strands of glass fibre. Of course these strengths and
modulus values are only about 20-25% of those achieved with continuous
fibre reinforcement. This is because with randomly oriented short fibres only
a small percentage of the fibres are aligned along the line of action of the
applied stress. Also the packing efficiency is low and the generally accepted
maximum value for V; of about 0.4 is only half of that which can be achieved
with continuous filaments.

In order to get the best out of fibre reinforcement it is not uncommon to try
to control within close limits the fibre content which will provide maximum
stiffness for a fixed weight of matrix and fibres. In flexure it has been found
that optimum stiffness is achieved when the volume fraction is 0.2 for chopped
strand mat (CSM) and 0.37 for continuous fibre reinforcement.

0 = V(0 Imax (1 ) +a,(1 = Vp) (3.49)

Example 3.18 Calculate the maximum and average fibre stresses for glass
fibres which have a diameter of 15 y«m and a length of 2.5 mm. The interfacial
shear strength is 4 MN/m? and ¢,/¢ = 0.3.

Solution Since £ > ¢, then

(0, = 200l _ 2058 <e,> _ 2x4x25%x1077 %03
fmex =g T T \¢) 15 x 106
(0 f Jmax = 400 MN/m?
2 0.3
Al of= 1— L) =400(1- =2
SO of (af)max< 28) ( 5 )

& = 340 MN/m’

In practice it should be remembered that short fibres are more likely to be
randomly oriented rather than aligned as illustrated in Fig. 2.35. The problem
of analysing and predicting the performance of randomly oriented short fibres
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is complex. However, the stiffness of such systems may be predicted quite
accurately using the following simple empirical relationship.

Erandom = 3E1/8 + 5E»/8 (3.50)

Hull also proposed that the shear modulus and Poisson’s Ratio for a random
short fibre composite could be approximated by

Grandom = §E1 + 1E2 (3.51)
E
Veandom = E’ -1 (3.52)

r

E) and E; refer to the longitudinal and transverse moduli for aligned fibre
composites of the type shown in (Fig. 3.29). These values can be determined
experimentally or using specifically formulated empirical equations. However,
if the fibres are relatively long then equation (3.5) and (3.13) may be used.
These give results which are sufficiently accurate for most practical purposes.

3.15 Creep Behaviour of Fibre Reinforced Plastics

The viscoelastic nature of the matrix in many fibre reinforced plastics causes
their properties to be time and temperature dependent. Under a constant stress
they exhibit creep which will be more pronounced as the temperature increases.
However, since fibres exhibit negligible creep, the time dependence of the prop-
erties of fibre reinforced plastics is very much less than that for the unreinforced
matrix.

3.16 Strength of Fibre Composites

Up to this stage we have considered the deformation behaviour of fibre compos-
ites. An equally important topic for the designer is avoidance of failure. If the
definition of ‘failure’ is the attainment of a specified deformation then the
earlier analysis may be used. However, if the occurrence of yield or fracture
is to be predicted as an extra safeguard then it is necessary to use another
approach.

In an isotropic material subjected to a uniaxial stress, failure of the latter
type is straightforward to predict. The tensile strength of the material 61 will
be known from materials data sheets and it is simply a question of ensuring
that the applied uniaxial stress does not exceed this.

If an isotropic material is subjected to multi-axial stresses then the situation is
slightly more complex but there are well established procedures for predicting
failure. If o, and o, are applied it is not simply a question of ensuring that
neither of these exceed 7. At values of o, and o, below 67 there can be
a plane within the material where the stress reaches 6y and this will initiate
failure.
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A variety of methods have been suggested to deal with the prediction of
failure under multi-axial stresses and some of these have been applied to
composites. The main methods are

(i) Maximum Stress Criterion: This criterion suggests that failure of the
composite will occur if any one of five events happens

o1 >0ir or 0y <8¢ Of 0,20y OF 0 <Gy OF 12> 1)

That is, if the local tensile, compressive or shear stresses exceed the materials
tensile, compressive or shear strength then failure will occur. Some typical
values for the strengths of uni-directional composites are given in Table 3.5.

Table 3.5

Typical strength properties of unidirectional fibre reinforced plastics

Fibre
volume
fraction, &7 Gar 1 G1c G
Material Vs (GN/m?)  (GN/m?)  (GN/m?)  (GN/m?)  (GN/m?)

GFRP 0.6 1.4 0.05 0.04 0.22 0.1
(E glass/epoxy)
GFRP 0.42 0.52 0.034 - - -
(E glass/polyester)
KFRP 0.6 L5 0.027 0.047 0.24 0.09
(Kevlar 49/epoxy)
CFRP 0.6 1.8 0.08 0.1 1.57 0.17
(Carbon/epoxy)
CFRP 0.62 1.24 0.02 0.04 0.29 0.03

(Carbon HM/epoxy)

GFRP - Glass fibre reinforced plastic
KFRP - Kevlar fibre reinforced plastic
CRFP - Carbon fibre reinforced plastic

() Maximum Strain Criterion: This criterion is similar to the above only
it uses strain as the limiting condition rather than stress. Hence, failure is
predicted to occur if

ey >&1 ofr £ <E&c OF £ >&r Or £ <Ec O ¥y =

(iii) Tsai—Hill Criterion: This empirical criterion defines failure as occur-

ring if
2 2 2
(2) - (E’L?) + (2) + (f”) > 1 (3.53)
o) Lo o)) T2

The values in this equation are chosen so as to correspond with the nature of
the loading. For example, if o, is compressive, then ;¢ is used and so on.
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In practice the second term in the above equation is found to be small relative
to the others and so it is often ignored and the reduced form of the Tsai—Hill

Criterion becomes
2 2 2
(?) +(a—2) +(E) > 1 (3.54)
o (o)) T2

3.16.1 Strength of Single Plies

These failure criteria can be applied to single ply composites as illustrated in
the following Examples.

Example 3.19 A single ply Kevlar 49/epoxy composite has the following
properties.

E; =79 GN/m?, E, =4.1 GN/m?, G, =1.5GN/m?, v =0.43
6 = 1.5 GN/m?, & = 0.027 GN/m?, %1, = 0.047 GN/m?
61c = 0.24 GN/m?, &3¢ = 0.09 GN/m”.

If the fibres are aligned at 15° to the x-direction, calculate what tensile value
of a, will cause failure according to (i) the Maximum Stress Criterion (ii) the
Maximum Strain Criterion and (iii) the Tsai—Hill Criterion. The thickness of
the composite is 1 mm.

Solution

(i) Maximum Stress Criterion
Consider the situation where o, = 1 MN/m?.
The stresses on the local (1-2) axes are given by

o1 Ox
gy | = Ta gy
712 Txy

Hence, oy = 0.93 MN/m?, 0, = 0.067 MN/m?, 1, = —0.25 MN/m?
So

AT _ 1608, 2L —402, 2 =188
(e} [2p] 712

Hence, a stress of o, = 1608 MN/m? would cause failure in the local
1-direction. A stress of oy = 402 MN/m? would cause failure in the local
2-direction and a stress of o, = 188 MN/m? would cause shear failure in the
local 1-2 directions. Clearly the latter is the limiting condition since it will
occur first.
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(11) Maximum Strain Criterion
Once again, let o, = 1 MN/m?. The limiting strains are given by

B = % =0.019, &= ‘;{C —3.04 x 107
1 ~1
br = 2L —659x 1070, &= 2 —0.022
E; E;
B
P2 = g =0.031

The strains in the local directions are obtained from

€1 [of]
Y12 T2
e1=1.144x 107°, £ =1.128x107°, 1y, =—1.688 x 107*

8T _ 1659, T —sg3. Y2 g3
£) €2 Y12

Thus once again, an applied stress of 188 MN/m? would cause shear failure in
the local 1-2 direction.

(i11) Tsai—Hill Criterion

For an applied stress of 1 MN/m? and letting X be the multiplier on this
stress, we can determine the value of X to make the Tsai—Hill equation become
equal to 1.

2 2 2 2
(XA 0’1) _ (X A0'102> + (XA 0'2) n (XA 1,'12) -
orr orr o2r 712
Solving this gives X = 169. Hence a stress of o, = 169 MN/m? would cause
failure. It is more difficult with the Tsai—Hill criterion to identify the nature
of the failure ie tensile, compression or shear. Also, it is generally found that
for fibre angles in the regions 5°—15° and 40°-90°, the Tsai—Hill criterion
predictions are very close to the other predictions. For angles between 15° and

40° the Tsai—Hill tends to predict more conservative (lower) stresses to cause
failure.

Example 3.20 The single ply in the previous Example is subjected to the
stress system

0x = 80 MN/m?, o, = —40 MN/m?, 7., = —20 MN/m’

Determine whether failure would be expected to occur according to (a) the
Maximum Stress (b) the Maximum Strain and (c) the Tsai—Hill criteria.
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Solution

(a) Maximum Stress Criterion
The stresses in the 1-2 directions are

(25} Oy
gy | = Tg Oy
T12 Txy

o1 = 61.9 MN/m?, o0, = —21.9 MN/m?, 1, = —47.3 MN/m?

AT _ 942, Z—41, M _099
o g2 T12

There are thus no problems in the tensile or compressive directions but the
shear ratio has dropped below 1 and so failure is possible.

(b) Maximum Strain Criterion
The limiting strains are as calculated in the previous Example.
The local strains are obtained from

€1 (03]
Y12 T12
e1=9.04 x 107, £ =-5.69%x1073, y=-0.032
8T _ 91, B¢ _386 Y2_-099
&1 22 Yiz2

Once again failure is just possible in the shear direction.

(¢) Tsai—Hill Criterion
The Tsai—Hill equation gives

2 2 2 2
(5r) - G) + () + (55) oo
orr orT o2 T12

As these terms equate to > 1, failure is likely to occur.

3.16.2 Strength of Laminates

When a composite is made up of many plies, it is unlikely that all plies will
fail simultaneously. Therefore we should expect that failure will occur in one
ply before it occurs in the others. To determine which ply will fail first it is
simply a question of applying the above method to each ply in turn. Thus it is
necessary to determine the stresses or strains in the local (1-2) directions for
each ply and then check for the possibility of failure using any or all of the
above criteria. This is illustrated in the following Example.

Example 3.21 A carbon-epoxy composite has the properties listed below.
If the stacking sequence is [0/-30/30]; and stresses of 0, = 400 MN/m?, o, =
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160 MN/m? and Ty = —100 MN/m? are applied, determine whether or not
failure would be expected to occur according to (a) the Maximum Stress (b) the
Maximum Strain and (c) the Tsai—Hill criteria. The thickness of each ply is
0.2 mm.

E, =125 GN/m?, E, =9 GN/m?, G, =4.4GN/m?, v;;=034
611 = 1.8 GN/m?, 657 = 0.08 GN/m?,  &;¢c = 1.57 GN/m?
G2c = 0.17 GN/m?, 212 = 0.1 GN/m?

Solution It is necessary to work out the global strains for the laminate (these
will be the same for each ply) and then get the local strains and stresses. Thus,
N,

for the 30° ply
Ex
Vxy Nyy

Using hg = —0.6, hy = 0.4, hh = -0.2, h3 =0, hy =0.2, hs =04 and
he = 0.6 (h = 1.2 mm) gives

£x 2.94
[e,.] = l 7.51 } x 107°
Viy —5.46

N

Thus
&1 &x 1.72
[82 = E[eylz[s.n] x 1073
Y2 Vxy 1.23
gl . Ex g Oyx
[@l:Qfley] and [C’z:':T{, o_v]
Txy Txy 712 Txy
So

o] 243
laz } = [ 84 | MN/m’

712 5.4
If this is repeated for each ply, then the data in Fig. 3.31 is obtained. It may be
seen that failure can be expected to occur in the +30° plies in the 2-direction

because the stress exceeds the boundary shown by the dotted line.
The Tsai-Hill criteria gives the following values

(i) 0° plies, 1.028
(i1) —30 plies, 0.776
(iii) 30 plies, 1.13

The failure in the 30° plies is thus confirmed. The Tsai—Hill criteria also
predicts failure in the 0° plies and it may be seen in Fig. 3.31 that this is
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Fig. 3.31 Stress and strain in the plies, Example 3.21

probably because the stress in the 2-direction is getting very close to the
limiting value.

3.17 Fatigue Behaviour of Reinforced Plastics

In common with metals and unreinforced plastics there is considerable evidence
to show that reinforced plastics are susceptible to fatigue. If the matrix is ther-
moplastic then there is a possibility of thermal softening failures at high stresses
or high cyclic frequencies as described in Section 2.21.1. However, in general,
the presence of fibres reduces the hysteritic heating effect and there is a reduced
tendency towards thermal softening failures. When conditions are chosen to avoid
thermal softening, the normal fatigue process takes place in the form of a progres-
sive weakening of the material due to crack initiation and propagation.

Plastics reinforced with carbon or boron are stiffer than glass reinforced
plastics (grp) and they are found to be less vulnerable to fatigue. In short-fibre
grp, cracks tend to develop relatively easily in the matrix and particularly at
the interface close to the ends of the fibres. It is not uncommon for cracks to
propagate through a thermosetting type matrix and destroy its integrity long
before fracture of the moulded article occurs, With short-fibre composites it has
been found that fatigue life is prolonged if the aspect ratio of the fibres is large.

The general fatigue behaviour which is observed in glass fibre reinforced
plastics is illustrated in Fig. 3.32. In most grp materials, debonding occurs
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Fig. 3.32 Typical fatigue behaviour of glass reinforced polyester

after a small number of cycles, even at modest stress levels. If the material
is translucent then the build-up of fatigue damage may be observed. The first
signs are that the material becomes opaque each time the load is applied. Subse-
quently, the opacity becomes permanent and more pronounced. Eventually resin
cracks become visible but the article is still capable of bearing the applied load
until localised intense damage causes separation of the component. However,
the appearance of the initial resin cracks may cause sufficient concern, for
safety or aesthetic reasons, to limit the useful life of the component. Unlike
most other materials, therefore, glass reinforced plastics give a visual warning
of fatigue failure.

Since grp does not exhibit a fatigue limit it is necessary to design for a
specific endurance and factors of safety in the region of 3—4 are commonly
employed. Most fatigue data is for tensile loading with zero mean stress and
so to allow for other values of mean stress it has been found that the empirical
relationship described in Section 2.21.4 can be used. In other modes of loading
(e.g. flexural or torsion) the fatigue behaviour of grp is worse than in tension.
This is generally thought to be caused by the setting up of shear stresses in
sections of the matrix which are unprotected by properly aligned fibres.

There is no general rule as to whether or not glass reinforcement enhances
the fatigue behaviour of the base material. In some cases the matrix exhibits
longer fatigue endurances than the reinforced material whereas in other cases
the converse is true. In most cases the fatigue endurance of grp is reduced by
the presence of moisture.

Fracture mechanics techniques, of the type described in Section 2.21.6 have
been used very successfully for fibre reinforced plastics. Typical values of K
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for reinforced plastics are in the range 5—-50 MN m~3/2, with carbon fibre
reinforcement producing the higher values.

3.18 Impact Behaviour of Reinforced Plastics

Reinforcing fibres are brittle and if they are used in conjunction with a brittle
matrix (e.g. epoxy or polyester resins) then it might be expected that the
composite would have a low fracture energy. In fact this is not the case and
the impact strength of most glass reinforced plastics is many times greater
than the impact strengths of the fibres or the matrix. A typical impact strength
for polyester resin is 2 kJ/m? whereas a CSM/polyester composite has impact
strengths in the range 50-80 k)J/m?. Woven roving laminates have impact
strengths in the range 100—150 kJ/m?. The much higher impact strengths of the
composite in comparison to its component parts have been explained in terms
of the energy required to cause debonding and work done against friction in
pulling the fibres out of the matrix. Impact strengths are higher if the bond
between the fibre and the matrix is relatively weak because if it is so strong
that it cannot be broken, then cracks propagate across the matrix and fibres,
with very little energy being absorbed. There is also evidence to suggest that
in short-fibre reinforced plastics, maximum impact strength is achieved when
the fibre length is at the critical value. There is a conflict therefore between the
requirements for maximum tensile strength (long fibres and strong interfacial
bond) and maximum impact strength. For this reason it is imperative that full
details of the service conditions for a particular component are given in the
specifications so that the sagacious designer can tailor the structure of the
material accordingly.
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Questions

3.1 Compare the energy absorption capabilities of composites produced using carbon fibres,
aramid fibres and glass fibres. Comment on the meaning of the answer. The data in Fig. 3.2 may
be used.

3.2 A hybrid composite material is made up of 20% HS carbon fibres by weight and 30%
E-glass fibres by weight in an epoxy matrix. If the density of the epoxy is 1300 kg/m> and the
data in Fig. 3.2 may be used for the fibres, calculate the density of the composite.

3.3 What weight of carbon fibres (density = 1800 kg/m>) must be added to 1 kg of epoxy
(density = 1250 kg/m®) to produce a composite with a density of 1600 kg/m?.

3.4 A unidirectional glass fibre/epoxy composite has a fibre volume fraction of 60%. Given
the data below, calculate the density, modulus and thermal conductivity of the composite in the
fibre direction.

(kg/m®) E (GN/m?) K (W/m K)
Epoxy 1250 6.1 0.25
Glass fibre 2540 80.0 1.05

3.5 In a unidirectional Kevlar/epoxy composite the modular ratio is 20 and the epoxy occupies
60% of the volume. Calculate the modulus of the composite and the stresses in the fibres and
the matrix when a stress of 50 MN/m? is applied to the composite. The modulus of the epoxy is
6 GN/m?.

3.6 In a unidirectional carbon fibre/epoxy composite, the modular ratio is 40 and the fibres
take up 50% of the cross-section. What percentage of the applied force is taken by the fibres?

3.7 A reinforced plastic sheet is to be made from a matrix with a tensile strength of 60 MN/m?*
and continuous glass fibres with a modulus of 76 GN/m?. If the resin ratio by volume is 70%
and the modular ratio of the composite is 25, estimate the tensile strength and modulus of the
composite.

3.8 A single ply unidirectional carbon fibre reinforced PEEK material has a volume fraction
of fibres of 0.58. Use the data given below to calculate the Poisson’s Ratio for the composite in
the fibre and transverse directions.

Material Modulus (GN/m?) Poisson’s Ratio
Carbon fibres (HS) 230 0.23
PEEK 3.8 0.35

3.9 A single ply unidirectional glass fibre/epoxy composite has the fibres aligned at 40° to the
global x-direction. If the ply is 1.5 mm thick and it is subjected to stresses of o, = 30 MN/m?
and o, = 15 MN/m?, calculate the effective moduli for the ply in the x—y directions and the
values of £, and &,. The properties of the ply in the fibre and transverse directions are

E, =35 GN/m?®, E,=8GN/m?’, G, =4GN/m? and v;; =0.26

3.10 A single ply uni-directional carbon fibre/fepoxy composite has the fibres aligned at 30°
to the x-direction. If the ply is 2 mm thick and it is subjected to a moment of M, = 180 Nm/m
and to an axial stress of o, = 80 MN/m?, calculate the moduli, strains and curvatures in the x—=y
directions. If an additional moment of M, = 250 Nm/m is added, calculate the new curvatures.
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3.11 State whether the following laminates are symmetric or non-symmetric.
(i) [0/90/45/45/90/0]r

(ii) [0/902/45/ — 45/45/90,/0lr
(iii) [0/90/45/ — 456/45/90/0]r

3.12 A plastic composite is made up of three layers of isotropic materials as follows:

Skin layers: Material A, E = 3.5 GN/m?, G = 1.25 GN/m?, v = 0.4
Core layer:  Material B, E = 0.6 GN/m?, G = 0.222 GN/m?, v = 0.35.

The skins are each 0.5 mm thick and the core is 0.4 mm thick. If an axial stress of 20 MN/m?,
a transverse stress of 30 MN/m? and a shear stress of 15 MN/m? are applied to the composite,
calculate the axial and transverse stresses and strains in each layer.

3.13 A laminate is made up of plies having the following elastic constants
E, =133 GN/m?, E; =9 GN/m’, Gj; =5GN/m?, v;; =0.31

If the laminate is based on (—60, —30, 0, 30, 60, 90), and the plies are each 0.2 mm thick,
calculate E,, Ey, Gyy and v,,. If a stress of 100 MN/m? is applied in the x direction, what will
be the axial and lateral strains in the laminate?

3.14 A unidirectional carbon fibre/epoxy composite has the following lay-up
[40, —40, 40, —40],

The laminate is 8 mm thick and is subjected to stresses of o, = 80 MN/m’ and &, = 40 MN/m?,
determine the strains in the x and y directions. The properties of a single ply are

E; =140 GN/m?, E;=9GN/m?, G;;=7GN/m? and v;; =03

3.15 A filament wound composite cylindrical pressure vessel has a diameter of 1200 mm and
a wall thickness of 3 mm. It is made up of 10 plies of continuous glass fibres in a polyester resin.
The arrangement of the plies is [03/60/ — 60];. Calculate the axial and hoop strain in the cylinder
when an internal pressure of 3 MN/m? is applied. The properties of the individual plies are

E| =32 GN/m?, E;=8GN/m?, G);=3GNm? v;,=03

3.16 Compare the response of the following laminates to an axial force N, of 40 N/mm. The
plies are each 0.1 mm thick.

(a) [30/ — 30/ — 30/30)r
(b) [30/ — 30/30/ — 30]r
The properties of the individual plies are
E, =145 GN/m?, E,=15GN/m?, Gj; =4 GN/m?, v;;=0278

3.17 A unidirectional carbon fibre/PEEK laminate has the stacking sequence [0/35/ — 35]r. If
the properties of the individual plies are

E; = 145 GN/m?, E;=15GN/m?, G =4 GN/m?, v, =0.278

If the plies are each 0.1 mm thick, calculate the strains and curvatures if an in-plane stress of
100 MN/m? is applied.

318 A single ply of carbon/epoxy composite has the properties listed below and the fibres are
aligned at 25” to the x-direction. If stresses of

oy =80 MN/m?, 0, =20 MN/m*> and 7, = —10 MN/m?
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are applied, determine whether or not failure would be expected to occur according to the
(a) Maximum Stress, (b) Maximum Strain and (c) Tsai—Hill criteria.

E, =497 GN/m?, E; =53 GN/m?, G =56 GN/m?, v;; =0.31
&7 =124 GN/m?, 57 = 0.02 GN/m?,  6;¢c = 0.029 GN/m?
&2c = 0.03 GN/m?, 7y, = 0.04 GN/m®

3.19 A single ply glass/epoxy composite has the properties listed below. If the fibres are aligned
at 30° to the x-direction, determine the value of in-plane stresses, o,, which would cause failure
according to (a) the Maximum Stress criterion (b) the Maximum Strain criterion and (c) the
Tsai—Hill criterion.

E) = 40,000 MN/m?, E; = 9000 MN/m?, G = 4000 MN/m?,
via = 0.31, &7 = 1400 MN/m?, 4,7 = 50 MN/m?
G1c =220 MN/m?,  5c = 100 MN/m?, %, = 40 MN/m?

3.20 A carbon/epoxy composite with the stacking arrangement [0/ — 30/30]; has the properties
listed below. Determine the value of in-plane stress o, which would cause failure according to
the (a) Maximum Strain (b) Maximum Stress and (c) Tsai~Hill criteria.

E; =130 GN/m?, E; =88 GN/m?>. G,; =69 GN/m?, v;; =03
&1 = 1.9 GN/m?, 637 = 0.038 GN/m?,  Gy¢c = 1.7 GN/m?
6, =02 GN/m’, %5 = 0.09 GN/m?

The thickness of each ply is 0.2 mm.

3.21 A long sheet of carbon fibre reinforced epoxy is 30 mm wide, 5 mm thick and has a sharp
crack 10 mm long placed centrally relative to its width and length. If the critical stress intensity
factor for this material is 43 MN m~3/2, calculate the axial tension which would cause the sheet
to fracture.

3.22 A very wide sheet of grp which is known to contain intrinsic defects 1 mm long, is
subjected to a fluctuating stress which varies from 0 to 80 MN/m2. How many cycles would the
sheet be expected to withstand if it is made from (a) chopped strand mat (CSM) and (b) woven
roving (WR) reinforcement. The crack growth parameters C and n, and the critical stress intensity
factors, K., for these materials are

C n K(MN m!/?)
CSM 33x 1078 12.7 135
WR 2.7 x 10714 6.4 26.5

3.23 If the matrix in 3.7 was reinforced with the same volume fraction of glass but in the form
of randomly oriented glass fibres rather than continuous filaments, what would be the tensile
strength of the composite. The fibres are 15 mm long, have an aspect ratio of 1000 and produce
a reinforcement efficiency of 0.25. The fibre strength is 2 GN/m? and the shear strength of the
interface is 4 MN/m?.

3.24 A polyester matrix is reinforced with continuous glass fibres. A 15 mm wide beam made

from this material is to be simply supported over a 300 mm length and have a point load at mid-
span. For a fixed beam weight of 90 g/m investigate how the stiffness of the beam changes with

the volume fraction of glass and state the optimum volume fraction. (poy = 2560 kg/mj. Pm =
1210 kg/m?, E; = 76 GN/m?, E,, = 3 GN/m?).
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3.25 A sheet of chopped strand mat-reinforced polyester is 5 mm thick and 10 mm wide. If its
modulus is 8 GN/m? calculate its flexural stiffness when subjected to a point load of 200 N mid-
way along a simply supported span of 300 mm. Compare this with the stiffness of a composite
beam made up of two 2.5 mm thick layers of this reinforced material separated by a 10 mm thick
core of foamed plastic with a modulus of 40 MN/m?.

3.26 A composite of gfrp skin and foamed core is to have a fixed weight of 200 g/m. If its
width is 15 mm investigate how the stiffness of the composite varies with skin thickness. The

density of the skin material is 1450 kg/m® and the density of the core material is 450 kg/m>.
State the value of skin thickness which would be best and for this thickness calculate the ratio of
the weight of the skin to the total composite weight.

3.27 In a short carbon fibre reinforced nylon moulding the volume fraction of the fibres is 0.2.
Assuming the fibre length is much greater that the critical fibre length, calculate the modulus

of the moulding. The modulus values for the fibres and nylon are 230 GN/m? and 2.8 GN/m?
respectively.



CHAPTER 4 - Processing of Plastics

4.1 Introduction

One of the most outstanding features of plastics is the ease with which they can
be processed. In some cases semi-finished articles such as sheets or rods are
produced and subsequently fabricated into shape using conventional methods
such as welding or machining. In the majority of cases, however, the finished
article, which may be quite complex in shape, is produced in a single operation.
The processing stages of heating, shaping and cooling may be continuous (eg
production of pipe by extrusion) or a repeated cycle of events (eg production
of a telephone housing by injection moulding) but in most cases the processes
may be automated and so are particularly suitable for mass production. There
is a wide range of processing methods which may be used for plastics. In most
cases the choice of method is based on the shape of the component and whether
it is thermoplastic or thermosetting. It is important therefore that throughout
the design process, the designer must have a basic understanding of the range
of processing methods for plastics since an ill-conceived shape or design detail
may limit the choice of moulding methods.

In this chapter each of the principal processing methods for plastics is
described and where appropriate a Newtonian analysis of the process is devel-
oped. Although most polymer melt flows are in fact Non-Newtonian, the simpli-
fied analysis is useful at this stage because it illustrates the approach to the
problem without concealing it by mathematical complexity. In practice the
simplified analysis may provide sufficient accuracy for the engineer to make
initial design decisions and at least it provides a quantitative aspect which
assists in the understanding of the process. For those requiring more accu-
rate models of plastics moulding, these are developed in Chapter 5 where the
Non-Newtonian aspects of polymer melt flow are considered.

245
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4.2 Extrusion

4.2.1 General Features of Single Screw Extrusion

One of the most common methods of processing plastics is Extrusion using
a screw inside a barrel as illustrated in Fig. 4.1. The plastic, usually in the
form of granules or powder, is fed from a hopper on to the screw. It is then
conveyed along the barrel where it is heated by conduction from the barrel
heaters and shear due to its movement along the screw flights. The depth of
the screw channel is reduced along the length of the screw so as to compact the
material. At the end of the extruder the melt passes through a die to produce an
extrudate of the desired shape. As will be secen later, the use of different dies
means that the extruder screw/barrel can be used as the basic unit of several
processing techniques.

Powder of
granules

Heater
Die

Extrudate g€ Y :_:
== Variable

speed
drive

Filter Rotating

plate screw

Fig. 4.1 Schematic view of single screw extruder

Basically an extruder screw has three different zones.

(a) Feed Zone The function of this zone is to preheat the plastic and convey
it to the subsequent zones. The design of this section is important since the
constant screw depth must supply sufficient material to the metering zone so
as not to starve it, but on the other hand not supply so much material that
the metering zone is overrun. The optimum design is related to the nature and
shape of the feedstock, the geometry of the screw and the frictional properties
of the screw and barrel in relation to the plastic. The frictional behaviour of the
feed-stock material has a considerable influence on the rate of melting which
can be achieved.

(b) Compression Zone In this zone the screw depth gradually decreases so
as to compact the plastic. This compaction has the dual role of squeezing any
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trapped air pockets back into the feed zone and improving the heat transfer
through the reduced thickness of material.

(c) Metering Zone In this section the screw depth is again constant but
much less than the feed zone. In the metering zone the melt is homogenised so
as to supply at a constant rate, material of uniform temperature and pressure
to the die. This zone is the most straight-forward to analyse since it involves a
viscous melt flowing along a uniform channel.

The pressure build-up which occurs along a screw is illustrated in Fig. 4.2.
The lengths of the zones on a particular screw depend on the material to be
extruded. With nylon, for example, melting takes place quickly so that the
compression of the melt can be performed in one pitch of the screw. PVC on
the other hand is very heat sensitive and so a compression zone which covers
the whole length of the screw is preferred.
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Fig. 4.2 Typical zones on a extruder screw

As plastics can have quite different viscosities, they will tend to behave
differently during extrusion. Fig. 4.3 shows some typical outputs possible with
different plastics in extruders with a variety of barrel diameters. This diagram
is to provide a general idea of the ranking of materials — actual outputs may
vary +25% from those shown, depending on temperatures, screw speeds, etc.
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Fig. 43 Typical extruder outputs for different plastics

In commercial extruders, additional zones may be included to improve the
quality of the output. For example there may be a mixing zone consisting of
screw flights of reduced or reversed pitch. The purpose of this zone is to ensure
uniformity of the melt and it is sited in the metering section. Fig. 4.4 shows
some designs of mixing sections in extruder screws.

AWRININY

Parallet interrupted mixing ttights Undercut spiral barrier-type

WV

Ring-type barrier mixer

Mixing pins

00000

RAPRA cavity transfer mixer

Fig. 44 Typical designs of mixing zones
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Some extruders also have a venting zone. This is principally because a
number of plastics are hygroscopic — they absorb moisture from the atmo-
sphere. If these materials are extruded wet in conventional equipment the
quality of the output is not good due to trapped water vapour in the melt.
One possibility is to pre-dry the feedstock to the extruder but this is expensive
and can lead to contamination. Vented barrels were developed to overcome
these problems. As shown in Fig. 4.5, in the first part of the screw the gran-
ules are taken in and melted, compressed and homogenised in the usual way.
The melt pressure is then reduced to atmospheric pressure in the decompression
zone. This allows the volatiles to escape from the melt through a special port in
the barrel. The melt is then conveyed along the barrel to a second compression
zone which prevents air pockets from being trapped.

Pressure A Pressure
Decompression 4 r
zone

Initial
compression

Volatiles

'////////AI////////// 770
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727707 /////////////////////////

Zones on a vented extruder

Fig. 4.5 Zones on a vented extruder

The venting works because at a typical extrusion temperature of 250°C the
water in the plastic exists as a vapour at a pressure of about 4 MN/m”. At
this pressure it will easily pass out of the melt and through the exit orifice.
Note that since atmospheric pressure is about 0.1 MN/m? the application of a
vacuum to the exit orifice will have little effect on the removal of volatiles.
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Another feature of an extruder is the presence of a gauze filter after the screw
and before the die. This effectively filters out any inhomogeneous material
which might otherwise clog the die. These screen packs as they are called, will
normally filter the melt to 120-150 um. However, there is conclusive evidence
to show that even smaller particles than this can initiate cracks in plastics
extrudates e.g. polyethylene pressure pipes. In such cases it has been found
that fine melt filtration (~45 um) can significantly improve the performance
of the extrudate.

Since the filters by their nature tend to be flimsy they are usually supported
by a breaker plate. As shown in Fig. 4.6 this consists of a large number of coun-
tersunk holes to allow passage of the melt whilst preventing dead spots where
particles of melt could gather. The breaker plate also conveniently straightens
out the spiralling melt flow which emerges from the screw. Since the fine
mesh on the filter will gradually become blocked it is periodically removed
and replaced. In many modern extruders, and particularly with the fine filter
systems referred to above, the filter is changed automatically so as not to inter-
rupt continuous extrusion.

Filter
pack

L L

Section AA

Fig. 4.6 Breaker plate with filter pack

It should also be noted that although it is not their primary function, the
breaker plate and filter also assist the build-up of back pressure which improves
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mixing along the screw. Since the pressure at the die is important, extruders
also have a valve after the breaker plate to provide the necessary control.

4.2.2 Mechanism of Flow

As the plastic moves along the screw, it melts by the following mechanism.
Initially a thin film of molten material is formed at the barrel wall. As the screw
rotates, it scrapes this film off and the molten plastic moves down the front face
of the screw flight. When it reaches the core of the screw it sweeps up again,
setting up a rotary movement in front of the leading edge of the screw flight.
Initially the screw flight contains solid granules but these tend to be swept into
the molten pool by the rotary movement. As the screw rotates, the material
passes further along the barrel and more and more solid material is swept into
the molten pool until eventually only melted material exists between the screw
flights.

As the screw rotates inside the barrel, the movement of the plastic along
the screw is dependent on whether or not it adheres to the screw and barrel.
In theory there are two extremes. In one case the material sticks to the screw
only and therefore the screw and material rotate as a solid cylinder inside
the barrel. This would result in zero output and is clearly undesirable. In the
second case the material slips on the screw and has a high resistance to rotation
inside the barrel. This results in a purely axial movement of the melt and is the
ideal situation. In practice the behaviour is somewhere between these limits
as the material adheres to both the screw and the barrel. The useful output
from the extruder is the result of a drag flow due to the interaction of the
rotating screw and stationary barrel. This is equivalent to the flow of a viscous
liquid between two parallel plates when one plate is stationary and the other is
moving. Superimposed on this is a flow due to the pressure gradient which is
built up along the screw. Since the high pressure is at the end of the extruder
the pressure flow will reduce the output. In addition, the clearance between
the screw flights and the barrel allows material to leak back along the screw
and effectively reduces the output. This leakage will be worse when the screw
becomes worn.

The external heating and cooling on the extruder also plays an important part
in the melting process. In high output extruders the material passes along the
barrel so quickly that sufficient heat for melting is generated by the shearing
action and the barrel heaters are not required. In these circumstances it is the
barrel cooling which is critical if excess heat is generated in the melt. In some
cases the screw may also be cooled. This is not intended to influence the melt
temperature but rather to reduce the frictional effect between the plastic and the
screw. In all extruders, barrel cooling is essential at the feed pocket to ensure
an unrestricted supply of feedstock.

The thermal state of the melt in the extruder is frequently compared with
two ideal thermodynamic states. One is where the process may be regarded as
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adiabatic. This means that the system is fully insulated to prevent heat gain
or loss from or to the surroundings. If this ideal state was to be reached in the
extruder it would be necessary for the work done on the melt to produce just
the right amount of heat without the need for heating or cooling. The second
ideal case is referred to as isothermal. In the extruder this would mean that the
temperature at all points is the same and would require immediate heating or
cooling from the barrel to compensate for any loss or gain of heat in the melt.
In practice the thermal processes in the extruder fall somewhere between these
ideals. Extruders may be run without external heating or cooling but they are
not truly adiabatic since heat losses will occur. Isothermal operation along the
whole length of the extruder cannot be envisaged if it is to be supplied with
relatively cold granules. However, particular sections may be near isothermal
and the metering zone is often considered as such for analysis.

4.2.3 Analysis of Flow in Extruder

As discussed in the previous section, it is convenient to consider the output
from the extruder as consisting of three components — drag flow, pressure flow
and leakage. The derivation of the equation for output assumes that in the
metering zone the melt has a constant viscosity and its flow is isothermal in
a wide shallow channel. These conditions are most likely to be approached in
the metering zone.

(a) Drag Flow Consider the flow of the melt between parallel plates as
shown in Fig. 4.7(a).

For the small element of fluid ABCD the volume flow rate dQ is given by

dQ=V.dy-dx “.1)
Assuming the velocity gradient is linear, then
Yy
V=V, |-
‘ [H]

Substituting in (4.1) and integrating over the channel depth, H, then the total
drag flow, Qy, is given by

H
Qd=/
0

Qs =3THV, (4.2)

T
Vay
247 dv.d

This may be compared to the situation in the extruder where the fluid is being
dragged along by the relative movement of the screw and barrel. Fig. 4.8 shows
the position of the element of fluid and (4.2) may be modified to include terms
relevant to the extruder dimensions.

For example V4 = DN cos ¢
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— Moving plate

Stationary plate
(a) Drag Flow

High Pressure Low Pressure

(b) Pressure Flow

In both cases, AB = dz, element width = dx and channel width =T

Fig. 47 Melt Flow between parallel plates

where N is the screw speed (in revolutions per unit time).
T = (mDtan¢ — e)cos ¢
So Qs = S(@Dtan¢ — e)(nDN cos® $)H

In most cases the term, e, is small in comparison with (wDtan¢) so this
expression is reduced to

Qq = 1n*D*NH sin ¢ cos ¢ 4.3)
Note that the shear rate in the metering zone will be given by Vy/H.
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Fig. 4.8 Details of extruder screw

(b) Pressure flow: Consider the element of fluid shown in Fig. 4.7(b). The
forces are

oP
F, = (P+— -dz)dydx
i 74
Fy=P-dydx
F3 = rydzdx

where P is pressure and d7 is the shear stress acting on the element. For steady
flow these forces are in equilibrium so they may be equated as follows:

Fi=F;+2F;
which reduces to P
yd—z =1, “4.4)

Now for a Newtonian fluid, the shear stress, t,, is related to the viscosity, »,
and the shear rate, y, by the equation

. av
TLy=ny = 775
Using this in equation (4.4)
dp av
}’E = 7)'@

Integrating
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2 2
v—ld—p(y——H—) (4.5)

So

T ndz\2 8

Also, for the element of fluid of depth, dy, at distance, y, from the centre
line (and whose velocity is V) the elemental flow rate, dQ, is given by

dQ=VTdy

This may be integrated to give the pressure flow, ¢,

1dP y> H?
= - —.T|{Z-—]d
2 /ndz (2 8) Y
1 dp
=—-— .TH? 4.6
2 12n dz 0

Referring to the element of fluid between the screw flights as shown in
Fig. 4.8, this equation may be rearranged using the following substitutions.
Assuming e is small, T = 7Dtan ¢ - cos ¢

Als sing dL dP dP .
0, ing =— so — =
dz dz dL

Thus the expression for O, becomes
nDH?sin’ ¢ dP

Q= 121 dL “@.7)

(c) Leakage The leakage flow may be considered as flow through a wide
slit which has a depth, §, a length (e cos ¢) and a width of (wD/ cos ¢). Since
this is a pressure flow, the derivation is similar to that described in (b). For
convenience therefore the following substitutions may be made in (4.6).

h=34

T =aD/cos¢
AP
cos ¢

Pressure gradient = (see Fig. 4.9)
e

So the leakage flow, Qy, is given by
alD283

Q= 12ne

dP
tan ¢d (4.8)

A factor is often required in this equation to allow for eccentricity of the screw
in the barrel. Typically this increases the leakage flow by about 20%.
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Fig. 49 Development of screw

The total output is the combination of drag flow, back pressure flow and
leakage. So from (4.3), (4.7) and (4.8)

nDH3sin> ¢ dP  nD?8? dP

12792 :
= ;m°D“ NH - - tang— (4.9
0=; sin ¢ cos ¢ 121 12ne ¢” 4.9)

For many practical purposes sufficient accuracy is obtained by neglecting
the leakage flow term. In addition the pressure gradient is often considered as
linear so

dP P

dL L
where ‘L’ is the length of the extruder. In practice the length of an extruder
screw can vary between 17 and 30 times the diameter of the barrel. The shorter
the screw the cooler the melt and the faster the moulding cycle. In the above
analysis, it is the melt flow which is being considered and so the relevant
pressure gradient will be that in the metering zone. However, as shown in
Fig. 4.2 this is often approximated by P/L. If all other physical dimensions and
conditions are constant then the variation of output with screw flight angle, ¢,
can be studied. As shown in Fig. 4.10 the maximum output would be obtained
if the screw flight angle was about 35°C. In practice a screw flight angle of
17.7° is frequently used because
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Fig. 4.10 Variation of drag flow and pressure flow

(i) this is the angle which occurs if the pitch of the screw is equal to the
diameter and so it is convenient to manufacture,

(ii) for a considerable portion of the extruder length, the screw is acting as a
solids conveying device and it is known that the optimum angle in such
cases is 17° to 20°.

It should also be noted that in some cases correction factors, Fy, and F), are
applied to the drag and pressure flow terms. They are to allow for edge effects
and are solely dependent on the channel width, T, and channel depth, A, in the
metering zone. Typical values are illustrated in Fig. 4.11.

4.2.4 Extruder/Die Characteristics

From equation (4.9) it may be seen that there are two interesting situations to
consider. One is the case of free discharge where there is no pressure build up
at the end of the extruder so

Q = Qmax = S7*D*NH sin ¢ cos ¢ (4.10)

The other case is where the pressure at the end of the extruder is large enough
to stop the output. From (4.9) with @ = 0 and ignoring the leakage flow

671 DLN1
H?tan¢

In Fig. 4.12 these points are shown as the limits of the screw characteristic. It is
interesting to note that when a die is coupled to the extruder their requirements

P = P = @.11)
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Fig. 4.11 Flow correction factors as a function of screw geometry

are conflicting. The extruder has a high output if the pressure at its outlet is
low. However, the outlet from the extruder is the inlet to the die and the output
of the latter increases with inlet pressure. As will be seen later the output, Q,
of a Newtonian fluid from a die is given by a relation of the form

Q=KP (4.12)

R
where K = gnn—L— for a capillary die of radius R and length L,.
d

Equation (4.12) enables the die characteristics to be plotted on Fig. 4.12
and the intersection of the two characteristics is the operating point of the
extruder. This plot is useful in that it shows the effect which changes in various
parameters will have on output. For example, increasing screw speed, N, will
move the extruder characteristic upward. Similarly an increase in the die radius,
R, would increase the slope of the die characteristic and in both cases the
extruder output would increase.

The operating point for an extruder/die combination may also be determined
from equations (4.9) and (4.12) — ignoring leakage flow

nDH3sin’ ¢ P _ R
12n L~ 8nl,
So for a capillary die, the pressure at the operating point is given by

_ 2nnD*NH sin ¢ cos ¢
"= 1 (R%/2Ly) + (DH?sin? $)/3L

Q = in*D*NH sin ¢ cos ¢ —

(4.13)
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Fig. 4.12 Extruder and die characteristics

4.2.5 Other Die Geometries

For other die geometries it is necessary to use the appropriate form of equation
(4.12). The equations for a capillary and a slit die are derived in Chapter 5.
For other geometries it is possible to use the empirical equation which was
developed by Boussinesq. This has the form

_ Fbd®
T 12nLy°

(4.14)

where b is the greatest dimension of the cross-section
d is the least dimension of the cross-section
F is a non-dimensional factor as given in Fig. 4.13.

Using equation (4.14) it is possible to modify the expression for the operating
pressure to the more general form

2nnD*NH sin ¢ cos ¢

Pop = { Fbd3 4.15

o + (DH? sin? ¢/3L) @19
371L,1
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Fig. 4.13 Flow coefficient as a function of channel geometry

For a capillary die, one may obtain a value of F from Fig. 4.13 as 0.295
and substituting b = d = 2R, this equation reduces to the same form as
equation (4.13).

Example 4.1 A single screw extruder is to be designed with the following
characteristics.
L/D ratio = 24, screw flight angle = 17.7°
Max. screw speed = 100 rev/min, screw diameter = 40 mm
flight depth (metering zone) = 3 mm. |
If the extruder is to be used to process polymer melts with a maximum melt
viscosity of 500 Ns/m?, calculate a suitable wall thickness for the extruder

barrel based on the von Mises yield criterion. The tensile yield stress for the
barrel metal is 925 MN/m? and a factor of safety of 2.5 should be used.

Solution The maximum pressure which occurs in the extruder barrel is when
there is no output. Therefore the design needs to consider this worst case
blockage situation. As given by equation (4.11)

__ 6nDLn

" H2tang¢

_ 6w x40 x (24 x 10) x (100/60) x 500
B (3)%tan 17.7°

max

= 210 MN/m?

The von Mises criterion relates the tensile yield stress of a material to a state
of multi-axial stress in a component made from the material. In a cylinder (the
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barrel of the extruder in this case), the principal stresses which exist as a result
of an internal pressure are

PmaxD
hoop stress, o) = max
2h
axial stress, o, =
4h

where h = wall thickness of the barrel.
The von Mises criterion simply states that yielding (failure) will occur if

<2>2 < 0,2 +U§ — 0107

FS) —

where oy = tensile yield stress of material
F§ = factor of safety.

In this case, therefore

(925)2 3 ((210)40)2 N <(210)40>2 _ (210)*(40)?

25 2h 4h 8h?
h=9.8 mm
Hence a barrel wall thickness of 10 mm would be appropriate.

Example 4.2 A single screw extruder is to be used to manufacture a nylon
rod 5 mm in diameter at a production rate of 1.5 m/min. Using the following
information, calculate the required screw speed.

Nylon Extruder Die
Viscosity = 42.0 Ns/m? Diameter = 30 mm Length =4 mm
Density (solid) = 1140 kg/m® Length = 750 mm Diameter = 5 mm

Density (melt) = 790 kg/m®  Screw flight angle = 17.7°
Metering channel
depth = 2.5 mm

Die swelling effects may be ignored and the melt viscosity can be assumed to
be constant.
Solution The output rate of solid rod = speed x cross-sectional area
= 1.5 x 1(2.5 x 107*)?/60
=49.1 x 107% m¥/s

As the solid material is more dense than the melt, the melt flow rate must be
greater in the ratio of the solid/melt densities. Therefore

1140
Melt flow rate through die = 49.1 x 107° (ﬁ) =70.8 x 107 m*/s
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The pressure necessary to achieve this flow rate through the die is obtained from
0= nPR*
 8nlq
p_ 8x420x4x107 x 708 x 10~°
- (2.5 x 10734

= 7.8 MN/m?

At the operating point, the die output and the extruder output will be the same.
Hence

Q0 =70.8 x 107® = 17%(30 x 107*)?N(2.5 x 107%)sin 17.7cos 17.7

7(30 x 1073)(2.6 x 1073)3sin 17 7.8 x 10°
12 x 420 0.75

N = 22 rev/min

4.2.6 General Features of Twin Screw Extruders

In recent years there has been a steady increase in the use of extruders which
have two screws rotating in a heated barrel. These machines permit a wider
range of possibilities in terms of output rates, mixing efficiency, heat genera-
tion, etc compared with a single screw extruder. The output of a twin screw
extruder can be typically three times that of a single screw extruder of the same
diameter and speed. Although the term ‘twin-screw’ is used almost universally
for extruders having two screws, the screws need not be identical. There are in
fact a large variety of machine types. Fig. 4.14 illustrates some of the possibil-
ities with counter-rotating and co-rotating screws. In addition the screws may
be conjugated or non-conjugated. A non-conjugated screw configuration is one
in which the screw flights are a loose fit into one another so that there is ample
space for material between the screw flights (see Fig. 4.15).

/Illl’ /]

I
//’,/

“\%\\

\

(a) Counter-rotating  (b) Co-rotating (c) Counter-rotating  (d) Co-rotating
(intermeshing) (Intermashing) (non-intermeshing) (non-intermeshing)

Fig. 4.14 Different types of twin screw extruder
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{a} Non-conjugated screws showing some

passages around each screw

{b) Conjugated screws showing closed
passages around each screw

Fig. 4.15 Two types of twin screw extruder

In a counter-rotating twin screw extruder the material is sheared and pres-
surised in a mechanism similar to calendering (see Section 4.5), i.e. the material
is effectively squeezed between counter-rotating rolls. In a co-rotating system
the material is transferred from one screw to the other in a figure-of-eight
pattern as shown in Fig. 4.16. This type of arrangement is particularly suit-
able for heat sensitive materials because the material is conveyed through the
extruder quickly with little possibility of entrapment. The movement around
the screws is slower if the screws are conjugated but the propulsive action is

greater.

Table 4.1

Comparison of single-screw, co-rotating and counter-rotating twin-screw extruders

Co-rotating screw

Type Single screw Low speed High speed Counter-rotating
type type twin screw
Friction between Mainly depend on the Forced mechanical
cylinder and frictional action as in the conveyance based
Principle materials and the case of single screw on gear pump
same between extruder principle
material and screw

Conveying

efficiency Low Medium High
Mixing efficiency Low Medium/High High
Shearing action High Medium High Low
Self-cleaning effect Slight Medium/High High Low
Energy efficiency Low Medium/High High
Heat generation High Medium High Low
Temp distribution Wide Medium Narrow Narrow
Max. revolving

speed (rpm) 100-300 25-35 250-300 35-45
Max. effective

length of

screw L/D 30-32 7-18 30-40 10-21
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Fig. 4.16 Material flow path with co-rotating scres

The following table compares the single screw extruder with the main types
of twin screw extruders.

4.2.7 Processing Methods Based on the Extruder

Extrusion is an extremely versatile process in that it can be adapted, by the use
of appropriate dies, to produce a wide range of products. Some of the more
common of these production techniques will now be described.

(a) Granule Production/Compounding

In the simplest case an extruder may be used to convert polymer formulations
and additives into a form (usually granules) which is more convenient for use
in other processing methods, such as injection moulding. In the extruder the
feedstock is melted, homogenised and forced through a capillary shaped die.
It emerges as a continuous lace which is cooled in a long water bath so that
it may be chopped into short granules and packed into sacks. The haul-off
apparatus shown in Fig. 4.17 is used to draw down the extrudate to the required
dimensions. The granules are typically 3 mm diameter and about 4 mm long.
In most cases a multi-hole die is used to increase the production rate.

(b) Profile Production

Extrusion, by its nature, is ideally suited to the production of continuous
lengths of plastic mouldings with a uniform cross-section. Therefore as well as
producing the laces as described in the previous section, the simple operation
of a die change can provide a wide range of profiled shapes such as pipes,
sheets, rods, curtain track, edging strips, window frames, etc (see Fig. 4.18).

The successful manufacture of profiled sections depends to a very large extent
on good die design. Generally this is not straightforward, even for a simple
cross-section such as a square, due to the interacting effects of post-extrusion
swelling and the flow characteristics of complex viscoelastic fluids. Most dies
are designed from experience to give approximately the correct shape and then
sizing units are used to control precisely the desired shape. The extrudate is then
cooled as quickly as possible. This is usually done in a water bath the length
of which depends on the section and the material being cooled. For example,
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Extruder

Water bath

Fig. 4.17 Use of extruder to produce granules

Fig. 4.18 (a) Extruded panel sections (b) Extruded window profile

longer baths are needed for crystalline plastics since the recrystallisation is
exothermic.

The storage facilities at the end of the profile production line depend on the
type of product (see Fig. 4.19). If it is rigid then the cooled extrudate may be
cut to size on a guillotine for stacking. If the extrudate is flexible then it can
be stored on drums.

(c) Film Blowing

Although plastic sheet and film may be produced using a slit die, by far
the most common method nowadays is the film blowing process illustrated in
Fig. 4.20. The molten plastic from the extruder passes through an annular die
and emerges as a thin tube. A supply of air to the inside of the tube prevents
it from collapsing and indeed may be used to inflate it to a larger diameter.
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Initially the bubble consists of molten plastic but a jet of air around the outside
of the tube promotes cooling and at a certain distance from the die exit, a freeze
line can be identified. Eventually the cooled film passes through collapsing
guides and nip rolls before being taken off to storage drums or, for example,
gussetted and cut to length for plastic bags. Most commercial systems are
provided with twin storage facilities so that a full drum may be removed without
stopping the process.

The major advantage of film blowing is the ease with which biaxial orien-
tation can be introduced into the film. The pressure of the air in the bubble
determines the blow-up and this controls the circumferential orientation. In
addition, axial orientation may be introduced by increasing the nip roll speed
relative to the linear velocity of the bubble. This is referred to as draw-down.

It is possible to make a simple estimate of the orientation in blown film
by considering only the effects due to the inflation of the bubble. Since the
volume flow rate is the same for the plastic in the die and in the bubble, then
for unit time

JTDdhde = ﬂDbthb
where D, h and L refer to diameter, thickness and length respectively and the
subscript ‘d’ is for the die and ‘b’ is for the bubble.

So the orientation in the machine direction, Opp, is given by

Oyp = 2 — Daha _ ki
Ly  hyDy  hpBg
where Bg = blow-up ratio (Dy/Dy)

Also the orientation in the transverse direction, Orp, is given by

Dy
Orp=—=8
D D, R
Therefore the ratio of the orientations may be expressed as
Omp hy

D S (4.16)
Orp  hy(Br)?

Example 4.3 A plastic shrink wrapping with a thickness of 0.05 mm is to
be produced using an annular die with a die gap of 0.8 mm. Assuming that
the inflation of the bubble dominates the orientation in the film, determine the
blow-up ratio required to give uniform biaxial orientation.

Solution Since Oyp = O1p

h
then the blow-up ratio, Bgr = h—d
b

/0.8
= — =4
.05

Common blow-up ratios are in the range 1.5 to 4.5.
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This example illustrates the simplified approach to film blowing. Unfortu-
nately in practice the situation is more complex in that the film thickness is
influenced by draw-down, relaxation of induced stresses/strains and melt flow
phenomena such as die swell. In fact the situation is similar to that described
for blow moulding (see below) and the type of analysis outlined in that section
could be used to allow for the effects of die swell. However, since the most
practical problems in film blowing require iterative type solutions involving
melt flow characteristics, volume flow rates, swell ratios, etc the study of these
is delayed until Chapter 5 where a more rigorous approach to polymer flow
has been adopted.

(d) Blow Moulding

This process evolved originally from glass blowing technology. It was devel-
oped as a method for producing hollow plastic articles (such as bottles and
barrels) and although this is still the largest application area for the process,
nowadays a wide range of technical mouldings can also be made by this method
e.g. rear spoilers on cars and videotape cassettes. There is also a number of vari-
ations on the original process but we will start by considering the conventional
extrusion blow moulding process.

Extrusion Blow Moulding

Initially a molten tube of plastic called the Parison is extruded through an
annular die. A mould then closes round the parison and a jet of gas inflates it
to take up the shape of the mould. This is illustrated in Fig. 4.21(a). Although
this process is principally used for the production of bottles (for washing-
up liquid, disinfectant, soft drinks, etc.) it is not restricted to small hollow
articles. Domestic cold water storage tanks, large storage drums and 200

Extruder

Gas

nozzle Z 2

(i) Parison descends (i) Inflating (i) Cooling  (iv) Ejecting

Fig. 4.21 Stages in blow moulding
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gallon containers have been blow-moulded. The main materials used are PVC,
polyethylene, polypropylene and PET.

The conventional extrusion blow moulding process may be continuous or
intermittent. In the former method the extruder continuously supplies molten
polymer through the annular die. In most cases the mould assembly moves
relative to the die. When the mould has closed around the parison, a hot knife
separates the latter from the extruder and the mould moves away for inflation,
cooling and ejection of the moulding. Meanwhile the next parison will have
been produced and this mould may move back to collect it or, in multi-mould
systems, this would have been picked up by another mould. Alternatively in
some machines the mould assembly is fixed and the required length of parison
is cut off and transported to the mould by a robot arm.

In the intermittent processes, single or multiple parisons are extruded using a
reciprocating screw or ram accumulator. In the former system the screw moves
forward to extrude the parisons and then screws back to prepare the charge
of molten plastic for the next shot. In the other system the screw extruder
supplies a constant output to an accumulator. A ram then pushes melt from the
accumulator to produce a parison as required.

Although it may appear straightforward, in fact the geometry of the parison
is complex. In the first place its dimensions will be greater than those of the die
due to the phenomenon of post extrusion swelling (see Chapter 5). Secondly
there may be deformities (e.g. curtaining) due to flow defects. Thirdly, since
most machines extrude the parison vertically downwards, during the delay
between extrusion and inflation, the weight of the parison causes sagging or
draw-down. This sagging limits the length of articles which can be produced
from a free hanging parison. The complex combination of swelling and thinning
makes it difficult to produce articles with a uniform wall thickness. This is
particularly true when the cylindrical parison is inflated into an irregularly
shaped mould because the uneven drawing causes additional thinning. In most
cases therefore to blow mould successfully it is necessary to program the output
rate or die gap to produce a controlled non-uniform distribution of thickness
in the parison which will give a uniform thickness in the inflated article.

During moulding, the inflation rate and pressure must be carefully selected
so that the parison does not burst. Inflation of the parison is generally fast but
the overall cycle time is dictated by the cooling of the melt when it touches
the mould. Various methods have been tried in order to improve the cooling
rate e.g. injection of liquid carbon dioxide, cold air or high pressure moist
air. These usuvally provide a significant reduction in cycle times but since the
cooling rate affects the mechanical properties and dimensional stability of the
moulding it is necessary to try to optimise the cooling in terms of production
rate and quality.

Extrusion blow moulding is continually developing to be capable of
producing even more complex shapes. These include unsymmetrical geometries
and double wall mouldings. In recent years there have also been considerable
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developments in the use of in-the-mould transfers. This technology enables
lables to be attached to bottles and containers as they are being moulded.
Fig. 4.22 illustrates three stages in the blow moulding of a complex container.

—p—
-

i

. s

Parigon pinched as it emerges from Mould closes to deform Side cores rotate
die and then stretched between two parison Into shape inwards to complete
hatves of open mould forming

Fig. 4.22 Stages in blow moulding of complex hollow container

Analysis of Blow Moulding

As mentioned previously, when the molten plastic emerges from the die it
swells due to the recovery of elastic deformations in the melt. It will be shown
later that the following relationship applies:

Bsy = B2, (from Chapter 5)

where Bsy = swelling of the thickness (= h;/hy)
Bgr = swelling of the diameter (= D, /D, )
h Dp\?
therefore Eli- = (i)
hy = hy(Bsr)* 4.17)

Now consider the situation where the parison is inflated to fill a cylindrical die
of diameter, D,,. Assuming constancy of volume and neglecting draw-down
effects, then from Fig. 4.23

wD\hy = 7Dy h

= _(hd : B_%T)

Bgr - Dy
= T(hd -Bl.)
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Fig. 423 Analysis of blow moulding
D
h = By hy (—") (4.18)
Dy,

This expression therefore enables the thickness of the moulded article to be
calculated from a knowledge of the die dimensions, the swelling ratio and the
mould diameter. The following example illustrates the use of this analysis. A
further example on blow moulding may be found towards the end of Chapter 5
where there is also an example to illustrate how the amount of sagging of the
parison may be estimated.

Example 4.4 A blow moulding die has an outside diameter of 30 mm and an
inside diameter of 27 mm. The parison is inflated with a pressure of 0.4 MN/m?
to produce a plastic bottle of diameter 50 mm. If the extrusion rate used causes a
thickness swelling ratio of 2, estimate the wall thickness of the bottle. Comment
on the suitability of the production conditions if melt fracture occurs at a stress
of 6 MN/m?.

Solution
From equation (4.18)

D
wall thickness, h = B3 hg (D“d>

Now hg = 3$(30-27)= 1.5 mm
Bsr = /Bsy =2 = 1414
D; = $(30+27) = 28.5 mm

28.
So h=(1.414)3(1.5)<_5-03> =242 mm
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The maximum stress in the inflated parison will be the hoop stress, gy, which
is given by

. __PD, _04x50
T Ton T 2x242
= 4.13 MN/m?

Since this is less than the melt fracture stress (6 MN/m?) these production
conditions would be suitable. These are more worked examples on extrusion
blow moulding towards the end of Chapter 5.

Extrusion Stretch Blow Moulding

Molecular orientation has a very large effect on the properties of a moulded
article. During conventional blow moulding the inflation of the parison causes
molecular orientation in the hoop direction. However, bi-axial stretching of the
plastic before it starts to cool in the mould has been found to provide even more
significant improvements in the quality of blow-moulded bottles. Advantages
claimed include improved mechanical properties, greater clarity and superior
permeation characteristics. Cost savings can also be achieved through the use
of lower material grades or thinner wall sections.
Biaxial orientation may be achieved in blow moulding by

(a) stretching the extruded parison longitudinally before it is clamped by the
mould and inflated. This is based on the Neck Ring process developed
as early as the 1950s. In this case, molten plastic is extruded into a
ring mould which forms the neck of the bottle and the parison is then
stretched. After the mould closes around the parison, inflation of the
bottle occurs in the normal way. The principle is illustrated in Fig. 4.24.

1

Extrusion / Injection of Stretching of Inflation and
plastic into pull rod parison ejection

Fig. 4.24 Neck ring stretch blow moulding
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(b) producing a preform ‘bottle’ in one mould and then stretching this longi-
tudinally prior to inflation in the full size bottle mould. This is illustrated
in Fig. 4.25.

(i} Extrusion (i) Intlation of pretorm

(a) Manutacture of preform

{i} Stretching (it} Inttation liii} Ejectian

[b) Manutacture ot bottle

Fig. 4.25 Extrusion stretch blow moulding

Injection Stretch Blow Moulding

This is another method which is used to produce biaxially oriented blow
moulded containers. However, as it involves injection moulding, the description
of this process will be considered in more detail later (Section 4.3.9).

(e) Extrusion Coating Processes

There are many applications in which it is necessary to put a plastic coating
on to paper or metal sheets and the extruder provides an ideal way of doing this.
Normally a thin film of plastic is extruded from a slit die and is immediately
brought into contact with the medium to be coated. The composite is then
passed between rollers to ensure proper adhesion at the interface and to contro}
the thickness of the coating (see Fig. 4.26).

Another major type of coating process is wire covering. The tremendous
demand for insulated cables in the electrical industry means that large tonnages
of plastic are used in this application. Basically a bare wire, which may be
heated or have its surface primed, is drawn through a special die attached
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to an extruder (see Fig. 4.27). The drawing speed may be anywhere between
1 m/min and 1000 m/min depending on the diameter of the wire. When the
wire emerges from the die it has a coating of plastic, the thickness of which
depends on the speed of the wire and the extrusion conditions. It then passes
into a cooling trough which may extend for a linear distance of several hundred
metres. The coated wire is then wound on to storage drums.

Wire covering can be analysed in a very similar manner to that described
for extrusion. The coating on the wire arises from two effects:

(@) Drag Flow due to the movement of the wire

(b) Pressure Flow due to the pressure difference between the extruder exit
and the die exit.
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From (4.2) the drag flow, Qy, is given by
h
Qs =3THV;  where T =21 <R+ 5)

From (4.6) the pressure flow, @, is given by

1 P .,
.TH

& =1ondz

So combining these two equations, the total output, Q, is given by

TH?® P
C— 4.19)

!
= lTHYV
=3 T

This must be equal to the volume of coating on the wire so

Q = V4(R+h)? - RY)

Q =aVih(2R + h) (4.20)
Combining equations (4.19) and (4.20)

| TH® P
aVah(2R+h) = sTHV,; + — - —
~ 12n L
from which
6nLV,
P=-
H3

This is an expression for the pressure necessary at the extruder exit and
therefore enables the appropriate extrusion conditions to be set.

(2H - H) (4.21)

(f) Recent Developments in Extrusion Technology

(i) Co-Extrusion As a result of the wide range of requirements which occur
in practice it is not surprising that in many cases there is no individual plastic
which has the correct combination of properties to satisfy a particular need.
Therefore it is becoming very common in the manufacture of articles such
as packaging film, yoghurt containers, refrigerator liners, gaskets and window
frames that a multi-layer plastic composite will be used. This is particularly true
for extruded film and thermoforming sheets (see Section 4.4). In co-extrusion
two or more polymers are combined in a single process to produce a multi-
layer film. These co-extruded films can either be produced by a blown film or
a cast film process as illustrated in Figs 4.28(a) and (b). The cast process using
a slot die and chill roll to cool the film, produces a film with good clarity and
high gloss. The film blowing process, however, produces a stronger film due
to the transverse orientation which can be introduced and this process offers
more flexibility in terms of film thickness.
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Fig. 428 Co-extrusion of plastic film

In most cases there is insufficient adhesion between the basic polymers and
so it is necessary to have an adhesive film between each of the layers. Recent
investigations of co-extrusion have been centred on methods of avoiding the
need for the adhesive layer. The most successful seems to be the development
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of reactive bonding processes in which the co-extruded layers are chemically
cross-linked together.

The main reason for producing multi-layer co-extruded films is to get mate-
rials with better barrier properties — particularly in regard to gas permeation.
The following Table shows the effects which can be achieved. Data on perme-
ability of plastics are also given in Figs 1.13 and 1.14.

Table 4.2

Transmission rates for a range of plastics

Transmission rates

Layer Oxygen

distribution Density (em?/m? Water vapour
Polymer (em) (kg/m?) 24 hr atm) (g/m? 24 hr)
ABS 1000 1050 30 2
uPVvC 1000 1390 5 0.75
Polypropylene 1000 910 60 0.25
PET 1000 1360 1 2
LDPE 1000 920 140 0.5
HDPE 1000 960 60 0.3
PS/EVOH*/PE 825/25/150 1050 5t 1.6
PS/PVAC/PE 825/50/125 1070 1 04
PP/EVOH/PP 300/40/660 930 1t 0.25

*EVOH ethyl vinyl alcohol.
+Depends on humidity.

(if) Highly Oriented Grids: Net-like polymer grids have become an extremely
important development — particularly to civil engineers. The attraction in civil
engineering applications is that the open grid structure permits soil particles
to interlock through the apertures thus providing an extremely strong rein-
forcement to the soil. These geogrids under the trade name ‘Tensar’ are now
widely used for road and runway construction, embankment supports, landslide
repairs, etc.

The polymer grid achieves its very high strength due to the orientation of
the polymer molecules during its manufacture. The process of manufacture is
illustrated in Fig. 4.29. An extruded sheet, produced to a very fine tolerance
and with a controlled structure, has a pattern of holes stamped into it. The
hole shapes and pattern can be altered depending on the performance required
of the finished product. The perforated sheet is then stretched in one direction
to give thin sections of highly orientated polymer with the tensile strength
of mild steel. This type of grid can be used in applications where uniaxial
strength is required. In other cases, where biaxial strength is necessary, the
sheet is subjected to a second stretching operation in the transverse direction.
The advantages of highly oriented grids are that they are light and very easy to
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Fig. 429 Tensar manufacturing process

handle. The advantage of obtaining a highly oriented molecular structure is also
readily apparent when one compares the stiffness of a HDPE grid (~10 GN/m?)
with the stiffness of unoriented HDPE (~1 GN/m?).

(iii) Reactive Extrusion: The most recent development in extrusion is the use
of the extruder as a ‘mini-reactor’. Reactive extrusion is the name given to the
process whereby the plastic is manufactured in the extruder from base chemicals
and once produced it passes through a die of the desired shape. Currently this
process is being used the manufacture of low tonnage materials (<5000 tonnes
p.a.) where the cost of a full size reactor run could not be justified. In the future
it may be simply part of the production line.

4.3 Injection Moulding

4.3.1 Introduction

One of the most common processing methods for plastics is injection moulding.
Nowadays every home, every vehicle, every office, every factory contains a
multitude of different types of articles which have been injection moulded.
These include such things as electric drill casings, yoghurt cartons, television
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housings, combs, syringes, paint brush handles, crash helmets, gearwheels,
typewriters, fascia panels, reflectors, telephones, brief cases — the list is endless.

The original injection moulding machines were based on the pressure die
casting technique for metals. The first machine is reported to have been patented
in the United States in 1872, specifically for use with Celluloid. This was an
important invention but probably before its time because in the following years
very few developments in injection moulding processes were reported and it
was not until the 1920s, in Germany, that a renewed interest was taken in
the process. The first German machines were very simple pieces of equipment
and relied totally on manual operation. Levers were used to clamp the mould
and inject the melted plastic with the result that the pressures which could
be attained were not very high. Subsequent improvements led to the use of
pneumatic cylinders for clamping the injection which not only lifted some of
the burden off the operator but also meant that higher pressures could be used.

The next major development in injection moulding, i.e. the introduction of
hydraulically operated machines, did not occur until the late 1930s when a wide
range of thermoplastics started to become available. However, these machines
still tended to be hybrids based on die casting technology and the design of
injection moulding machines for plastics was not taken really seriously until the
1950s when a new generation of equipment was developed. These machines
catered more closely for the particular properties of polymer melts and modern
machines are of the same basic design although of course the control systems
are very much more sophisticated nowadays.

In principle, injection moulding is a simple process. A thermoplastic, in the
form of granules or powder, passes from a feed hopper into the barrel where
it is heated so that it becomes soft. It is then forced through a nozzle into a
relatively cold mould which is clamped tightly closed. When the plastic has had
sufficient time to become solid the mould opens, the article is ejected and the
cycle is repeated. The major advantages of the process include its versatility
in moulding a wide range of products, the ease with which automation can
be introduced, the possibility of high production rates and the manufacture of
articles with close tolerances. The basic injection moulding concept can also
be adapted for use with thermosetting materials.

4.3.2 Details of the Process

The earliest injection moulding machines were of the plunger type as illustrated
in Fig. 4.30 and there are still many of these machines in use today. A pre-
determined quantity of moulding material drops from the feed hopper into the
barrel. The plunger then conveys the material along the barrel where it is heated
by conduction from the external heaters. The material is thus plasticised under
pressure so that it may be forced through the nozzle into the mould cavity.
In order to split up the mass of material in the barrel and improve the heat
transfer, a torpedo is fitted in the barrel as shown.
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Fig. 4.30 Plunger type injection moulding machine

Unfortunately there are a number of inherent disadvantages with this type of
machine which can make it difficult to produce consistent moulding. The main
problems are:

(a) There is little mixing or homogenisation of the molten plastic.

(b) It is difficult to meter accurately the shot size. Since metering is on a
volume basis, any variation in the density of the material will alter the
shot weight.

(c) Since the plunger is compressing material which is in a variety of forms
(varying from a solid granule to a viscous melt) the pressure at the nozzle
can vary quite considerably from cycle to cycle.

(d) The presence of the torpedo causes a significant pressure loss.

(e) The flow properties of the melt are pressure sensitive and since the
pressure is erratic, this amplifies the variability in mould filling.

Some of the disadvantages of the plunger machine may be overcome by using
a pre-plasticising system. This type of machine has two barrels. Raw material
is fed into the first barrel where an extruder screw or plunger plasticises the
material and feeds it through a non-return valve into the other barrel. A plunger
in the second barrel then forces the melt through a nozzle and into the mould.
In this system there is much better homogenisation because the melt has to
pass through the small opening connecting the two barrels. The shot size can
also be metered more accurately since the volume of material fed to the second
barrel can be controlled by a limit switch on its plunger. Another advantage is
that there is no longer a need for the torpedo on the main injection cylinder.
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However, nowadays this type of machine is seldom used because it is
considerably more complicated and more expensive than necessary. One area
of application where it is still in use is for large mouldings because a large
volume of plastic can be plasticised prior to injection using the primary cylinder
plunger.

For normal injection moulding, however, the market is now dominated by
the reciprocating screw type of injection moulding machine. This was a major
breakthrough in machine design and yet the principle is simple. An extruder
type screw in a heated barrel performs a dual role. On the one hand it rotates
in the normal way to transport, melt and pressurize the material in the barrel
but it is also capable, whilst not rotating, of moving forward like a plunger

(@)

(b)

‘:§~‘)- —7 77
e .i.',:.r,:
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(d)

Fig. 431 Typical cycle in reciprocating screw injection moulding machine
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to inject melt into the mould. A typical injection moulding machine cycle is
illustrated in Fig. 4.31. It involves the following stages:

(@)

()

(©

(d)

After the mould closes, the screw (not rotating) pushes forward to inject
melt into the cooled mould. The air inside the mould will be pushed out
through small vents at the furthest extremities of the melt flow path.
When the cavity is filled, the screw continues to push forward to apply
a holding pressure (see Fig. 4.31). This has the effect of squeezing extra
melt into the cavity to compensate for the shrinkage of the plastic as
it cools. This holding pressure is only effective as long as the gate(s)
remain open.

Once the gate(s) freeze, no more melt can enter the mould and so the
screw-back commences. At this stage the screw starts to rotate and draw
in new plastic from the hopper. This is conveyed to the front of the
screw but as the mould cavity is filled with plastic, the effect is to push
the screw backwards. This prepares the next shot by accumulating the
desired amount of plastic in front of the screw. At a pre-set point in time,
the screw stops rotating and the machine sits waiting for the solidification
of the moulding and runner system to be completed.

When the moulding has cooled to a temperature where it is solid enough
to retain its shape, the mould opens and the moulding is ejected. The
mould then closes and the cycle is repeated (see Fig. 4.32).

Pause Clamp

Ejection

Opening ) Holding pressure

Completion of cooling

Screw back

Fig. 4.32 Stages during injection moulding

There are a number of important features in reciprocating screw injection
moulding machines and these will now be considered in turn.

Screws The screws used in these machines are basically the same as those
described earlier for extrusion. The compression ratios are usually in the range
2.5:1 to 4:1 and the most common L/D ratios are in the range 15 to 20. Some
screws are capable of injecting the plastic at pressures up to 200 MN/m?. One
important difference from an extruder screw is the presence of a back-flow
check valve at the end of the screw as illustrated in Fig. 4.33. The purpose of
this valve is to stop any back flow across the flights of the screw when it is
acting as a plunger. When material is being conveyed forward by the rotation of
the screw, the valve opens as shown. One exception is when injection moulding
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Fig. 4.33 Typical check valve

heat-sensitive materials such as PVC. In such cases there is no check valve
because this would provide sites where material could get clogged and would
degrade.

Barrels and Heaters These are also similar to those in extruder machines. In
recent years, vented barrels have become available to facilitate the moulding
of water sensitive plastics without the need for pre-drying. Water sensitivity in
plastics can take several forms. If the plastic absorbs water then dimensional
changes will occur, just as with wood or paper. The plastic will also be plas-
ticised by the water so that there will be property changes such as a reduction
in modulus and an increase in toughness. All these effects produced by water
absorption are reversible.

Another event which may occur is hydrolysis. This is a chemical reaction
between the plastic and water. It occurs extremely slowly at room temperature
but can be significant at moulding temperatures. Hydrolysis causes degradation,
reduction in properties (such as impact strength) and it is irreversible. Table 4.3
indicates the sensitivity of plastics to moisture. Note that generally extrusion
requires a lower moisture content than injection moulding to produce good
quality products.

Table 4.3

Water sensitivity of some common plastics

Drying not required Drying required
(Materials do not hydrolyse) Absorbs only Hydrolyses
Polyethylene Acrylic (0.02/0.08) PET (0.002/0.002)
Polypropylene ABS (0.02/0.08) Polycarbonate (0.01/0.02)
Polystyrene SAN (0.02/0.08) Nylon 66 (0.08/0.15)
PVC

*Required maximum moisture content for extrusion/injection moulding (%)

Nozzles The nozzle is screwed into the end of the barrel and provides the
means by which the melt can leave the barrel and enter the mould. It is also
a region where the melt can be heated both by friction and conduction from a
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heater band before entering the relatively cold channels in the mould. Contact
with the mould causes heat transfer from the nozzle and in cases where this
is excessive it is advisable to withdraw the nozzle from the mould during the
screw-back part of the moulding cycle. Otherwise the plastic may freeze off in
the nozzle.

There are several types of nozzle. The simplest is an open nozzle as shown
in Fig. 4.34(a). This is used whenever possible because pressure drops can
be minimised and there are no hold up points where the melt can stagnate
and decompose. However, if the melt viscosity is low then leakage will occur
from this type of nozzle particularly if the barrel/nozzle assembly retracts from
the mould each cycle. The solution is to use a shut-off nozzle of which there
are many types. Fig. 4.34(b) shows a nozzle which is shut off by external
means. Fig. 4.34(c) shows a nozzle with a spring loaded needle valve which
opens when the melt pressure exceeds a certain value or alternatively when the
nozzle is pressed up against the mould. Most of the shut-off nozzles have the
disadvantage that they restrict the flow of the material and provide undersirable
stagnation sites. For this reason they should not be used with heat sensitive
materials such as PVC,

1

{a} Open nozzie (b} External shut-off
nozzle

S8
(c) Needle shut-off U M

nozzie

Fig. 4.34 Types of nozzle

Clamping Systems In order to keep the mould halves tightly closed when the
melt is being injected under high pressures it is necessary to have a clamping
system. This may be either (a) hydraulic or (b) mechanical (toggle) — or some
combination of the two.
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In the hydraulic system, oil under pressure is introduced behind a piston
connected to the moving platen of the machine. This causes the mould to close
and the clamp force can be adjusted so that there is no leakage of molten plastic
from the mould.

The toggle is a mechanical device used to amplify force. Toggle mechanisms
tend to be preferred for high speed machines and where the clamping force is
relatively small. The two main advantages of the toggle system are that it is
more economical to run the small hydraulic cylinder and since the toggle is
self locking it is not necessary to maintain the hydraulic pressure throughout
the moulding cycle. On the other hand the toggle system has the disadvantages
that there is no indication of the clamping force and the additional moving
parts increase maintenance COSts.

4.3.3 Moulds

In the simplest case an injection mould (or ‘tool’) consists of two halves into
which the impression of the part to be moulded is cut. The mating surfaces
of the mould halves are accurately machined so that no leakage of plastic
can occur at the split line. If leakage does occur the flash on the moulding
is unsightly and expensive to remove. A typical injection mould is illustrated
in Fig. 4.35. It may by seen that in order to facilitate mounting the mould in
the machine and cooling and ejection of the moulding, several additions are
made to the basic mould halves. Firstly, backing plates permit the mould to
be bolted on to the machine platens. Secondly, channels are machined into the
mould to allow the mould temperature to be controlled. Thirdly, ejector pins
are included to that the moulded part can be freed from the mould. In most
cases the ejector pins are operated by the shoulder screw hitting a stop when
the mould opens. The mould cavity is joined to the machine nozzle by means of
the sprue. The sprue anchor pin then has the function of pulling the sprue away
from the nozzle and ensuring that the moulded part remains on the moving half
of the mould, when the mould opens. For multi-cavity moulds the impressions
are joined to the sprue by runners — channels cut in one or both halves of
the mould through which the plastic will flow without restriction. A narrow
constriction between the runner and the cavity allows the moulding to be easily
separated from the runner and sprue. This constriction is called the gate.

A production injection mould is a piece of high precision engineering manu-
factured to very close tolerances by skilled craftsmen. A typical mould can be
considered to consist of (i) the cavity and core and (ii) the remainder of the
mould (often referred to as the bolster). Of these two, the latter is the more
straightforward because although it needs to be accurately made, in general,
conventional machine tools can be used. The cavity and core, however, may
be quite complex in shape and so they often need special techniques. These
can include casting, electro-deposition, hobbing, pressure casting, spark erosion
and NC machining.
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Fig. 4.35 Details of injection mould

Finishing and polishing the mould surfaces is also extremely important
because the melt will tend to reproduce every detail on the surface of the
mould. Finally the mould will have to be hardened to make it stand up to the
treatment it receives in service. As a result of all the time and effort which
goes into mould manufacture, it is sometimes found that a very complex mould
costs more than the moulding machine on which it is used. Several features of
the mould are worthy of special mention.

(a) Gates: As mentioned earlier the gate is the small orifice which connects
the runner to the cavity. It has a number of functions. Firstly, it provides a
convenient weak link by which the moulding can be broken off from the runner
system. In some moulds the degating may be automatic when the mould opens.
The gate also acts like a valve in that it allows molten plastic to fill the mould
but being small it usually freezes off first. The cavity is thus sealed off from the
runner system which prevents material being sucked out of the cavity during
screw-back. As a general rule, small gates are preferable because no finishing
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is required if the moulding is separated cleanly from the runner. So for the
initial trials on a mould the gates are made as small as possible and are only
opened up if there are mould filling problems.

In a multi-cavity mould it is not always possible to arrange for the runner
length to each cavity to be the same. This means that cavities close to the
sprue would be filled quickly whereas cavities remote from the sprue receive
the melt later and at a reduced pressure. To alleviate this problem it is common
to use small gates close to the sprue and progressively increase the dimensions
of the gates further along the runners. This has the effect of balancing the fill
of the cavities. If a single cavity mould is multi-gated then here again it may
be beneficial to balance the flow by using various gate sizes.

Examples of gates which are in common use are shown in Fig. 4.36. Sprue
gates are used when the sprue bush can feed directly into the mould cavity
as, for example, with single symmetrical moulding such as buckets. Pin gates
are particularly successful because they cause high shear rates which reduce
the viscosity of the plastic and so the mould fills more easily. The side gate is
the most common type of gate and is a simple rectangular section feeding into
the side of the cavity. A particular attraction of this type of gate is that mould
filling can be improved by increasing the width of the gate but the freeze time
is unaffected because the depth is unchanged.

Moulding oulding

{a) Sprue gate {b} Pin gate {c) Side gate

Fig. 436 Types of gate

(b) Runners: The runner is the flow path by which the molten plastic travels
from the sprue (i.e. the moulding machine) to the gates (i.e. the cavity). To
prevent the runner freezing off prematurely, its surface area should be small
s0 as to minimise heat transfer to the mould. However, the cross sectional area
of the runner should be large so that it presents little resistance to the flow of
the plastic but not so large that the cycle time needs to be extended to allow
the runner to solidify for ejection. A good indication of the efficiency of a
runner is, therefore, the ratio of its cross-sectional area to its surface area. For
example, a semi-circular channel cut into one half of the mould is convenient
to machine but it only has an area ratio of 0.153 D where D is the diameter of
the semi-circle. A full round runner, on the other hand, has a ratio of 0.25 D.
A square section also has this ratio but is seldom used because it is difficult to
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eject. A compromise is a trapezoidal section (cut into one half of the mould)
or a hexagonal section.

(c) Sprues: The sprue is the channel along which the molten plastic first enters
the mould. It delivers the melt from the nozzle to the runner system. The sprue
is incorporated in a hardened steel bush which has a seat designed to provide
a good seal with the nozzle. Since it is important that the sprue is pulled out
when the mould opens it is tapered as shown in Fig. 4.35 and there is a sprue
pulling device mounted directly opposite the sprue entry. This can take many
forms but typically it would be an undercut or reversed taper to provide a key
for the plastic on the moving half of the mould. Since the sprue, like the runner
system, is effectively waste it should not be made excessively long.

(d) Venting: Before the plastic melt is injected, the cavity in the closed mould
contains air. When the melt enters the mould, if the air cannot escape it become
compressed. At worst this may affect the mould filling, but in any case the
sudden compression of the air causes considerable heating. This may be suffi-
cient to burn the plastic and the mould surface at local hot spots. To alleviate
this problem, vents are machined into the mating surfaces of the mould to allow
the air to escape. The vent channel must be small so that molten plastic will not
flow along it and cause unsightly flash on the moulded article. Typically a vent
is about 0.025 mm deep and several millimeters wide. Away from the cavity
the depth of the vent can be increased so that there is minimum resistance to
the flow of the gases out of the mould.

(e) Mould Temperature Control: For efficient moulding, the temperature
of the mould should be controlled and this is normally done by passing a
fluid through a suitably arranged channel in the mould. The rate at which
the moulding cools affects the total cycle time as well as the surface finish,
tolerances, distortion and internal stresses of the moulded article. High mould
temperatures improve surface gloss and tend to eliminate voids. However, the
possibility of flashing is increased and sink marks are likely to occur. If the
mould temperature is too low then the material may freeze in the cavity before
it is filled. In most cases the mould temperatures used are a compromise based
on experience. In Chapter 5 we will consider ways of estimating the time taken
for a moulding to cool down in a mould.

Example 4.5 The runner lay-out for an eight cavity mould is illustrated in
Fig. 4.37. If the mould is to be designed so that the pressure at the gate is the
same in all cases, determine the radius of the runner in section A. The flow
may be assumed to be isothermal.

Solution Although this runner system is symmetrical, it is not balanced. If
the runner had the same diameter throughout all sections, then the mouldings
close to the sprue would fill first and would be over-packed before the outermost
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Fig. 4.37 Lay-out for eight cavity mould

cavities were filled. In a good mould design, all the cavities fill simultaneously
at the same pressure. In this case it is necessary to ensure that the pressure
drop in Sections 1 and 3 is the same as the pressure drop in Section 2.

It will be shown in Chapter 5 that the pressure drop, AP, for isothermal flow
in a circular section channel is given by

8nLQ
AP=—— 4.22
p— 4.22)
where n = viscosity of the plastic

L = length of channel
Q = volume flow rate

R = radius of channel

If the volume flow rate towards point J is g (ie the input at the sprue is 2g)
then at J the flow will split as follows:

Flow along runner 1 = xq
Flow along runner 2 = 1/2(1 — x)gq
Flow along runner 3 = 1/2xq

where
A R?

T A +24; R +2R:

X

(A refers to the area of the relevant runner).
Using equation (4.22) we can write

8nLixq
R}

Pressure loss in runner 1 =
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8 1-—
Pressure loss in runner 2 = M
27R}
8nL
Pressure loss in runner 3 = n%srq
2nR}

Thus, equating pressure losses after point J

8nly(1 —x)q  8nLixq  8nlsxq

27k} #R} 2nR;
Substituting for x and rearranging to get R,
Ry = R\R3/2L;
V/2LiR} + LyRS

For the dimensions given:
R; = 3.8 mm

In practice there are a number of other factors to be taken into account.
For example, the above analysis assumes that this plastic is Newtonian, ie
that it has a constant viscosity, 7. In reality the plastic melt is non-Newtonian
so that the viscosity will change with the different shear rates in each of the
three runner sections analysed. In addition, the melt flow into the mould will
not be isothermal — the plastic melt immediately in contact with the mould will
solidify. This will continuously reduce the effective runner cross-section for the
melt coming along behind. The effects of non-Newtonian and non-isothermal
behaviour are dealt with in Chapter 5.

Multi-Daylight Moulds

This type of mould, also often referred to as a three plate mould, is used when
it is desired to have the runner system in a different plane from the parting line
of the moulding. This would be the case in a multi-cavity mould where it was
desirable to have a central feed to each cavity (see Fig. 4.38). In this type of
mould there is automatic degating and the runner system and sprue are ejected
separately from the moulding.

Hot Runner Moulds

The runners and sprues are necessary in a mould but they are not part of the
end-product. Unfortunately, it is not economically viable to discard them so
they must be re-ground for subsequent reprocessing. Regrinding is expensive
and can introduce contamination into the material so that any system which
avoids the accumulation of runners and sprues is attractive. A system has been
developed to do this and it is really a logical extension of three plate moulding.
In this system, strategically placed heaters and insulation in the mould keep the
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plastic in the runner at the injection temperature. During each cycle therefore
the component is ejected but the melt in the runner channel is retained and
injected into the cavity during the next shot. A typical mould layout is shown
in Fig. 4.39.

Additional advantages of hot runner moulds are (i) elimination of trimming
and (ii) possibility of faster cycle times because the runner system does not have
to freeze off. However, these have to be weighed against the disadvantages of
the system. Since the hot runner mould is more complex than a conventional
mould it will be more expensive. Also there are many areas in the hot runner
manifold where material can get trapped. This means that problems can be
experienced during colour or grade changes because it is difficult to remove all
of the previous material. As a practical point it should also be realised that the
system only works as long as the runner remains molten. If the runner system
freezes off then the hot runner manifold needs to be dismantled to remove the
runners. Note also that hot runner system are not suitable for heat sensitive
materials such as PVC.

Insulated Runner Moulds

This is similar in concept to the hot runner mould system. In this case, instead
of having a specially heated manifold in the mould, large runners (13-25 mm
diameter) are used. The relatively cold mould causes a frozen skin to form in
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the runner which then insulates its core so that this remains molten. As in the
previous case the runner remains in the mould when the moulding is ejected
and the molten part of the runner is then injected into the cavity for the next
shot. If an undue delay causes the whole runner to freeze off then it may be
ejected and when moulding is restarted the insulation layer soon forms again.
This type of system is widely used for moulding of fast cycling products such
as flower pots and disposable goods. The main disadvantage of the system
is that it is not suitable for polymers or pigments which have a low thermal
stability or high viscosity, as some of the material may remain in a semi-molten
form in the runner system for long periods of time.

A recent development of the insulated runner principle is the distribution
tube system. This overcomes the possibility of freezing-off by insertion of
heated tubes into the runners. However, this system still relies on a thick layer
of polymer forming an insulation layer on the wall of the runner and so this
system is not suitable for heat sensitive materials.

Note that both the insulated runner and the distribution tube systems rely on
a cartridge heater in the gate area to prevent premature freezing off at the gate
(see Fig. 4.40).
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Mould Clamping Force

In order to prevent ‘flashing’, i.e. a thin film of plastic escaping out of the
mould cavity at the parting line, it is necessary to keep the mould tightly
closed during injection of the molten plastic. Before setting up a mould on
a machine it is always worthwhile to check that there is sufficient clamping
force available on the machine. To do this it is necessary to be able to estimate
what clamping force will be needed. The relationship between mould area
and clamp requirements has occupied the minds of moulders for many years.
Practical experience suggests that the clamping pressure over the projected area
of the moulding should be between 10 and 50 MN/m? depending on factors
such as shape, thickness, and type of material. The mould clamping force may
also be estimated in the following way. Consider the monlding of a disc which
is centre gated as shown in Fig. 4.41(a). The force on the shaded element is
given by
R
Force, F = /P,errdr (4.23)
0

The cavity pressure will vary across the disc and it is necessary to make some
assumption about this variation. Experimental studies have suggested that an
empirical relation of the form

p=r(1-(3)) (4.24)

is most satisfactory. Py is the pressure at the gate and m is a constant which
is usually between 0.3 and 0.75. It will be shown later (Chapter 5) that ‘m’ is
in fact equal to (1—n) where ‘n’ is the index in the Power Law expression for
polymer melt flow.
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Substituting (4.24) in (4.23) then

F= O/RPo (1 = (%)M) 2rdr

F = nR?P (L) (4.25)
B "\ m+2 '
This is a simple convenient expression for estimating the clamping force
required for the disc. The same expression may also be used for more complex
shapes where the projected area may be approximated as a circle. It will also
give sufficiently accurate estimates for a square plate when the radius, R, in
Fig. 4.41(a) is taken as half of the diagonal.

I

(a) Disc moulding (b) Strip moulding
Fig. 441 Clamp force analysis

An alternative way of looking at this equation is that the clamping pressure,
based on the projected area of the moulding, is given by

Clamping pressure = (L) x Injection pressure
m+2

For any particular material the ratio (m/(m + 2)) may be determined from the
flow curves and it will be temperature and (to some extent) pressure dependent.

In practice the clamping pressure will also depend on the geometry of the
cavity. In particular the flow ratio (flow length/channel lateral dimension) is
important. Fig. 4.42 illustrates typical variations in the Mean Effective Pressure
in the cavity for different thicknesses and flow ratios. The data used here
is typical for easy flow materials such as polyethylene, polypropylene and
polystyrene. To calculate the clamp force, simply multiply the appropriate Mean
Effective Pressure by the projected area of the moulding. In practice it is
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Fig. 442 Claming pressures for different cavity geometries (typical values for easy flow
materials)

prudent to increase this value by 10-20% due to the uncertainties associated
with specific moulds.

For plastics other than the easy flow materials referred to above, it would
be normal to apply a factor to allow for the higher viscosity. Typical viscosity
factors are given below.

Material Viscosity Factor
Polyethylene, polypropylene, polystyrene 1

Nylon 66 12— 1.4
ABS 13— 14
Acrylic 1.5—> 1.7
PVC 1.6 > 1.8
Polycarbonate 1.7 - 2.0

Example 4.6 The mould shown in Fig. 4.35 produces four cup shaped ABS
mouldings. The depth of the cups is 60 mm, the diameter at the is 90 mm
and the wall thickness is 1.0 mm. The distance from the sprue to the cavity is
40 mm and the runner diameter is 6 mm. Calculate the clamp force necessary
on the moulding machine and estimate how the clamp force would change if
the mould was designed so as to feed the cups through a pin gate in the centre
of the base (as illustrated in Fig. 4.38). The clamp pressure data in Fig. 4.42
should be used and the taper on the side of the cups may be ignored.

Solution

(a) Within the cavity, the maximum flow length for the plastic melt will be
from the gate, along the side of the cup and across the base of the cup, ie

Flow length = 60 4+ 90 = 150 mm
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The thickness of the moulding is 1 mm, hence the flow ratio = 150/1 = 150.
From Fig. 4.42 at this thickness and flow ratio, the mean effective pressure is
75 MN/m?.

Allowing an extra 15% for uncertainties and applying the viscosity factor of
1.4 for ABS, then the appropriate mean effective pressure is 75 x 1.15 x 1.4 =
120 MN/m2. For each cavity, the projected area is (7r/4)(90)? = 6360 mm? =
6.36 x 1073 m2.

Hence, clamp force per cavity = 120 x 6.36 x 103 = 763 kN.

The projected area of the runners is 4 x 40 x 6 = 960 mm?.

Assuming that the mean effective pressure also applies to the runner
system, then

clamp force for runners = 120 x 0.96 x 1073 = 115 kN
Hence total clamp force for 4 cavities and 1 runner system is given by
Total clamp force = (4 x 763) + 115 = 3167 kN

The required clamp force is therefore 317 tonnes.
(b) If a pin gate in the middle of the base is used instead of an edge gate,
then the flow ratio will be different. In this case

flow length = %(90) + 60 = 105

This is also the flow ratio, so from Fig. 4.42 the mean effective pressure is
50 MN/m?. Applying the viscosity factor, etc as above, then

Clamp force per cavity = 50 x 1.15 x 1.4 x (%) (90)*> x 1076 = 512 kN

In this case the runner system will be almost totally in the ‘shadow’ of the
projected area of the cavities and so they can be ignored.

Hence, total clamp force = 4 x 512 = 2048 kN = 205 tonnes.

Another common shape which is moulded is a thin rectangular strip. Consider
the centre gated strip as shown in Fig. 4.41(b). In the same way as before the
clamping force, F, is given by

L2
F=2 / P,Tdz (4.26)
0

L2

F=20/P0 (1— (55)'") Tdz
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m
F=TP)L| —— 4.27
- 0 <m+l> ( )

The calculation of clamp force is considered in more detail in Chapter 5.

4.3.4 Structural Foam Injection Moulding

Foamed thermoplastic articles have a cellular core with a relatively dense (solid)
skin. The foam effect is achieved by the dispersion of inert gas throughout the
molten resin directly before moulding. Introduction of the gas is usually carried
out either by pre-blending the resin with a chemical blowing agent which
releases gas when heated or by direct injection of the gas (usually nitrogen).

When the compressed gas/resin mixture is rapidly injected into the mould
cavity, the gas expands explosively and forces the material into all parts of
the mould.

The advantages of these types of foam moulding are

(a) for a given weight they are many times more rigid than a solid moulding

(b) they are almost completely free from orientation effects and the shrinkage
is uniform

(c) very thick sections can be moulded without sink marks.

Foamed plastic articles may be produced with good results using normal
screw-type injection moulding machines (see Fig. 4.43(a)). However, the limi-
tations on shot size, injection speed and platen area imposed by conventional

(b) Specialised foom moulding press

Fig. 443 Structural foam moulding equipment
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injection equipment prevent the full large-part capabilities of structural foam
from being realised. Specialised foam moulding machines currently in use can
produce parts weighing in excess of 50 kg (see Fig. 4.43(b)).

Wall sections in foam moulding are thicker than in solid material. Longer
cycle times can therefore be expected due to both the wall thickness and the
low thermal conductivity of the cellular material. In contrast, however, the
injection pressures in foam moulding are low when compared with conventional
injection moulding. This means that less clamping force is needed per unit area
of moulding and mould costs are less because lower strength mould materials
may be used.

4.3.5 Sandwich Moulding

This is an injection moulding method which permits material costs to be
reduced in large mouldings. In most mouldings it is the outer surface of an
article which is important in terms of performance in service. If an article has
to be thick in order that it will have adequate flexural stiffness then the material
within the core of the article is wasted because its only function is to keep the
outer surfaces apart. The philosophy of sandwich moulding is that two different
materials (or two forms of the same material) should be used for the core and
skin. That is, an expensive high performance material is used for the skin and
a low-cost commodity or recycled plastic is used for the core. The way that
this can be achieved is illustrated in Fig. 4.44.

ia}

fc)

Fig. 444 Stages in sandwich moulding process

Initially the skin material is injected but not sufficient to fill the mould. The
core material is then injected and it flows laminarly into the interior of the core.
This continues until the cavity is filled as shown in Fig. 4.44(c). Finally the
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nozzle valve rotates so that the skin material is injected into the sprue thereby
clearing the valve of core material in preparation for the next shot. In a number
of cases the core material is foamed to produce a sandwich section with a thin
solid skin and a cellular core.

It is interesting that in the latest applications of sandwich moulding it is the
core material which is being regarded as the critical component. This is to meet
design requirements for computers, electronic equipment and some automotive
parts. In these applications there is a growing demand for covers and housings
with electromagnetic interference (EMI) shielding. The necessity of using a
plastic with a high loading of conductive filler (usually carbon black) means
that surface finish is poor and unattractive. To overcome this the sandwich
moulding technique can be used in that a good quality surface can be moulded
using a different plastic.

4.3.6 Gas Injection Moulding

In recent years major developments have been made in the use of an inert gas
to act as the core in an injection moulded plastic product. This offers many
advantages including greater stiffness/weight ratios and reduced moulded-in
stresses and distortion.

The first stage of the cycle is the flow of molten polymer into the mould
cavity through a standard feed system. Before this flow of polymer is complete,
the injection of a predetermined quantity of gas into the melt begins through a
special nozzle located within the cavity or feed system as shown in Fig. 4.45.
The timing, pressure and speed of the gas injection is critical.

The pressure at the polymer gate remains high and, therefore, the gas chooses
a natural path through the hotter and less viscous parts of the polymer melt
towards the lower pressure areas. The flow of gas cores out a hollow centre
extending from its point of entry towards the last point of fill. By controlling
the amount of gas injected into the hollow core, the pressure on the cooling
polymer is controlled and maintained until the moulding is packed. The final
stage is the withdrawal of the gas nozzle, prior to mould opening, which allows
the gas held in the hollow core to vent.

The gas injection process overcomes many of the limitations of injection
mouldings such as moulded-in stress and distortion. These limitations are
caused by laminar flow and variation in pressure throughout the moulding.
With the gas injection process, laminar flow is considerably reduced and a
uniform pressure is maintained. The difficulty of transmitting a very high pres-
sure uniformly throughout a moulding can also cause inconsistent volumetric
shrinkage of the polymer, and this leads to isolated surface sink marks. Whilst
cycle times are comparable with those of conventional injection moulding,
clamping forces are much lower. Also, by using gas to core out the polymer
instead of mixing with it, gas-injection overcomes a number of shortcomings
of the structural foam process. In particular there are no surface imperfections
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Fig. 445 Stages in the gas injection moulding of an automotive handle (courtesy of
Cinpress Ltd)
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(caused by escaping gas bubbles in structural foam moulding) and cycle times
are lower because thinner sections are being cooled.

4.3.7 Shear Controlled Orientation in Injection Moulding (SCORIM)

One of the major innovations in recent years is the use of pulsed pressure
through the gates to introduce and control the orientation of the structure (or
fillers) in injection moulded products. A special manifold is attached to the
machine nozzle as illustrated in Fig. 4.46. This diagram relates to the double
live feed of melt although up to four pistons, capable of applying oscillating

pressure may be used.
Ve

B <«—— Piston D

Mould cavity Nozzle

Injection moulder barrel

/

c Y Piston E

Shearing of Double live-feed

the melt device \
4

Fig. 446 One embodiment of SCORIM where the device (B) for producing shear during solid-
ification, by the action of pistons (D) and (E), is placed between the injection moulding machine
barrel (A) and the mould (C) (Courtesy of Brunel University)

Shear controlled orientation in injection moulding (SCORIM) is based on
the progressive application of macroscopic shears at the melt-solid interface
during solidification in the moulding of a polymer matrix.

Macroscopic shears of specified magnitude and direction, applied at the melt-
solid interface provide several advantages:

(i) Enhanced polymer matrix or fibre alignment by design in moulded poly-

mers or fibre reinforced polymers.

(ii) Elimination of mechanical discontinuities that result from the initial
mould filling process, including internal weld lines.

(iii) Reduction in the detrimental effects of a change in moulded section
thickness.

(iv) Elimination or reduction in defects resulting from the moulding of thick
sectioned components.



302 Processing of Plastics

4.3.8 Reaction Injection Moulding

Although there have been for many years a number of moulding methods
(such as hand lay-up of giass fibres in polyester and compression moulding
of thermosets or rubber) in which the plastic material is manufactured at the
same time as it is being shaped into the final article, it is only recently that this
concept has been applied in an injection moulding type process. In Reaction
Injection Moulding (RIM), liquid reactants are brought together just prior to
being injected into the mould. In-mould polymerisation then takes place which
forms the plastic at the same time as the moulding is being produced. In some
cases reinforcing fillers are incorporated in one of the reactants and this is
referred to as Reinforced Reaction Injection Moulding (RRIM)

The basic RIM process is illustrated in Fig. 4.47. A range of plastics lend
themselves to the type of fast polymerisation reaction which is required in this
process — polyesters, epoxies, nylons and vinyl monomers. However, by far
the most commonly used material is polyurethane. The components A and B
are an isocyanate and a polyol and these are kept circulating in their separate
systems until an injection shot is required. At this point the two reactants are
brought together in the mixing head and injected into the mould.

4 Polyol Isocyanate
{+ glass)

Mixing head

Mould

Fig. 447 Schematic view of reaction injection moulding

Since the reactants have a low viscosity, the injection pressures are relatively
low in the RIM process. Thus, comparing a conventional injection moulding
machine with a RIM machine having the same clamp force, the RIM machine
could produce a moulding with a much greater projected area (typically about
10 times greater). Therefore the RIM process is particularly suitable for large
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area mouldings such as car bumpers and body panels. Another consequence
of the low injection pressures is that mould materials other than steel may
be considered. Aluminium has been used successfully and this permits weight
savings in large moulds. Moulds are also less expensive than injection moulds
but they must not be regarded as cheap. RIM moulds require careful design
and, in particular, a good surface finish because the expansion of the material
in the mould during polymerisation causes every detail on the surface of the
mould to be reproduced on the moulding.

4.3.9 Injection Blow Moulding

In Section 4.2.7 we considered the process of extrusion blow moulding which
is used to produce hollow articles such as bottles. At that time it was mentioned
that if molecular orientation can be introduced to the moulding then the prop-
erties are significantly improved. In recent years the process of injection blow
moulding has been developed to achieve this objective. It is now very widely
used for the manufacture of bottles for soft drinks.

The steps in the process are illustrated in Fig. 4.48. Initially a preform is
injection moulded. This is subsequently inflated in a blow mould in order to
produce the bottle shape. In most cases the second stage inflation step occurs
immediately after the injection moulding step but in some cases the preforms
are removed from the injection moulding machine and subsequently re-heated
for inflation.

EREEEERTEPRT

ittt

Heating of injection Clamping Inflation
moulded preform

Fig. 4.48 Injection blow moulding process
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The advantages of injection blow moulding are that

(i) the injection moulded parison may have a carefully controlled wall
thickness profile to ensure a uniform wall thickness in the inflated bottle.

(ii) it is possible to have intricate detail in the bottle neck.
(iii) there is no trimming or flash (compare with extrusion blow moulding).

A variation of this basic concept is the Injection Orientation Blow Moulding
technique developed in the 1960s in the USA but upgraded for commercial
use in the 1980s by AOKI in Japan. The principle is very similar to that
described above and is illustrated in Fig. 4.49. It may be seen that the method
essentially combines injection moulding, blow moulding and thermoforming to
manufacture high quality containers.

Injection moulding

of disc preform @
/ | /
N\’

Clamping Stretching Infiation Ejection

Fig. 4.49 Injection orientation strech blow moulding

4.3.10 Injection Moulding of Thermosetting Materials

In the past the thought of injection moulding thermosets was not very attractive.
This was because early trials had shown that the feed-stock was not of a
consistent quality which meant that continual alterations to the machine settings
were necessary. Also, any undue delays could cause premature curing of the
resin and consequent blockages in the system could be difficult to remove.
However, in recent years the processing characteristics of thermosets have
been improved considerably so that injection moulding is likely to become one
of the major production methods for these materials. The injection moulding of
fibre reinforced thermosets, such as DMC (Section 4.10.2), is also becoming
very common.

Nowadays, the injection moulder can be supplied with uniform quality gran-
ules which consist of partially polymerised resin, fillers and additives. The
formulation of the material is such that it will flow easily in the barrel with a
slow rate of polymerisation. The curing is then completed rapidly in the mould.
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In most respects the process is similar to the injection moulding of thermo-
plastics and the sequence of operations in a single cycle is as described earlier.
For thermosets a special barrel and screw are used. The screw is of approxi-
mately constant depth over its whole length and there is no check value which
might cause material blockages (see Fig. 4.50). The barrel is only kept warm
(80-110°C) rather than very hot as with thermoplastics because the material
must not cure in this section of the machine. Also, the increased viscosity
of the thermosetting materials means that higher screw torques and injection
pressures (up to 200 MN/m? are needed).

Warming jacket Feeding chute
Nozzle Barrel

. Screw
in out liquid in liquid out

Fig. 4.50 Injection moulding of thermosets and rubbers

On the mould side of the machine the major difference is that the mould
is maintained very hot (150-200°C) rather than being cooled as is the case
with thermoplastics. This is to accelerate the curing of the material once it has
taken up the shape of the cavity. Another difference is that, as thermosetting
materials are abrasive and require higher injection pressures, harder steels with
extra wear resistance should be used for mould manufacture. As a result of the
abrasive nature of the thermosets, hydraulic mould clamping is preferred to a
toggle system because the inevitable dust from the moulding powder increases
the wear in the linkages of the latter.

When moulding thermosetting articles, the problem of material wastage in
sprues and runners is much more severe because these cannot be reused. It is
desirable therefore to keep the sprue and runmer sections of the mould cool
so that these do not cure with the moulding. They can then be retained in the
mould during the ejection stage and then injected into the cavity to form the
next moulding. This is analogous to the hot runner system described earlier for
thermoplastics.

The advantages of injection moulding thermosets are as follows:

(a) fast cyclic times (see Table 4.4)

(b) efficient metering of material

(c) efficient pre-heating of material

(d) thinner flash — easier finishing

(e) lower mould costs (fewer impressions).
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Table 4.4

For the same part, injection moulding of thermosets can offer up to 25% production increase and
lower part-costs than compression.

Compression moulding Minutes
Open mould, unload piece 0.105
Mould cleaning 0.140
Close machine, start pressure 0.100
Moulding cycle time 2.230
Total compression cycle 2.575

Injection moulding

Unload piece, open/close machine 0.100
Moulding cycle time 1.900
Total injection cycle 2.000

4.4 Thermoforming

When a thermoplastic sheet is heated it becomes soft and pliable and the
techniques for shaping this sheet are known as thermoforming. This method
of manufacturing plastic articles developed in the 1950s but limitations such
as poor wall thickness distribution and large peripheral waste restricted its use
to simple packaging applications. In recent years, however, there have been
major advances in machine design and material availability with the result that
although packaging is still the major market sector for the process, a wide
range of other products are made by thermoforming. These include aircraft
window reveals, refrigerator liners, baths, switch panels, car bumpers, motor-
bike fairings etc.

The term ‘thermoforming’ incoroporates a wide range of possibilities for
sheet forming but basically there are two sub-divisions — vacuum forming and
pressure forming.

(a) Vacuum Forming

In this processing method a sheet of thermoplastic material is heated and then
shaped by reducing the air pressure between it and a mould. The simplest type
of vacuum forming is illustrated in Fig. 4.51(a). This is referred to as Negative
Forming and is capable of providing a depth of draw which is 1/3—1/2 of the
maximum width. The principle is very simple. A sheet of plastic, which may
range in thickness from 0.025 mm to 6.5 mm, is clamped over the open mould.
A heater panel is then placed above the sheet and when sufficient softening
has occurred the heater is removed and the vacuum is applied. For the thicker
sheets it is essential to have heating from both sides.

In some cases Negative Forming would not be suitable because, for example,
the shape formed in Fig. 4.51 would have a wall thickness in the corners which
is considerably less than that close to the clamp. If this was not acceptable then
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the same basic shape could be produced by Positive Forming. In this case a
male (positive) mould is pushed into the heated sheet before the vacuum is
applied. This gives a better distribution of material and deeper shapes can be
formed — depth to width ratios of 1:1 are possible. This thermoforming method
is also referred to as Drape Forming. Another alternative would be to have a
female mould as in Fig. 4.51 but after the heating stage and before the vacuum
is applied, a plug comes down and guides the sheet into the cavity. When
the vacuum is applied the base of the moulding is subjected to less draw
and the result is a more uniform wall thickness distribution. This is called
Plug Assisted Forming. Note that both Positive Forming and Plug Assisted
Forming effectively apply a pre-stretch to the plastic sheet which improves
the performance of the material quite apart from the improved wall thickness
distribution.

In the packaging industry skin and blister vacuum machines are used. Skin
packaging involves the encapsulation of articles between a tight, flexible trans-
parent skin and a rigid backing which is usually cardboard. Blister packs are
preformed foils which are sealed to a rigid backing card when the goods have
been inserted.

The heaters used in thermoforming are usually of the infra red type with
typical loadings of between 10 and 30 kW/m?. Normally extra heat is concen-
trated at the clamped edges of the sheet to compensate for the additional
heat losses in this region. The key to successful vacuum forming is achieving
uniform heating over the sheet. One of the major attractions of vacuum forming
is that since only atmospheric pressure is used to do the shaping, the moulds do
not have to be very strong. Materials such as plaster, wood and thermosetting
resins have all been used successfully. However, in long production runs mould
cooling becomes essential in which case a metal mould is necessary. Experi-
ence has shown that the most satisfactory metal is undoubtedly aluminium. It
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is easily shaped, has good thermal conductivity, can be highly polished and
has an almost unlimited life.

Materials which can be vacuum formed satisfactorily include polystyrene,
ABS, PVC, acrylic, polycarbonate, polypropylene and high and low density
polyethylene. Co-extruded sheets of different plastics and multi-colour lami-
nates are also widely used nowadays. One of the most recent developments is
the thermoforming of crystallisable PET for high temperature applications such
as oven trays. The PET sheet is manufactured in the amorphous form and then
during thermoforming it is permitted to crystallise. The resulting moulding is
thus capable of remaining stiff at elevated temperatures.

(b) Pressure Forming

This is generally similar to vacuum forming except that pressure is applied
above the sheet rather than vacuum below it. This advantage of this is that
higher pressures can be used to form the sheet. A typical system is illus-
trated in Fig. 4.52 and in recent times this has become attractive as an alter-
native to injection moulding for moulding large area articles such as machine
housings.

Shape formed
under pressure

Fig. 4.52 Pressure forming process
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(c) Matched Die Forming

A variation of thermoforming which does not involve gas pressure or vacuum is
matched die forming. The concept is very simple and is illustrated in Fig. 4.53.
The plastic sheet is heated as described previously and is then sandwiched
between two halves of a mould. Very precise detail can be reproduced using
this thermoforming method but the moulds need to be more robust than for the
more conventional process involving gas pressure or vacuum.

[ WY, ] TR
&
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Sheet heating Forming Ejection

\

Fig. 4.53 Thermoforming between matched dies

(d) Dual-Sheet Thermoforming

This technique, also known as Twin-Sheet Forming, is a recent development. It
is essentially a hybrid of blow moulding and thermoforming. Two heated sheets
are placed between two mould halves and clamped as shown in Fig. 4.54. An
inflation tube at the parting line then injects gas under pressure so that the sheets
are forced out against the mould. Alternatively, a vacuum can be drawn between
the plastic sheet and the mould in each half of the system. This technique has
interesting possibilities for further development and will compete with blow
moulding, injection moulding and rotational moulding in a number of market
sectors. It can be noted that the two mould halves can be of different shapes
and the two plastic sheets could be of different materials, provided a good weld
can be obtained at the parting line.

4.4.1 Analysis of Thermoforming

If a thermoplastic sheet is softened by heat and then pressure is applied to
one of the sides so as to generate a freely blown surface, it will be found
that the shape so formed has a uniform thickness. If this was the case during
thermoforming, then a simple volume balance between the original sheet and
the final shape could provide the wall thickness of the end product.

Aihi = Arhy (4.28)

where A = surface area, and h = wall thickness (i’ and ‘ f’ refer to initial and
final conditions).
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Fig. 4.54 Dual sheet forming

Example 4.7 A rectangular box 150 mm long, 100 mm wide and 60 mm
deep is to be thermoformed from a flat sheet 150 mm x 100 mm x 2 mm.
Estimate the average thickness of the walls of the final product if (a) conven-
tional vacuum forming is used and (b) plug assisted moulding is used (the plug
being 140 mm x 90 mm).

Solution
(a) The initial volume of the sheet is given by

Aih; = 150 x 100 x 2 = 3 x 10* mm®
The surface area of the final product is
Ay = (150 x 100) + 2(100 x 60) + 2(150 x 60)
= 4.5 x 10* mm?
Therefore, from equation (4.28)

_ 3x 104
F = 45x%x10°

(b) If plug assist is used then it could be assumed that over the area
140 mm x 90 mm, the wall thickness will remain at 2 mm. The volume of
this part of the moulding will be

Vol = 140 x 90 x 2 = 2.52 x 10* mm?

This would leave a volume of (3 x 104-2.52 x 10%) to form the walls. The
area of the walls is

A, = (2 x 100 x 60) + (2 x 150 x 60) = 3 x 10* mm?

= 0.67 mm
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This ignores a small area in the base of the box, outside the edges of the plug.
Hence, the thickness of the walls in this case would be

_ (3x10%) - (252 x 10%)
B 3 x 104

These calculations can give a useful first approximation of the dimensions
of a thermoformed part. However, they will not be strictly accurate because in
a real situation, when the plastic sheet is being stretched down into the cold
mould it will freeze off at whatever thickness it has reached when it touches
the mould.

Consider the thermoforming of a plastic sheet of thickness, Ay, into a conical
mould as shown in Fig. 4.55(a). At this moment in time, ¢, the plastic is in
contact with the mould for a distance, S, and the remainder of the sheet is in
the form of a spherical dome of radius, R, and thickness, 4. From the geometry
of the mould the radius is given by

H — Ssina

R= 2% (4.29)
sin¢tan o

= 0.16 mm

hyw

@ N (b)

Fig. 4.55 Analysis of thermo forming

Also the surface area, A, of the spherical bubble is given by
A = 27R*(1 — cosa) (4.30)

At a subsequent time, (¢ + dt), the sheet will be formed to the shape shown in
Fig. 4.55(b). The change in thickness of the sheet in this period of time may
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be estimated by assuming that the volume remains constant.

2nR?(1 — cosa)h = 27(R + dR)*(1 — cos &)(h + dh) + 2nrhdS sine
Substituting for r(= R sin«) and for R from (4.29) this equation may be reduced

to the form
dh sin? tan sinadS
— = |2 . 4.31
h l ( 1—cosa )] (H — Ssina) ( )

This equation may be integrated with the boundary condition that & = h; at
S = 0. As a result the thickness, £, at a distance, S, along the side of the conical

mould is given by
H— : seca—1
h=h (%) 4.32)

Now consider again the boundary condition referred to above. At the point
when the softened sheet first enters the mould it forms part of a spherical
bubble which does not touch the sides of the cone. The volume balance is
therefore

(DZ) 2(D/2)*(1 — cos @)k
T hO = )
sin”

_ sinZ o
21 —cosa)

Making the substitution for 4, in (4.32)

So, hy

s 02 Y seca—1
b sin“ o [H S sma] hy
2(1 — cosa) H
1 +cosa\ [H — L]%**!
h/hy = 4,
or /hg ( 5 )[ H ] 4.33)

This equation may also be used to calculate the wall thickness distribution in
deep truncated cone shapes but note that its derivation is only valid up to the
point when the spherical bubble touches the centre of the base. Thereafter the
analysis involves a volume balance with freezing-off on the base and sides of
the cone.

Example 4.8 A small flower pot as shown in Fig. 4.56 is to be thermoformed
using negative forming from a flat plastic sheet 2.5 mm thick. If the diameter
of the top of the pot is 70 mm, the diameter of the base is 45 mm and the
depth is 67 mm estimate the wall thickness of the pot at a point 40 mm from
the top. Calculate also the draw ratio for this moulding.
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Fig. 456 Thermoformed flower pot

Solution
67
=tan"! | — ) =79.4°
(@) @ = fn (12.5)
Using the terminology from Fig. 4.39(b)
H =35tanx = 187.6 mm
From equation (4.33)

1 4 cos79.4° 187.6 — 40\ 67941
hfho = =0.203
fho < 2 ) ( 187.6 ) 0

h=0.203 x 2.5 =0.51 mm

(b) The draw-ratio for a thermoformed moulding is the ratio of the area of
the product to the initial area of the sheet. In this case therefore
VIR~ + KR + 1) + nr
nR?
VI35 — 22.5)% + 672)(35 + 22.5) + n(22.5)?
7(35)?

Draw ratio =

=3.6

4.5 Calendering

Calendering is a method of producing plastic film and sheet by squeezing the
plastic through the gap (or ‘nip’) between two counter-rotating cylinders. The
art of forming a sheet in this way can be traced to the paper, textile and metal
industries. The first development of the technique for polymeric materials was
in the middle 19th century when it was used for mixing additives into rubber.
The subsequent application to plastics was not a complete success because the
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early machines did not have sufficient accuracy or control over such things as
cylinder temperature and the gap between the rolls. Therefore acceptance of the
technique as a viable production method was slow until the 1930s when special
equipment was developed specifically for the new plastic materials. As well as
being able to maintain accurately roll temperature in the region of 200°C these
new machines had power assisted nip adjustment and the facility to adjust the
rotational speed of each roll independently. These developments are still the
main features of modern calendering equipment.

Calenders vary in respect of the number of rolls and of the arrangement
of the rolls relative to one another. One typical arrangement is shown in
Fig. 4.57 — the inverted L-type. Although the calendering operation as illus-
trated here looks very straightforward it is not quite as simple as that. In the
production plant a lot of ancillary equipment is needed in order to prepare the
plastic material for the calender rolls and to handle the sheet after the calen-
dering operation. A typical sheet production unit would start with premixing
of the polymer, plasticiser, pigment, etc in a ribbon mixer followed by gelation
of the premix in a Banbury Mixer and/or a short screw extruder. At various
stages, strainers and metal detectors are used to remove any foreign matter.
These preliminary operations result in a material with a dough-like consistency
which is then supplied to the calender rolls for shaping into sheets.

Supply of
1 plastic

Heated rolls

Sheet off to cooling
drums and wind-up

Fig. 4.57 Typical arrangement of calender rolls

However, even then the process is not complete. Since the hot plastic tends
to cling to the calender rolls it is necessary to peel it off using a high speed
roll of smaller diameter located as shown in Fig. 4.57. When the sheet leaves
the calender it passes between embossing rolls and then on to cooling drums
before being trimmed and stored on drums. For thin sheets the speed of the
winding drum can be adjusted to control the drawdown. Outputs vary in the
range 0.1-2 m/s depending on the sheet thickness.
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Calendering can achieve surprising accuracy on the thickness of a sheet.
Typically the tolerance is +0.005 mm but to achieve this it is essential to have
very close control over roll temperatures, speeds and proximity. In addition,
the dimensions of the rolls must be very precise. The production of the rolls
is akin to the manufacture of an injection moulding tool in the sense that very
high machining skills are required. The particular features of a calender roll
are a uniform specified surface finish, minimal eccentricity and a special barrel
profile (‘crown’) to compensate for roll deflection under the very high presurres
developed between the rolls.

Since calendering is a method of producing sheet/film it must be consid-
ered to be in direct competition with extrusion based processes. In general,
film blowing and die extrusion methods are preferred for materials such as
polyethylene, polypropylene and polystyrene but calendering has the major
advantage of causing very little thermal degradation and so it is widely used
for heat sensitive materials such as PVC.

4.5.1 Analysis of Calendering

A detailed analysis of the flow of molten plastic between two rotating rolls
is very complex but fortunately sufficient accuracy for many purposes can
be achieved by using a simple Newtonian model. The assumptions made
are that

(a) the flow is steady and laminar

(b) the flow is isothermal

(c) the fluid is incompressible

(d) there is no slip between the fluid and the rolls.

If the clearance between the rolls is small in relation to their radius then at
any section x the problem may be analysed as the flow between parallel plates
at a distance h apart. The velocity profile at any section is thus made up of a
drag flow component and a pressure flow component.

For a fluid between two parallel plates, each moving at a velocity Vg4, the
drag flow velocity is equal to V. In the case of a calender with rolls of radius,
R, rotating at a speed, N, the drag velocity will thus be given by 27RN.

The velocity component due to pressure flow between two parallel plates
has already been determined in Section 4.2.3(b).

dP
(y2 — (h/2))

1
V,= ——
P 2ndx

Therefore the total velocity at any section is given by

1 dP

2 2
I dx [y — (h/2)"]

V=V;+
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Considering unit width of the calender rolls the total throughput, Q, is given by

h/2
Q=2/de
0
e 1dP
_2/ [Vd+—— (h/2)2]
n* dP
=h{Vyj— —— 4.34
( ¢ 129 dx) (4.34)
Since the output is given by V H
K dP
th ViH=h{V4— —— .
en d ( d 127 dx) (4.35)

P
From this it may be seen that d— =0ath=H.

x
To determine the shape of the pressure profile it is necessary to express h as
a function of x. From the equation of a circle it may be seen that

h=Hy+ 2R - (R* —x1)/?) (4.36)

However, in the analysis of calendering this equation is found to be difficult
to work with and a useful approximation is obtained by expanding (R? — x?)!/2
using the binomial series and retaining only the first two terms. This gives

52
h=Hg|14+ — 4.37
0 +H0R (4.37)

Therefore as shown earlier dP/dx will be zero at

x2
H=Hy[1+—=—
o\ IR

x=++v/(H — H))R (4.38)

This gives a pressure profile of the general shape shown in Fig. 4.58. The
value of the maximum pressure may be obtained by rearranging (4.35) and
substituting for A from (4.37)

x2
1277Vd Ho - H + -

dP_
dx ~ L2\3
<H0+ R>

(4.39)
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Fig. 4.58 Melt flow between calender rolls

If this equation is integrated and the value of x from (4.38) substituted then
the maximum pressure may be obtained as

_ 317Vd _ (4H0-—3H) i -1 (H—Ho)
Prax = Hq (2(0 —Ho (w + Ho tan \/ -
(4.40

where w= M 4.41)

H
Example 4.9 A calender having rolls of diameter 0.4 m produces plastic
sheet 2 m wide at the rate of 1300 kg/hour. If the nip between rolls is 10 mm
and the exit velocity of the sheet is 0.01 m/s estimate the position and magni-
tude of the maximum pressure. The density of the material is 1400 kg/m*® and
its viscosity is 10* Ns/m?.

Solution Flow rate, Q = 1300 kg/hour = 0.258 x 1073 m3/s

but Q = HWYV,; where W = width of sheet
0.258 x 1073

The distance upstream of the nip at which the pressure is a maximum is
given by equation (4.38)

x = 4/(12.9 — 10)200 = 24.08 mm
Also from (4.37)

3 x 10* x 0.01
Pmax =
10 x 10-3

= 96 kN/m?

{(2 x 1.865) — 0.13[1.865 + (4.45)(0.494)1}
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4.6 Rotational Moulding

Rotational moulding, like blow moulding, is used to produce hollow plastic
articles. However, the principles in each method are quite different. In rotational
moulding a carefully weighed charge of plastic powder is placed in one half
of a metal mould. The mould halves are then clamped together and heated
in an oven. During the heating stage the mould is rotated about two axes at
right angles to each other. After a time the plastic will be sufficiently softened
to form a homogeneous layer on the surface of the mould. The latter is then
cooled while still being rotated. The final stage is to take the moulded article
from the mould.

The process was originally developed in the 1940s for use with vinyl plas-
tisols in liquid form. It was not until the 1950s that polyethylene powders
were successfully moulded in this way. Nowadays a range of materials such
as nylon, polycarbonate, ABS, high impact polystyrene and polypropylene can
be moulded but by far the most common material is polyethylene.

The process is attractive for a number of reasons. Firstly, since it is a low
pressure process the moulds are generally simple and relatively inexpensive.
Also the moulded articles can have a very uniform thickness, can contain rein-
forcement, are virtually strain free and their surface can be textured if desired.
The use of this moulding method is growing steadily because although the cycle
times are slow compared with injection or blow moulding, it can produce very
large, thick walled articles which could not be produced economically by any
other technique. Wall thicknesses of 10 mm are not a problem for rotationally
moulded articles.

There is a variety of ways in which the cycle of events described above
may be carried out. For example, in some cases (particularly for very large
articles) the whole process takes place in one oven. However, a more common
set-up is illustrated in Fig. 4.59. The mould is on the end of an arm which
first carries the cold mould containing the powder into a heated oven. During
heating the mould rotates about the arm (major) axis and also about its own
(minor) axis (see Fig. 4.60). After a pre-set time in the oven the arm brings the
mould into a cooling chamber. The rate of cooling is very important. Clearly,
fast cooling is desirable for economic reasons but this may cause problems
such as warping. Normally therefore the mould is initially cooled using blown
air and this is followed by a water spray. The rate of cooling has such a major
effect on product quality that even the direction of the air jets on the mould
during the initial gradual cooling stage can decide the success or otherwise
of the process. As shown in Fig. 4.59 there are normally three arms (mould
holders) in a complete system so that as one is being heated another is being
cooled and so on. In many machines the arms are fixed rigidly together and so
the slowest event (heating, cooling or charging/discharging) dictates when the
moulds progress to the next station. In some modern machines, the arms are
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independent so that if cooling is completed then that arm can leave the cooling
bay whilst the other arms remain in position.

It is important to realise that rotational moulding is not a centrifugal casting
technique. The rotational speeds are generally below 20 rev/min with the ratio
of speeds about the major and minor axes being typically 4 to 1. Also since all
mould surfaces are not equidistant from the centre of rotation any centrifugal
forces generated would tend to cause large variations in wall thickness. In fact
in order to ensure uniformity of all thickness it is normal design practice to
arrange that the point of intersection of the major and minor axis does not
coincide with the centroid of the mould.

The heating of rotational moulds may be achieved using infra-red, hot liquid,
open gas flame or hot-air convection. However, the latter method is the most
common. The oven temperature is usually in the range 250-450°C and since
the mould is cool when it enters the oven it takes a certain time to get up to a
temperature which will melt the plastic. This time may be estimated as follows.

When the mould is placed in the heated oven, the heat input (or loss) per
unit time must be equal to the change in internal energy of the material (in this
case the mould). T

hA(To —T) = pC,V (E) (4.42)

where h is the convective heat transfer coefficient

A s the surface area of mould

Ty is the temperature of the oven

T, is the temperature of the mould at time ¢

p is the density of the mould material

C, is the specific heat of the mould material

V is the volume of the walls of the mould
and ¢ s time

Rearranging this equation and integrating then
' 7 oar
hA / dt = pC,V / —_—
ST @)

TO_T[
hAt = —pC,V'1
P P Oge(T0~T,-)

Tao —
( 0 Tt) — e—hﬂ,/pC,, (443)
To— T,

where T; is the initial temperature of the mould and B is the surface area to
volume ratio (A/V).

This equation suggests that there is an exponential rise in mould temperature
when it enters the oven, and in practice this is often found to be the case.




320 Processing of Plastics

Charging_area

Powder
\

Mould
halves

Oven
Cooling
chamber
Fig. 4.59 Typical rotational moulding process
Minor axis
= H_ opider
\ l \ Mould
|~ parting line
Major \ I i
axis
m
U g |
Spider
N\

"Off set arm”

Fig. 4.60 Typical ‘off-set arm’ rotation



Processing of Plastics 321

Fig. 4.61 illustrates typical temperature profiles during the rotational moulding
of polyethylene. With typical values of oven temperatures and data for an
aluminium mould

Tp=300°C, T;=30°C, T,=20C
h=22Wm’K C,=917 J/kgK, p = 2700 kg/m*

350
T, - Outside surface of mould

300 + T, - Inside surface of mould
T, - Air inside mould
250 1 To
-~ 200+
g
§- 150 1
-

-

0 5 10 15 20 25 30 35 40 45
Time (min)

Fig. 461 Temperature profiles during rotational moulding

then for an aluminium cube mould 330 mm side and 6 mm thick, as was used
to produce Fig. 4.61 then

_ =G {TO—T,}_—2700x917 {330—220}
=T B\T,_T,) T T1000x22 B\ 330-30

t = 1.9 minutes

t

For a steel mould of the same dimensions and thickness, a quick calculation
(h =11 Wm?K, C p =480 J/kg K and p = 7850 kg/m3) shows that the steel
mould would take three times longer to heat up. However, in practice, steel
moulds are less than a third of the thickness of aluminium. Therefore, although
aluminium has a better thermal conductivity, steel moulds tend to heat up more
quickly because they are thinner.

It is important to note that the above calculation is an approximation for
the time taken to heat the mould to any desired temperature. Fig. 4.61 shows
that in practice it takes considerably longer for the mould temperature to get
to 220°C. This is because although initially the mould temperature is rising at
the rate predicted in the above calculation, once the plastic starts to melt, it
absorbs a significant amount of the thermal energy input.
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Fig. 4.61 illustrates that the mould temperature is quite different from the set
oven temperature (330°C) or indeed the actual oven temperature, throughout the
moulding cycle. An even more important observation is that in order to control
the rotational moulding process it is desirable to monitor the temperature of
the air inside the mould. This is possible because there is normaily a vent tube
through the mould wall in order to ensure equal pressures inside and outside the
mould. This vent tube provides an easy access for a thermocouple to measure
the internal air temperature.

The internal air temperature characteristic has a unique shape which shows
clearly what is happening at all stages throughout the process. Up to point
A in Fig. 4.61 there is simply powder tumbling about inside the mould. At
point A the mould has become sufficiently hot that plastic starts to melt and
stick to the mould. The melting process absorbs energy and so over the region
AB, the internal air temperature rises less quickly. It may also be seen that the
temperature of the mould now starts to rise less quickly. At B all the plastic has
melted and so a larger proportion of the thermal energy input goes to heating
the inner air. This temperature rises more rapidly again, at a rate similar to that
in the initial phase of the process.

Over the region BC the melt is effectively sintering because at B it is a
powdery mass loosely bonded together whereas at C it has become a uniform
melt. The value of temperature at C is very important because if the oven
period is too short, then the material will not have sintered properly and there
will be an excess of pin-holes. These are caused where the powder particles
have fused together and trapped a pocket of air. If the oven period is too long
then the pin-holes will all have disappeared but thermal/oxidative degradation
will have started at the inner surface of the moulding. Extensive tests have
shown that this is a source of brittleness in the mouldings and so the correct
choice of temperature at C is a very important quality control parameter. For
most grades of polyethylene the optimum temperature is in the region of 200°C
+5°C.

Once the mould is removed from the oven the mould starts to cool at a rate
determined by the type of cooling — blown air (slow) or water spray (fast).
There may be a overshoot in the internal air temperature due to the thermal
momentum of the melt. This overshoot will depend on the wall thickness of
the plastic product. In Fig. 4.61 it may be seen that the inner air temperature
continues to rise for several minutes after the mould has been taken out of the
oven (at about 13.5 minutes).

During cooling, a point D is reached where the internal air temperature
decreases less quickly for a period. This represents the solidification of the
plastic and because this process is exothermic, the inner air cannot cool so
quickly. Once solidification is complete, the inner air cools more rapidly again.
Another kink (point E) may appear in this cooling curve and, if so, it represents
the point where the moulding has separated from the mould wall. In practice this
is an important point to keep consistent because it affects shrinkage, warpage,
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etc in the final product. Once the moulding separates from the mould, it will
cool more slowly and will tend to be more crystalline, have greater shrinkage
and lower impact strength.

Developments in rotational moulding are continuing, with the ever increasing
use of features such as

(i) mould pressurisation (to consolidate the melt, remove pin-holes, reduce
cycle times and provide more consistent mould release),

(ii) internal heating/cooling (to increase cycle times and reduce warpage
effects).

In overall terms the disadvantages of rotational moulding are its relative
slowness and the limited choice of plastics which are commercially available
in powder form with the correct additive package. However, the advantages
of rotational moulding in terms of stress-free moulding, low mould costs, fast
lead times and easy control over wall thickness distribution (relative to blow
moulding) means that currently rotational moulding is the fastest growing sector
of the plastics processing industry. Typical annual growth rates are between 10
and 12% p.a.

4.6.1 Slush Moulding

This is a method for making hollow articles using liquid plastics, particularly
PVC plastisols. A shell-like mould is heated to a pre-determined temperature
(typically 130°C for plastisols) and the liquid is then poured into the mould
to completely fill it. A period of time is allowed to elapse until the required
thickness of plastic gels. The excess liquid is then poured out and the plastic
skin remaining in the mould is cured in an oven. The moulding is then taken
from the mould.

It should be noted that when the plastisol liquid gels it has sufficient strength
to remain in position on the inside surface of the mould. However, it has
insufficient tear strength to be useful and so it has to go through the higher
temperature curing stage to provide the necessary toughness and strength in
the end-product. The mould is not rotated during slush moulding.

4.7 Compression Moulding

Compression moulding is one of the most common methods used to produce
articles from thermosetting plastics. The process can also be used for thermo-
plastics but this is less common — the most familiar example is the production
of LP records. The moulding operation as used for thermosets is illustrated in
Fig. 4.62. A pre-weighed charge of partially polymerised thermoset is placed
in the lower half of a heated mould and the upper half is then forced down.
This causes the material to be squeezed out to take the shape of the mould.
The application of the heat and pressure accelerates the polymerisation of the
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Fig. 4.62 Principle of compression moulding

thermoset and once the crosslinking (‘curing’) is completed the article is solid
and may be ejected while still very hot. Mould temperatures are usually in the
range of 130-200°C. Cycle times may be long (possibly several minutes) so
it is desirable to have multi-cavity moulds to increase production rates. As a
result, moulds usually have a large projected area so the closing force needed
could be in the region of 100-500 tonnes to give the 7-25 MN/m? cavity
pressure needed. It should also be noted that compression moulding is also
used for Dough Moulding Compounds (DMC) - these will be considered in
Section 4.10.2

During compression moulding, the charge of material may be put into the
mould either as a powder or a preformed ‘cake’. In both cases the material is
preheated to reduce the temperature difference between it and the mould. If
the material is at a uniform temperature in the mould then the process may be
analysed as follows.

Consider a ‘cake’ of moulding resin between the compression platens as
shown in Fig. 4.63. When a constant force, F, is applied to the upper platen the
resin flows as a result of a pressure gradient, If the flow is assumed Newtonian
then the pressure flow equation derived in Section 4.2.3 may be used

1 (dP
flow rate, Q, = & (dz) TH? (4.6)

For the annular element of radius, r, in Fig. 4.63 it is more convenient to
use cylindrical co-ordinates so this equation may be rewritten as

1 (ap ;
0 =13 <d ) QnrH

Now if the top platen moves down by a distance, dH, the volume displaced
is (mr*dH) and the volume flow rate is mr2(dH /dt).

dH 1
Therefore mr? (—E) = m ((;I:) QrrH?
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Fig. 4.63 Analysis of compression moulding

12n dH  2dP

H3 dt ~ radr
This simple differential equation is separable and so each side may be solved
in turn.

4.44)

2dP
Let —— = A where A = f(H)
rdr
P A r
SO /dP: —/rdr
2
0 R
A
or P=Z(r2—R2)

Now the force on the element is 2xrdr(P) so the total force, F, is given by
integrating across the platen surface.

R
F= /2m (’%) (r* = RYdr = —¥
0

This may be rearranged to give
8F 8nFH?

TRV

where V = nR?H
Substituting for A in (4.44)

8xFH? 12ndH
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! H
2nF dH

— = _dt = -
3pv2 HS
0 Ho

2an_1(1 1)
3pv2 "~ 4 \H* H}

Since Hyp >> H then (1/H{) may be neglected. As a result the compaction
force F, is given by

So

3nV?

A 44
8mtH4 (4:43)

where H is the platen separation at time, ¢.

Example 4.10 A circular plate with a diameter of 0.3 m is to be compres-
sion moulded from phenol formaldehyde. If the preform is cylindrical with a
diameter of 50 mm and a depth of 36 mm estimate the platen force needed to
produce the plate in 10 seconds. The viscosity of the phenol may be taken as
10> Ns/m?.

Solution
5 2 2
Volume, V=nm (—9) x36=nm (@) H
2 2
So H =1 mm

37V2 3 x 10 x (7 x 625 x 36)
8rtH* 106 x 87 x 10 x (1)*

From (4.45) F = =59.6 kN

4.8 Transfer Moulding

Transfer moulding is similar to compression moulding except that instead of
the moulding material being pressurized in the cavity, it is pressurized in a
separate chamber and then forced through an opening and into a closed mould.
Transfer moulds usually have multi-cavities as shown in Fig. 4.64. The advan-
tages of transfer moulding are that the preheating of the material and injection
through a narrow orifice improves the temperature distribution in the mate-
rial and accelerates the crosslinking reaction. As a result the cycle times are
reduced and there is less distortion of the mouldings. The improved flow of
the material also means that more intricate shapes can be produced.

The success of transfer moulding prompted further developments in this area
and clearly it was only a relatively small step to an injection moulding process
for thermosets as described in Section 4.3.10.
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Fig. 4.64 Transfer moulding of thermosetting materials

4.9 Processing Reinforced Thermoplastics

Fibre reinforced thermoplastics can be processed using most of the conven-
tional thermoplastic processing methods described carlier. Extrusion, rotational
moulding, blow moulding and thermoforming of short fibre reinforced ther-
moplastics are all possible, but the most important commercial technique s
injection moulding. In most respects this process is similar to the moulding of
un-reinforced thermoplastics but there are a number of important differences.
For example the melt viscosity of a reinforced plastic is generally higher than
the unreinforced material. As a result the injection pressures need to be higher,
by up to 80% in some cases. In addition the cycle times are generally lower
because the greater stiffness of the material allows it to be ejected from the
mould at a higher temperature than normal. However, the increased stiffness
can also hamper ejection from the mould so it is important to have adequate
taper on side walls of the cavity and a sufficient number of strategically placed
ejector pins. Where possible a reciprocating screw machine is preferred to a
plunger machine because of the better mixing, homogenisation, metering and
temperature control of the melt. However, particular attention needs to be paid
to such things as screw speed and back pressure because these will tend to
break up the fibres and thus affect the mechanical properties of the mouldings.

A practical difficulty which arises during injection moulding of reinforced
plastics is the increased wear of the moulding machine and mould due to the
abrasive nature of the fibres. However, if hardened tool steels are used in the
manufacture of screws, barrels and mould cavities then the problem may be
negligible.

An inherent problem with all of the above moulding methods is that they
must, by their nature, use short fibres (typically 0.2—-0.4 mm long). As a result
the full potential of the reinforcing fibres is not realised (see Section 2.8.5). In
recent years therefore, there have been a number of developments in reinforced
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thermoplastics to try to overcome these problems. One approach has been to
produce continuous fibre tapes or mats which can be embedded in a thermo-
plastic matrix. The best known materials of this type are the Aromatic Polymer
Composites (APC) and the glass mat reinforced thermoplastics (GMT). One
of the most interesting of these consists of unidirectional carbon fibres in a
matrix of polyetheretherketone (PEEK). The material comes in the form of a
wide tape which may be arranged in layers in one half of a mould to align the
unidirectional fibres in the desired directions. The assembly is then pressurised
between the two matched halves of the heated mould. The result is a laminated
thermoplastic composite containing continuous fibres aligned to give maximum
strength and stiffness in the desired directions.

Another recent development has been the arrival of special injection
moulding grades of thermoplastics containing long fibres. At the granule
production stage the thermoplastic lace contains continuous fibres and to
achieve this it is produced by pultrusion (see Section 4.10.3) rather than the
conventional compounding extruder. The result is that the granules contain
fibres of the same length as the granule (~10 mm).

These long fibres give better product performance although injection
moulding machine modifications may be necessary to prevent fibre damage
and reduce undesirable fibre orientation effects in the mould.

4.10 Processing Reinforced Thermosets

There is a variety of ways in which fibre reinforcement may be introduced into
thermosetting materials and as a result there is a range of different methods
used to process these materials. In many cases the reinforcement is intro-
duced during the fabrication process so that its extent can be controlled by
the moulder. Before looking at the possible manufacturing methods for fibre
reinforced thermosetting articles it is worth considering the semantics of fibre
technology. Because of their fibre form, reinforcing materials have borrowed
some of their terminology from the textile industry.

Filament This is a single fibre which is continuous or at least very long
compared with its diameter.

Yarn or Roving Continuous bundle of filaments generally fewer than 10,000
in number.

Tow A large bundle of fibres generally 10,000 or more, not twisted.

Fabric, Cloth or Mat Woven strands of filament. The weave pattern used
depends on the flexibility and balance of strength properties required in the
warp and fill directions. Fig. 4.65 shows a plain weave in which the strength is
uniform in both directions. The warp direction refers to the direction parallel to
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Plain Weave—In this construction,
one warp end is repetitively woven
over onae fill yarn and under the
next. It is the firmest, most stable
construction, which provides for
porosity and minimum slippage.
Strength is uniform in both
directions.

Fig. 4.65 Plain weave fibre fabric

the length of the fabric. Fabrics are usually designated in terms of the number
of yarns of filament per unit length of warp and fill direction.

Chopped Fibres These may be subdivided as follows

Milled Fibres: These are finely ground or milled fibres. Lengths range from 30
to 3000 microns and the fibre (L/D) ratio is typically about 30. Fibres in this
form are popular for closed mould manufacturing methods such as injection
moulding.

Short Chopped Fibres: These are fibres with lengths up to about 6 mm. The
fibre (L/D) ratio is typically about 800. They are more expensive than milled
fibres but provide better strength and stiffness enhancement.

Long Chopped Fibres: These are chopped fibres with lengths up to 50 mm. They
are used mainly in the manufacture of SMC and DMC (see Section 4.10.2).

Chopped Strand Mat This consists of strands of long chopped fibres deposited
randomly in the form of a mat. The strands are held together by a resinous
binder.

Manufacturing Methods

The methods used for manufacturing articles using fibre reinforced thermosets
are almost as varied as the number of material variations that exist. They
can, however, be divided into three main categories. These are manual, semi-
automatic and automatic.

The Manual processes cover methods such as hand lay-up, spray-up, pressure
bag and autoclave moulding.
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The Semi-Automatic processes include processes such as cold pressing, hot
pressing, compression moulding of SMC and DMC, resin injection.

The Automatic processes are those such as pultrusion, filament winding,
centrifugal casting and injection moulding.

Typical market shares for the different methods are shown in Fig. 4.66.

Contact moulding (hand lay-up

Injection moulding and spray-up)

Continuous lamination

Filament winding

Pultrusion
RTM

Pressure forming

Fig. 4.66 Typical market shares for composite moulding methods in Europe

4.10.1 Manual Processing Methods

(a) Hand Lay-Up: This method is by far the most widely used processing
method for fibre reinforced materials. In the UK it takes up about 40% of
the FRP market. Its major advantage is that it is a very simple process so
that very little special equipment is needed and the moulds may be made
from plaster, wood, sheet metal or even FRP. The first step is to coat the
mould with a release agent to prevent the moulding sticking to it. This is
followed by a thin layer (approximately 0.3—-0.4 mm) of pure resin (called a
gelcoat) which has a number of functions. Firstly it conceals the irregular mesh
pattern of the fibres and this improves the appearance of the product when it
is taken from the mould. Secondly, and probably most important, it protects
the reinforcement from attack by moisture which would tend to break down
the fibre/resin interface. A tissue mat may be used on occasions to back up the
gelcoat. This improves the impact resistance of the surface and also conceals
the coarse texture of the reinforcement. However, it is relatively expensive and
is only used if considered absolutely necessary.

When the gelcoat has been given time to partially cure the main reinforce-
ment is applied. Initially a coat of resin (unsaturated polyester is the most
common) is brushed on and this is followed by layers of tailored glass mat
positioned by hand. As shown in Fig. 4.67 a roller is then used to consolidate
the mat and remove any trapped air. The advantage of this technique is that
the strength and stiffness of the composite can be controlled by building up the
thickness with further layers of mat and resin as desired. Curing takes place
at room temperature but heat is sometimes applied to accelerate this. Ideally
any trimming should be carried out before the curing is complete because the
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Fig. 4.67 Hand lay-up techniques

material will still be sufficiently soft for knives or shears to be used. After
curing, special cutting wheels may be needed.

Variations on this basic process are (i) vacuum bag moulding and (ii) pres-
sure bag moulding. In the former process a flexible bag (frequently rubber) is
clamped over the lay-up in the mould and a vacuum is applied between the
moulding and the bag. This sucks the bag on to the moulding to consolidate the
layers of reinforcement and resin. It also squeezes out trapped air and excess
resin. The latter process is similar in principle except that pressure is applied
above the bag instead of a vacuum below it. The techniques are illustrated in
Fig. 4.67(b) and (c).

(b) Spray-Up: In this process, the preparatory stages are similar to the previous
method but instead of using glass mats the reinforcement is applied using a
spray gun. Roving is fed to a chopper unit and the chopped strands are sprayed
on to the mould simultaneously with the resin (see Fig. 4.68). The thickness of
the moulding (and hence the strength) can easily be built up in sections likely
to be highly stressed. However, the success of the method depends to a large
extent on the skill of the operator since he controls the overall thickness of the
composite and also the glass/resin ratio.
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Fig. 4.68 Spray-up technique

(c) Autoclave Moulding: In order to produce high quality, high precision
mouldings for the aerospace industries, for example, it is necessary to have
strict control over fibre alignment and consolidation of the fibres in the matrix.
To achieve this, fabric ‘pre-pregs’ (i.e. a fabric consisting of woven fibre yarns
pre-impregnated with the matrix material) are carefully arranged in layers in
an open mould. The arrangement of the layers will determine the degree of
anisotropy in the moulded article. A typical layer arrangement is shown in
Fig. 4.69(a). The pre-preg stack is then covered with a series of bleeder and
breather sheets, as shown in Fig. 4.69(b) and finally with a flexible vacuum
bag. When the air is extracted from between the flexible bag and the pre-preg
stack, the latter will be squeezed tightly on to the mould. The whole assembly
is then transferred to a very large oven (autoclave) for curing.

Yacuum bag

(a) Non -porous
reiease material Breather matenal

Bleeder

matecial
— Porous retease
A materiat

Fig. 4.69 Diagramatic cross section of a bagged lay-up

4.10.2 Semi-Automatic Processing Methods

(a) Cold Press Moulding: The basis of this process is to utilise pressure
applied to two unheated halves of a mould to disperse resin throughout a
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prepared fabric stack placed in the mould. The typical procedure is as follows.
Release agent and gelcoat are applied to the mould surfaces and the fibre
fabric is laid into the lower part of the open mould. The activated resin is
then poured on top of the mat and when the mould is closed the resin spreads
throughout the reinforcement. High pressures are not necessary as the process
relies on squeezing the resin throughout the reinforcement rather than forcing
the composite into shape. A typical value of cycle time is about 10—15 minutes
compared with several hours for hand lay-up methods. The process is illustrated
in Fig. 4.70.

Gel coat applied
to male surface

Stops to
control thickness

{a) Mould with gel coat and reinforced {b) Mould opened and moulding released
layers prepositioned

Fig. 470 Basic cold press moulding process

(b) Hot Press Mouldings: In this type of moulding the curing of the reinforced
plastic is accelerated by the use of heat (~2180°C) and pressure (~15 MN/m?).
The general heading of Hot Press Moulding includes both preform moulding
and compression moulding.

(i) Pre-form Moulding: This technique is particularly suitable for mass
production and/or more complex shapes. There are two distinct stages. In
the first a preform is made by, for example, spraying chopped fibres on to
a perforated metal screen which has the general shape of the article to be
moulded. The fibres are held on the screen by suction applied behind it (see
Fig. 4.71). A resin binder is then sprayed on the mat and the resulting preform
is taken from the screen and cured in an oven at about 150°C for several
minutes. Other methods by which the preform can be made include tailoring a
continuous fibre fabric to shape and using tape to hold it together. The preform
is then transferred to the lower half of the heated mould and the activated resin
poured on top. The upper half of the mould is then brought into position to
press the composite into shape. The cure time in the mould depends on the
temperature, varying typically from 1 minute at 150°C to 10 minutes at 80°C.
If the mould was suitably prepared with release agent the moulding can then
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Fig. 471 Pre-form moulding of GFRP

be ejected easily. This method would not normally be considered for short
production runs because the mould costs are high.

(i) Compression Moulding (see also Section 4.7): Sheet Moulding
Compounds: SMC is supplied as a pliable sheet which consists of a mixture of
chopped strand mat or chopped fibres (25% by weight) pre-impregnated with
resin, fillers, catalyst and pigment. It is ready for moulding and so is simply
placed between the halves of the heated mould. The application of pressure
then forces the sheet to take up the contours of the mould. The beauty of the
method is that the moulding is done ‘dry’ i.e. it is not necessary to pour on
resins. Fig. 4.72 illustrates a typical method used to manufacture SMC material.

Dough Moulding Compounds: DMC (also known as BMC — Bulk Moulding
Compound) is supplied as a dough or rope and is a mixture of chopped strands
(20% by weight) with resin, catalyst and pigment. It flows readily and so
may be formed into shape by compression or transfer moulding techniques.
In compression moulding the charge of dough may be placed in the lower
half of the heated mould, in a similar fashion to that illustrated in Fig. 4.50(b)
although it is generally wise to preform it to the approximate shape of the
cavity. When the mould is closed, pressure is applied causing the DMC to
flow in all sections of the cavity. Curing generally takes a couple of minutes
for mould temperatures in the region of 120°-160°C although clearly this also
depends on the section thickness.

In general, SMC moulds less well than DMC on intricate shapes but it is
particularly suitable for large shell-like mouldings — automotive parts such as
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body panels and fascia panels are ideal application areas. An engine inlet mani-
fold manufactured from SMC has recently been developed in the UK. DMC
finds its applications in the more complicated shapes such as business machine
housings, electric drill bodies, etc. In France, a special moulding method, called
ZMC, but based on DMC moulding concepts has been developed. Its most
famous application to date is the rear door of the Citroen BX saloon and
the process is currently under active consideration for the rear door of a VW
saloon car. Injection moulding of DMC is also becoming common for intri-
cately shaped articles (see Section 4.3.10).

Other types of compression moulding and stamp forming used for continuous
fibre reinforced composites are illustrated in Fig. 4.73.

(c) Resin Injection: This is a cold mould process using relatively low pressures
(approximately 450 kN/m?). The mould surfaces are prepared with release
agent and gelcoat before the reinforcing mat is arranged in the lower half of
the mould. The upper half is then clamped in position and the activated resin
is injected under pressure into the mould cavity. The advantage of this type of
production method is that it reduces the level of skill needed by the operator
because the quality of the mould will determine the thickness distribution in the
moulded article (see Fig. 4.74). In recent times there has been a growing use of
pre-formed fabric shells in the resin injection process. The pre-form is produced
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Fig. 4.73 Other types of compression moulding and stamp forming

using one of the methods described above and this is placed in the mould. This
improves the quality and consistency of the product and reinforcements varying
from chopped strand mat to close weave fabric in glass, aramid, carbon or
hybrids of these may be used. It is possible, with care, to achieve reinforcement
loadings in the order of 65%.

(d) Vacuum Injection: This is a development of resin injection in which a
vacuum is used to draw resin throughout the reinforcement. It overcomes the
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problem of voids in the resin/fibre laminate and offers faster cycle times with
greater uniformity of product.

4.10.3 Automatic Processes

(a) Filament Winding: In this method, continuous strands of reinforcement
are used to gain maximum benefit from the fibre strength. In a typical process
rovings or single strands are passed through a resin bath and then wound on
to a rotating mandrel. By arranging for the fibres to traverse the mandrel at a
controlled and/or programmed manner, as illustrated in Fig. 4.75, it is possible
to lay down the reinforcement in any desired fashion. This enables very high
strengths to be achieved and is particularly suited to pressure vessels where
reinforcement in the highly stressed hoop direction is important.

In the past a limitation on this process was that it tended to be restricted
to shapes which were symmetrical about an axis of rotation and from which
the mandrel could be easily extracted. However, in recent years there have
been major advances through the use of collapsible or expendable cores and in
particular through the development of computer-controlled winding equipment.
The latter has opened the door to a whole new range of products which can be
filament wound — for example, space-frame structures. Braiding machines for
complex shapes are shown in Fig. 4.76.

(b) Centrifugal Casting: This method is used for cylindrical products which
can be rotated about their longitudinal axis. Resin and fibres are introduced
into the rotating mould/mandrel and are thrown out against the mould surface.
The method is particularly suited to long tubular structures which can have a
slight taper e.g. street light columns, telegraph poles, pylons, etc.

(c) Pultrusion: This is a continuous production method similar in concept to
extrusion. Woven fibre mats and/or rovings are drawn through a resin bath
and then through a die to form some desired shape (for example a ‘plank’
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as illustrated in Fig. 4.77). The profiled shape emerges from the die and then
passes through a tunnel oven to accelerate the curing of the resin. The pultruded
composite is eventually cut to length for storage. A wide range of pultruded
shapes may be produced — U channels, I beams, aerofoil shapes, etc.

(d) Injection Moulding: The injection moulding process can also be used for
fibre reinforced thermoplastics and thermosets, for example DMC materials.
This offers considerable advantages over compression moulding due to the
higher production speeds, more accurate metering and lower product costs
which can be achieved. The injection moulding process for thermosets has
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Fig. 4.77 Pultrusion process

already been dealt with in Section 4.3.8. See also the section on Reaction
Injection Moulding (RIM) since this offers the opportunity to incorporate fibres.
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Questions

4.1 In a particular extruder screw the channel depth is 2.4 mm, the screw diameter is 50 mm,
the screw speed is 100 rev/min, the flight angle is 17° 42’ and the pressure varies linearly over
the screw length of 1000 mm from zero at entry to 20 MN/m? at the die entry. Estimate

(a) the drag flow
(b) the pressure flow
(c) the total flow.

The plastic has a viscosity of 200 Ns/m?. Calculate also the shear rate in the metering zone.

4.2 Find the operating point for the above extruder when it is combined with a die of length
40 mm and diameter 3 mm. What would be the effect on pressure and output if a plastic with
viscosity 400 Ns/m? was used.

4.3 A single screw extruder has the following dimensions:

screw length = 500 mm
screw diameter = 25 mm
flight angle = 17°42’
channel depth = 2 mm
channel width = 22 mm

If the extruder is coupled to a die which is used to produce two laces for subsequent granulation,
calculate the output from the extruder/die combination when the screw speed is 100 rev/min. Each
of the holes in the lace die is 1.5 mm diameter and 10 mm long and the viscosity of the melt
may be taken as 400 Ns/mZ,

4.4 An extruder is coupled to a die, the output of which is given by (KP/n) where P is the
pressure drop across the die, n is the viscosity of the plastic and K is a constant. What are
the optimum values of screw helix angle and channel depth to give maximum output from the
extruder.

4.5 A circular plate of diameter 0.5 m is to be moulded using a sprue gate in its centre. If the
melt pressure is 50 MN/m? and the pressure loss coefficient is 0.6 estimate the clamping force
required.

4.6 The container shown at the top of p. 341 is injection moulded using a gate at point A. If

the injection pressure at the nozzle is 140 MN/m? and the pressure loss coefficient, m, is 0.5,
estimate (i) the flow ratio and (ii) the clamping force needed.

4.7 Compare the efficiencies of the runners shown on p. 341.

4.8 A calender having rolls of diameter 0.3 m produces plastic sheet 1 m wide at the rate of
2000 kg/hour. If the roll speed is S rev/minute and the nip between the rolls is 4.5 mm, estimate
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the position and magnitude of the maximum pressure. The density of the material is 1400 kg/m®
and its viscosity is 1.5 x 10* Ns/m?.

4.9 A calender having rolls of 0.2 m diameter produces 2 mm thick plastic sheet at a linear
velocity of 0.1 m/s. Investigate the effect of nips in the range 0.8 to 1.9 mm on the pressure

profile. The viscosity is 10* Ns/m?.

4.10 A hemispherical dome of 200 mm diameter has been vacuum formed from a flat sheet
4 mm thick. What is the thickness of the dome at the point furthest away from its diameter.

4.11 A disposable tumbler which has the shape of a frustrum of a cone is to be vacuum formed
from a flat plastic sheet 3 mm thick. If the diameter of the mouth of the tumbler is 60 mm, the
diameter of the base is 40 mm and the depth is 60 mm estimate the wall thickness at (a) a point
35 mm from the top and (b) in the centre of the base.

4.12 A blow moulding die which has an outside diameter of 40 mm and a die gap of 2 mm
is used to produce a plastic bottle with a diameter of 70 mm. If the swelling ratio of the melt in
the thickness direction is 1.8 estimate

(a) the parison dimensions
(b) the thickness of the bottle and
(c) a suitable inflation pressure if melt fracture occurs at a stress of 10 MN/mZ.

4.13 A plastic film, 0.1 mm thick, is required to have its orientation in the transverse direction
twice that in the machine direction. If the film blowing die has an outer diameter of 100 mm and
an inner diameter of 98 mm estimate the blow-up ratio which will be required and the lay flat
film width. Neglect extrusion induced effects and assume there is no draw-down.

4.14 A molten polymer is to be coated on a cable at a speed of 0.5 m/s. The cable diameter is
15 mm and the coating thickness required is 0.3 mm. The die used has a length of 60 mm and
an internal diameter of 16 mm. What pressure must be developed at the die entry if the viscosity

of the polymer under these operating conditions is 100 Ns/m?.

4.15 During a rotational moulding operation an aluminium mould with a uniform thickness of
3 mm is put into an oven at 300°C. If the initial temperature of the mould is 23°C, estimate the
time taken for it to reach 250°C. The natural convection heat transfer coefficient is 28.4 J/m?s.
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K and the thermal diffusivity and conductivity of aluminium may be taken as 8.6 x 107> m?/s
and 230.1 J/m.s.K respectively.

4.16 A billet of PYC weighing 150 g is to be compression moulded into a long playing record
of diameter 300 mm. If the maximum force which the press can apply is 100 kN estimate the time
needed to fill the mould. The density and viscosity of the the PVC may be taken as 1200 kg/m®
and 10 Ns/m? respectively.



CHAPTER 5 - Analysis of polymer melt flow

5.1 Introduction

In general, all polymer processing methods involve three stages — heating,
shaping and cooling of a plastic. processing However, this apparent simplicity
can be deceiving. Most plastic moulding methods are not straightforward and
the practical know-how can only be gained by experience, often using trial
and error methods. In most cases plastics processing has developed from other
technologies (e.g. metal and glass) as an art rather than as a science. This is
principally because in the early days the flow of polymeric materials was not
understood and the rate of increase in the usage of the materials was much
greater than the advances in the associated technology.

Nowadays the position is changing because, as ever increasing demands are
being put on materials and moulding machines it is becoming essential to be
able to make reliable quantitative predictions about performance. In Chapter 4
it was shown that a simple Newtonian approach gives a useful first approxi-
mation to many of the processes but unfortunately the assumption of constant
viscosity can lead to serious errors in some cases. For this reason a more
detailed analysis using a Non-Newtonian model is often necessary and this
will now be illustrated.

Most processing methods involve flow in capillary or rectangular sections,
which may be uniform or tapered. Therefore the approach taken here will be to
develop first the theory for Newtonian flow in these channels and then when the
Non-Newtonian case is considered it may be seen that the steps in the analysis
are identical although the mathematics is a little more complex. At the end of
the chapter a selection of processing situations are analysed quantitatively to
illustrate the use of the theory. It must be stressed however, that even the more
complex analysis introduced in this chapter will not give precisely accurate

343
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solutions due to the highly complex nature of polymer melt flow. This chapter
simply attempts to show how a quantitative approach may be taken to polymer
processing and the methods illustrated are generally sufficiently accurate for
most engineering design situations. Those wishing to take a more rigorous
approach should refer to the work of Pearson, for example.

5.2 General Behaviour of Polymer Melts

In a fluid under stress, the ratio of the shear stress, t. to the rate of strain, y,
is called the shear viscosity, n, and is analogous to the modulus of a solid. In
an ideal (Newtonian) fluid the viscosity is a material constant. However, for
plastics the viscosity varies depending on the stress, strain rate, temperature
etc. A typical relationship between shear stress and shear rate for a plastic is
shown in Fig. 5.1.

Newtonian
/ fluid T =7y

/ e g:i
/]

Shear stress T

/

0 Shear strain rate, v

Fig. 5.1 Relations Between Shear Stress and Shear Rate

As a starting point it is useful to plot the relationship between shear stress
and shear rate as shown in Fig. 5.1 since this is similar to the stress—strain
characteristics for a solid. However, in practice it is often more convenient
to rearrange the variables and plot viscosity against strain rate as shown in
Fig. 5.2. Logarithmic scales are common so that several decades of stress and
viscosity can be included. Fig. 5.2 also illustrates the effect of temperature on
the viscosity of polymer melts.

When a fluid is flowing along a channel which has a uniform cross-section
then the fluid will be subjected to shear stresses only. To define the flow
behaviour we may express the fluid viscosity, n, as the ratio of shear stress, z,



Analysis of polymer melt flow 345

10000
16945
210C ~.
& 1000 e
€ orale N~
[’}
= S
= I NN
8 [ _ L Ll !, ,_.:\,._ E\q.gﬁ;._, ,.r_r —T‘_‘,
3 ! P ; \\\\\
> 100 poos I Lo L SANIIR N
o i s T - p— — ETTH
T L =g .
S I NS FENNY A O A 1 - - N
A A.HF,.M,T s D 4
H I ! ; f : ¥ 1
! i s LT
10 . _ | HE R It 4 |
1 10 100 1000 10000
Shear rate (s-1)
Fig. 5.2 Viscosity curves for polypropylene
to shear rate, y,
T
n=- (5.1
Y

If, on the other hand, the channel section changes then tensile stresses will
also be set up in the fluid and it is often necessary to determine the tensile
viscosity, A, for use in flow calculations. If the tensile stress is o and the
tensile strain rate is ¢ then

ag
A.=T
£

(5.2)
For many polymeric melts the tensile viscosity is fairly constant and at low
stresses is approximately three times the shear viscosity.

To add to this picture it should be realised that so far only the viscous
component of behaviour has been referred to. Since plastics are viscoelastic
there will also be an elastic component which will influence the behaviour of
the fluid. This means that there will be a shear modulus, G, and, if the channel
section is not uniform, a tensile modulus, E, to consider. If yg and &g are the
recoverable shear and tensile strains respectively then

G=— (5.3)
VYR
E=2 (5.4)
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These two moduli are not material constants and typical variations are shown
in Fig. 5.3. As with the viscous components, the tensile modulus tends to be
about three times the shear modulus at low stresses. Fig. 5.3 has been included
here as an introduction to the type of behaviour which can be expected from a
polymer melt as it flows. The methods used to obtain this data will be described
later, when the effects of temperature and pressure will also be discussed.
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Fig. 5.3 Flow curves for polyethylene at 170°

5.3 Isothermal Flow in Channels: Newtonian Fluids
In the analysis of flow in channels the following assumptions are made:

1. There is no slip at the wall.

2. The melt is incompressible.

3. The flow is steady, laminar and time independent.

4. Fluid viscosity is not affected by pressure changes along the channel.
5. End effects are negligible.

The steady isothermal flow of incompresible fluids through straight hori-
zontal tubes is of importance in a number of cases of practical interest.

(a) Flow of Newtonian Fluid along a Channel of Uniform Circular
Cross-Section
Consider the forces acting on an element of fluid as shown in Fig. 5.4.

oP
F, = er (P+ —dZ)
0z
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High pressure Low pressure
A
dr L R

A
_____ Ty
F1

Fig. 54 Element of Fluid in a Capillary

Fy = nr?P
F3 =2nrdzz,
Since the flow is steady TF, = O

aP
7(r)*P = nr? (P + —5—dz) —2ardz -1,
z4

r (dP

In many cases the pressure gradient is uniform, so that for a pressure drop,
P, over a length, L, the maximum shear stress will be at the wall where r = R

PR
= — 5.6
T, L (5.6)
Also since
. av
t=ny=ngs
r

So using equation (5.5)

Integrating this gives
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Atr=0,V=YV,

So Vo=——- R 3.7

r\2
and V=V (l - (E) ) (5.8)

The volume flow rate, Q, may be obtained from
R

0= /27rrV dr
0
This can be rearranged using (5.7) to the form
R 2
Q-—/27rrV 1- (1) dr = L2V oR?
- 0 R -2
0
nR* dP
= .2 5.9
e 8n dz ©9

Once again if the pressure drop is uniform this may be expressed in the more
common form

0= (5.10)

It is also convenient to derive an expression for the shear rate y.
av

)’=¥

2
then y= a—{’r [VO (1 - (%) )] (5.11)

This may be rearranged using the relation between flow rate and Vy to give
the shear rate at r = R as 40

"~ nR?
The negative signs for velocity and flow rate indicate that these are in the
opposite direction to the chosen z-direction.

(5.12)

Yo

(b) Flow of Newtonian Fluid between Parallel Plates

Consider an element of fluid between parallel plates, T wide and spaced a
distance H apart. For unit width of element the forces acting on it are:

aP
F = <P+—-dz)2y
oz
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High pressure Low pressure

AI Fl_ dyy

e v Y
T

Fig. 5.5 Element of Fluid Between Parallel Plates

F2=P-ty
F3=‘rde

For steady flow there must be equilibrium of forces so
apP
Pty = (P + % ~dz) Ty — 21,dz

oP
)’a—z =Ty (5.13)

In many cases the pressure gradient is uniform (dP/dz = AP/L) so the
maximum shear stress will be at the wall where y = %H

PH

=— .14
=S (5.14)
For a Newtonian Fluid the shear stress, 7, is also given by
ey = av
=ny=1 3y
So using (5.13)
v opP
"ay oz

Integrating this gives
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1dpP ( , (H\?
V—z—d—z(y‘(i))
Nowaty=0,V =V

So Vo= 1dP(H)2 (5.15)
0= Tondz \2 ’

Substituting aP/dz in the expression for V gives

2 2
V=V (1 - (Ey) ) (5.16)

The volume flow rate, Q, is given by
H)2

Q=2/Tde
0

Using equation (5.16) this may be expressed in the form
H/2
29\ 2
Q=2/TV0 (1— (ﬁy) )dy
0
=21v4(3)

TH?® dP
= — 5.17
Q 12n dz G17
which, for a uniform pressure gradient, reduces to
0= TPH? (5.18)
T 129l '
An expression for the shear rate, y, may also be derived from
- 1'%
y= 3y
9 2y\?2
=—|Voll—-{=
5 (- )
y = —8Voy/H? (5.19)
3
but as shown above Vo= —Q

2TH
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So _ —12Qy
" TH3
H
At the wall y= >
60
Uy = — —te 5.20
Y TH? (5.20)

It is worth noting that the equations for flow between parallel plates may
also be used with acceptable accuracy for flow along a circular annular slot.
The relevant terms are illustrated in Fig. 5.6.

Fig. 5.6 Flow in an Annular Slot

5.4 Rheological Models for Polymer Melt Flow

When log (viscosity) is plotted against log (shear rate) or log (shear stress) for
the range of shear rates encounterd in many polymer processing operations, the
result is a straight line. This suggests a simple power law relation of the type

=1 [Z‘E] (5.21)
Vo

where n is the Power Law index and 79 and yp refer to the shear stress and
shear rate at some reference state. This is often taken as 3 = 1 s™! and so the
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Power Law may be expressed as
T=1Y, (5.22)

It is common practice nowadays to express the apparent viscosity as a function
of the shear rate, y,. This may be obtained using the definition of apparent
viscosity 71, as the ratio of shear stress to shear rate, ie

So using
Ta Ya _ [V_]
m % Ln
., 1n—1
Ja [ﬁ] (5.23)
No Yo

or rearranging to use shear stress instead of shear rate

n=1
- [1] " (5.24)

T0

Na
Mo

Equations (5.21), (5.22) and (5.23) are useful for the high strain rates experi-
enced in injection moulding or extrusion but unfortunately they do not predict
the low strain rate situation very well where plastic melts tend towards Newto-
nian behaviour (ie n — 1). This is illustrated in Fig. 5.7.

Carreau proposed an alternative equation to overcome this problem. It has
the form

n—1
T~ 1+ @y 2 (5.25)
No

where A, is a material constant.

It may be seen that when y > 1, this equation reduces to the Power Law
(5.23) but as shown in Fig. 5.7, it also predicts the low shear rate situation
very well.

In order to allow for the effect of temperature on viscosity a shift factor, ar
is often used. The Carreau equation then becomes

n_l
2 = ar [1+ar@my] (5.26)
1o
where typically the shift factor, ar, may be obtained from
Ci(T1—To) = Ci(T2—To)
C24+(T1~To) C2+(T2-To)

log ar = (5.27)
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Fig. 5.7 Comparison of Models for Flow Behaviour

where C| and C, are material constants, 7 (°C) is the temperature at which
the viscosity is known, T, (°C) is the temperature at which the viscosity is
required and Ty (°C) is a reference temperature.

When T = T, then C; = 17.4 and C; = 51.6.

With the widespread use of software packages to assist with computational
fluid dynamics (CFD) of polymer flow situations, other types of viscosity rela-
tionships are also used. For example, the regression equation of Klien takes
the form

Inn,=ao+amy, +an(ny)? + ;T +anT*+ap-T-Iny,  (5.28)

where a;; are material constants and T is the temperature of the melt (°C).

It should be noted that if a;; is small (which is often the case) then this
equation also reduces to the Power Law.

The polynomial of Muenstedt is also popular. It takes the form

log n, = logar + Ao + A, log (arya) + Az[log(ary)l?
+ As[log(ara)® + Asllog(ar))* (5.29)

However, for the high strain rates appropriate for the analysis of typical extru-
sion and injection moulding situations it is often found that the simple Power
Law is perfectly adequate. Thus equations (5.22), (5.23) and (5.27) are impor-
tant for most design situations relating to polymer melt flow.
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Example 5.1 Applying the Carreau model to polypropylene, the following
constants are known at 190°C.

no = 2350 Ns/m?, Ar =0.05, n =033

Estimate the viscosity of polypropylene at 230°C and a shear rate of 1000 s™!.
The glass transition temperature for the polypropylene is —10°C.

Solution The temperature shift factor from 190°C to 230°C may be obtained
from

Ci(h-T)  Ci(T2—Ty)

OB = T =T, Gt (T, Ty)
17.4(190 + 10) 17.4(230 + 10)
T 516+ (190 + 10)  51.6 + (230 + 10)
ar = 0.324

Using the Carreau model
n=l
Na = Toar (1 +ar(Ar- y)2) n
0.33—1
=235000.324) (1 +0.324(0.05 x 10°?) °F

So, na = 80.7 Ns/m®> at 230°C and y = 1000

5.5 Isothermal Flow in Channels: Non-Newtonian Fluids

(a) Flow of Power Law Fluid Along a Channel of Uniform Circular
Cross-section

Referring to Fig. 5.4 and remembering that equilibrium of forces was the only
condition necessary to derive (5.5) then this equation may be used as the starting
point for the analysis of any fluid.

r (dP

v
Now ‘L’=r’y=7’_
ov r (3P)

SO —_— = — | -

but from (5.23)
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So from above

A r (8P)
or [aV/ar]"-1 dz
2no
Yo
(aV)" _ r(y)*~! (BP)
o) 2o az
Integrating this between the limits

Velocity = V at radius = r
and Velocity = O at radius = R

The equation for velocity at any radius may then be expressed as

v ( n ) n-1)/m [(am/(az)] VT oy _ pniyng
n+1/)"° 200

Atr=0,V =V,

/n
n (n+1)/n (31’)/(32)] ! (n+1)/n
Vo=—| — _— R 5.30

° (" + 1) Yo [ 2no 630

r (n+1)/n
V= Ve [1_ (E) ] (5.31)

The volume flow rate, Q, is given by

i 7 A\ (n1)/n
Q=0/27rrVdr=2nV00/r(l—<§) >d,
Q= (31111)
(n+1)/n
2v(i-(3)"")]
G oy

R R

. 1%
Also Shear Rate, y = — =

TR*V, (5.32)
or 0

y=-

The shear rate at the wall is obtained by letting r = R and the equation is
more convenient if V is replaced by Q from (5.33). In this case

3n+1) 40

4n 7R3

Shear Rate at wall Vo = — <
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It is worth noting that since a Newtonian Fluid is a special case of the Power
Law fluid when n = 1, then the above equations all reduce to those derived in
Section 5.3(a) if this substitution is made.

(b) Flow of Power Law Fluid between Parallel Plates

Referring to Fig. 5.5 and recognising that equation (5.13) is independent of the
fluid then

oP
T=y—
y 0z
£1% y 17!
but T=n— and n=n [1]
dy Yo
1% P
dy [GV/ay]" oz
nt———
Yo
WV alyn 1n ( 1 ap)'/"
ay ~ 10 1o 0z

Integrating this equation between the limits

velocity = V at distance = y
velocity = O at distance = H /2

1 1)/n
v () () e (Y
n+1 noYo 3z 2

Aty=0V =V

n 1 aP\Vn g\ (+D)/n
Vo=— Vo | —— — — 5.34
0 <n+1>y°(noyoaz) (2) ©-34)

And using this to simplify the expression for V

(n+1)/n
V="V (1 - (il_y) ) (5.35)

The flow rate, Q, may then be obtained from the expression
H/2

0

H2

2 (n+1)/n
=2T/Vo (1—(%) dy

0
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n+1
= TV¢H 5.36
Q <2n + l) 0 (5.36)
1% d 2y (n+1)/n
And as before y = % = % Voll- (ﬁ)

2 (n+1)/n + 1

y=—Vo (—) (" ) yn (5.37)
H n

At the wall y = H/2 and substituting for V¢ from (5.36) then
. 2n 4+ 1\ 20
== (57 7
It can be seen that in the special case of n = 1 these equations reduce to those
for Newtonian Flow.

5.6 Isothermal Flow in Non-Uniform Channels

In many practical situations involving the flow of polymer melts through dies
and along channels, the cross-sections are tapered. In these circumstances,
tensile stresses will be set up in the fluid and their effects superimposed on
the effects due to shear stresses as analysed above. Cogswell has analysed this
probiem for the flow of a power law fluid along coni-cylindrical and wedge
channels. The flow in these sections is influenced by three factors:

(1) entry effects given suffix O
(2) shear effects given suffix S
(3) extensional effects given suffix E

Each of these will contribute to the behaviour of the fluid although since each
results from a different deformation mode, one effect may dominate depending
on the geometry of the situation. This will be seen more clearly later when
specific design problems are tackled.

(a) Flow in Coni-Cylindrical Dies

Consider the channel section shown in Fig. 5.8(a) from which the element
shown in Fig. 5.8(b) may be taken.

(i) Pressure Drop Due to Shear, P
Assuming that the different modes of deformation are separable then consid-
ering equilibrium of forces in regard to the shear stress only, gives
daP; - r? = 27r dl sec6 - Tcos @
2t
dP; = — .dl (5.38)

r



358 Analysis of polymer melt flow

; |

< »
1\ >

dL

T

dt

Fig. 5.8 Analysis of Coni-Cylindrical Die

but for a power law fluid

3n+1) o

T=71)" and }"=( )

dr
d using dl = ——
and using p—

then (5.38) becomes
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Integrating

R
p _ 20 3n+1>g)"/" dr
*7 tan@ n 14 ri+3n
R
210 ((3n+1) 0 ) (R,)3"
P, = =) 1-(+
3ntanf n R; Ro
2‘[’1 Rl 3n
P, = T 5.39
3ntané l (Ro) ( )

(ii) Pressure Drop Due to Extensional Flow Pg

dPg - nir* = o[n(r + dr)* — nr?

20d
dPg = o
,
Integrating
Ro
20d
Py = / Ur d (5.40)
Ry

In order to integrate the right hand side of this equation it is necessary to get
an equation for ¢ in terms of r. This may be obtained as follows.

Consider a converging annulus of thickness, h, and radius, a, within the
die. If the angle of convergence is ¢ then simple geometry indicates that for
uniform convergence

dh d
tan¢=€tan9 and _=_E
r h a

Now if the simple tensile strain, ¢, is given by

dA

€= —

A
then the strain rate, £, will be given by

1 d(area) 1 d(2mah) _2da

b= —

area dr  2mah dt T adt
da dl  a
but — = -— =—-tanf -V
" 4 e gy = an



360 Analysis of polymer melt flow

where V is the velocity of the fluid parallel to the centre line of the annulus.
From (5.31) and (5.32) this velocity is given by

_(3n+1\ Q a\+/n :
()0 -

(n+1)/n
So éa=gtan0(3n+l)£ (f) —1
r n+1 ) ar r

The average extensional stress is obtained by integrating across the element so

r
onr? = /aa27m da
0
and since by definition o, = A&,

r

A 2 0 a\ thin
aﬂr2=/kéa27mda=/k'—tan0< )—— (—) — 1|2ra da
r +1 2 I\r

0 0
= <_.Q§> (5.41)

So in (5.40)
Ry
_ 2Q _ Atané [ 4Q R\’
PE—/;*(n,s)‘a“@'d’-T<;ﬁ) [1_(1?_0)]

Ry
- @]
Pr=201/3|1 - — (5.42)
Ro

(iii) Pressure Drop at Die Entry, P,

When the fluid enters the die from a reservoir it will conform to a streamline
shape such that the pressure drop is a minimum. This will tend to be of a
coni-cylindrical geometry and the pressure drop, Py, may be estimated by
considering an infinite number of very short frustrums of a cone.

Consider a coni-cylindrical die with outlet radius, Ry, and inlet radius, R;,
and an included angle 2ay.

Using (5.41)

27
F 5.40 P -
rom (5.40) S = 3 tan 0[ x"]

From (5.42) Py = ’\—t‘:’f (4Q ) [1—x]
7R}
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Ro\? .
where x = R for convenience
1

The pressure drop, P, for such a die is

P, =Ps+ Pg

a
= + btanay
tan

2 4
where = ﬂ[l v b= (22 )=y
3 R0
For minimum pressure drop the differential of pressure drop with respect to
the angle ag should be zero
dP 1 —a
=——+
d(tang) tan- oy

()"
tanagy = E

So the minimum value of pressure is given by

Py = a"%b\/? 4+ a2pV? = 241/2p\2

b=0

If this procedure is repeated for other short coni-cylindrical dies then it is found
that

P2 — x“+")/2P1
Py = (x""/2)2p, and so on.

So the total entry pressure loss, Py, is given by

= 272 A\ .
Po—lentZP =5 7rR3 (;—) -I;lgllltf x)

where
f(x) = [(1 —x")(l _x)]l/2 . [1 +x(l+n)/2 + (x(1+n)/2)2 4 (x(l+n)/2)3 4. ]

and n = viscosity corresponding to shear rate at die entry.

42 40 2
Py = CTOEAT ( )( A) (5.43)

2 3 (nR 1—x"
Also tan’ g = -0 (u) Limit [ ad ]

3n A
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So that from (5.44)
8o

3+ 1)

Py (5.44)

(b) Flow in Wedge Shaped Die

Referring to the terminology in Fig. 5.9 and using analysis similar to that for
the coni-cylindrical die, it may be shown that the shear, extensional and die
entry pressure losses are given by

B 7 111 2n

Ps= g {1 - (1—7—5) } (5.45)
_ gy H] 2

Pr=2 {1 - (fTo) ] (5.46)
4 60 "

Po=GnsD (TH%,) (%) (547)

A

T T

Fig. 5.9 Analysis of Flow in Tapered Wedge

where n corresponds to shear rate at die entry
) 2n+1 2Q
Al = —= 5.48
* 7= () (7) ©49
&= (y/3)tan¢ (5.49)
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12
and tan fig = % G) (5.50)

where fp is the half angle of convergence to the die.

5.7 Elastic Behaviour of Polymer Melts

As discussed earlier, polymer melts can also exhibit elasticity. During flow
they have the ability to store strain energy and when the stresses are removed,
this strain is recoverable. A good example of elastic recovery is post extrusion
swelling. After extrusion the dimensions of the extrudate are larger than those
of the die, which may present problems if the dimensions of the extrudate
are critical. In these circumstances some knowledge of the amount of swelling
likely to occur is essential for die design. If the die is of a non-uniform section
(tapered, for example) then there will be recoverable tensile and shear strains.
If the die has a uniform cross-section and is long in relation to its transverse
dimensions then any tensile stresses which were set up at the die entry for
example, normally relax out so that only the shear component contributes to
the swelling at the die exit. If the die is very short (ideally of zero length) then
no shear stresses will be set up and the swelling at the die exit will be the
result of recoverable tensile strains only. In order to analyse the phenomenon
of post extrusion swelling it is usual to define the swelling ratio, B, as

dimension of extrudate

dimension of die

Swelling Ratios Due to Shear Stresses
(a) Long Capillary

Fig. 5.10 shows an annular element of fluid of radius r and thickness dr
subjected to a shear stress in the capillary. When the element of fluid emerges
from the die it will recover to the form shown by ABCD.

If the shear strain at radius r is y, then

~ ED
yr=tlana = AE
Also area of swollen annulus _ 2rr dr! _AD
initial area of annulus 2nr dr AE
(AE? + ED?)\/?
- AE

-(+(R))

=(1+y)"?
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Swelling _ ., R’
ratio =Bs=R

Rl
ar
A B

/ Polymer meit

Annular element

Fig. 5.10 Polymer Melt Emerging from a Long Die

So from the definition of swelling ratio and using the subscripts S and R to
denote Shear swelling in the Radial direction then

R
/(1 +vH)\22mr dr
area of swollen extrudate  j
- R
/ 2nr dr
0

area of capillary
Assuming that the shear strain, y,, varies linearly with radius, r, then

2 _
BSR_

r
Y= E)’R
where yz is the shear strain at the wall

R ) 172
r
/ (1 + F)/ZR) 2nr dr

So B2 =2

7R2

Bse = [3ve {1+ 7" - vc® (5.51)

] 1/2
(b) Long Rectangular Channel

When the polymer melt emerges from a die with a rectangular section there
will be swelling in both the width (T") and thickness (H') directions. By a similar
analysis to that given above; expressions may be derived for the swelling in
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these two directions. The resulting equations are

1 1 1/3
Bsr = [5(1+ vi'2 + 5y et (14 )% (5.52)
R

Bsy = B, (5.53)
Equations (5.51), (5.52) and (5.53) can be cumbersome if they are to be used

regularly so the relationships between swelling ratio and recoverable strain are
often presented graphically as shown in Fig. 5.11.
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Fig. 5.11 Varation of Swelling Ratio for Capillary and Slit Dies

Swelling Ratio Due to Tensile Stresses

(a) Short Capillary (zero length)

Consider the annular element of fluid shown in Fig. 5.12. The true tensile strain
€g in this element is given by

eg=In(1+¢)

where ¢ is the nominal strain (extension -~ original length)

dr! —dr
€R=ln 1+ —dr——
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Swelling _ B = R’
ratio SPE TR Short die
R’ D ¢
dr. R
A B
Polymer melt

Annular etement

Fig. 5.12 Polymer Melt Emerging from a Short Die

dr! —dr
ER — 1
e + (—dr )

(e®* — l)dr +dr = dr'
area of swollen annulus  27r dr'  dr!
original area of annulus = 2mrdr  dr
(e®® — l)dr +dr
- ar

Now,

= &R

So from the definition of swelling ratio and using the subscript, E, to denote
extensional stresses then

R
/ 2mre*® dr
2 area of swollen extrudate
- R
/ 2nr dr
0

Bgg = (e*0)!/? (5.54)

ErR — area of capillary

(b) Short Rectangular Channel

By similar analysis it may be shown that for a short rectangular slit the
swelling ratios in the width (7') and thickness (H) directions are given by

Bgr = (e)'/* (5.55)
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Bey = (e0)!/? (5.56)

Although these expressions are less difficult to use than the expressions for
shear, it is often convenient to have the relationships available in graphical
form as shown in Fig. 5.13.

o
)

Swaelling ratio

Recoverable extensional strain

Fig. 5.13 Variation of Swelling Ratio for Capillary and Slit Dies

5.8 Residence and Relaxation Times

(a) Residence (or Dwell) Time
This refers to the time taken for the polymer melt to pass through the die or
channel section. Mathematically it is given by the ratio

Volume of channel
Residence time, tg = (5.57)
Volume flow rate

For the uniform channels analysed earlier, it is a simple matter to show that
the residence times are:

Newtonian Flow

. . 8nlL?
Circular Cross Section IR = — (5.58)
PR?
. 12nL?
Rectangular Cross Section tp = PHT (5.59)
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Power Law Fluid

3 1\ L

Circular Cross Section tp = ( nt ) — (5.60)
n+ 1 Vo
2 1\ L

Rectangular Cross Section g = ( nt ) — (5.61)
n+1 Vo

(b) Relaxation (or Natural) Time

In Chapter 2 when the Maxwell and Kelvin models were analysed, it was found
that the time constant for the deformations was given by the ratio of viscosity
to modulus. This ratio is sometimes referred to as the Relaxation or Natural
time and is used to give an indication of whether the elastic or the viscous
response dominates the flow of the melt.
To do this, a Deborah Number N 4ep, has been defined as
Relaxation or Natural Time

Ngep = 5.62
deb Timescale of the process (5.62)

If Ngep > 1 then the process is predominantly elastic whereas if Ngep < 1 then
viscous effects dominate the flow.

5.9 Temperature Rise in Die

Power is the work done per unit time, where work in the simplest sense is
defined as
Work = (force) x (distance)

Therefore
Power = (force) x (distance per unit time)
= (Pressure drop x area) x (velocity)
But the volume flow rate, Q, is given by
Q = area x velocity (5.63)
So Power =P - Q

where P is the pressure drop across the die.

Using this expression it is possible to make an approximation for the temper-
ature rise of the fluid during extrusion through a die. If it is assumed that all
the work is changed into shear heating and that all the heat is taken up evenly
by the polymer, then the work done may be equated to the temperature rise in
the polymer.

Power = Heat required to change temperature

= mass X specific heat x temperature rise



Analysis of polymer melt flow 369

So PQ=pQ x Cpx AT (5.64)
P
AT = —
oCp

where p is the density of the fluid and C, is its specific heat.

5.10 Experimental Methods Used to Obtain Flow Data

In Section 5.11 design examples relating to polymer processing will be illus-
trated. In these examples the flow data supplied by material manufacturers will
be referred to, so it is proposed in this section to show how this data may be
obtained.

The equipment used to obtain flow data on polymer melts may be divided
into two main groups.

(a) Rotational Viscometers — these include the cone and plate and the concen-
tric cylinder.

(b) Capillary Viscometer — the main example of this is the ram extruder.

Cone and Plate Viscometer

In this apparatus the plastic to be analysed is placed between a heated cone
and a heated plate. The cone is truncated and is placed above the plate in such
a way that the imaginary apex of the cone is in the plane of the plate. The
angle between the side of the cone and the plate is small (typically <5°).
The cone is rotated relative to the plate and the torque. T, necessary to do
this is measured over a range of rotational rates, 6.
Referring to Fig. 5.14

Area of annulus = 2nr-dr
Force = 2nrt-dr
Torque = 2nr’t-dr

R
So Total Torque, T = / 2nrit - dr
0
T = (%) nR’r (5.65)
Also shear strain, y=

Strain rate, y = (5.66)
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R 1
|8
1
Heated Molten
cone plastic
=5°
Heated plate
{tixed)

Fig. 5.14 Cone and Plate Viscometer

And since viscosity n= %
3T «
-2 5.67
T=22R % G670

The disadvantage of this apparatus is that it is limited to strain rates in the
region 10 to 1 s~! whereas in plastics processing equipment the strain rates are
in the order of 10 s*~! to 10% s~

Concentric Cylinder Viscometer

In this apparatus the polymer meit is sheared between concentric cylinders. The
torque required to rotate the inner cylinder over a range of speeds is recorded
so that viscosity and strain rates may be calculated.

Referring to Fig. 5.15

Torque, T=2nRL-R v =2nR*Lt (5.68)
du 2nRN
i S y = — = .6
Strain rate y Zy T (5.69)
TH
Viscosity, N =~ (5.70)

7 4*RLN
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cylinders

Fig. 5.15 Concentric Cylinder Viscometer

As in the previous case, this apparatus is usually restricted to relatively low
strain rates.

Ram Extruder

In this apparatus the plastic to be tested is heated in a barrel and then forced
through a capillary die as shown in Fig. 5.16. Normally the ram moves at
a constant velocity to give a constant volume flow rate, Q. From this it is
conventional to calculate the shear rate from the Newtonian flow expression.

.40
V=R

Since it is recognised that the fluid is Non-Newtonian, this is often referred

to as the apparent shear rate to differentiate it from the true shear rate. If the

pressure drop, P, across the die is also measured then the shear stress, 7, may

be calculated from
_ PR

T = —
2L

This leads to a definition of apparent viscosity as the ratio of shear stress to
apparent shear rate
_ nPR*

=810

A plot of apparent viscosity against shear rate produces a unique flow curve
for the melt as shown in Fig. 5.3. Occasionally this information may be based
on the true shear rate. As shown in Section 5.4(a) this is given by

. <3n+ 1) 40
V= 4n 7R3
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Fig. 5.16 Section Through Ram Extruder

However, this then means that the true shear rate must always be used in
the flow situation being analysed. Experience has shown that this additional
complexity is unnecessary because if the Newtonian shear rate is correlated
with flow data which has been calculated using a Newtonian shear rate, then
no error is involved.

Note that rotational viscometers give true shear rates and if this is to be
used with Newtonian based flow curves then, from above, a correction factor
of (4n/3n + 1) needs to be applied to the true shear rate.

The ratio (3n + 1)/4n is called the Rabinowitsch Correction Factor and it
is used to convert Newtonian shear rates to true shear rates.

There are two other points worth noting about this test. Firstly the flow data is
produced using a capillary die so that its use on channels of a different geometry
would require a correction factor. However, in most cases of practical interest,
the factor is not significantly different from 1 and so there is no justification
for the additional complication caused by its inclusion.

Secondly, the pressure drop, P, in the above expression is the pressure drop
due to shear flow along the die. If a pressure transducer is used to record the
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pressure drop as shown in Fig. 5.16, then it will also pick up the pressure
losses at the die entry. This problem may be overcome by carrying out further
tests using either a series of dies having different lengths or a die with a very
short (theoretically zero) length. In the former case, the pressure drops for the
various lengths of die may be extrapolated to give the pressure drop for entry
into a die of zero length. In the second case this pressure is obtained directly by
using the so-called zero length die. This is then subtracted from the measured
pressure loss, Py, on the long die being considered, so that

e (PL — Po)R
- 2L

In addition, if the swelling of the extrudate is measured in each of these two
tests then the swelling ratio using the long die will be Bsg and the swelling
ratio using the short die will be Bgg (see Section 5.6). Using equation (5.44)
and (5.47) this enables the shear and tensile components of the recoverable
strains to be calculated and from them the shear and tensile moduli.

From this relatively simple test, therefore, it is possible to obtain complete
flow data on the material as shown in Fig. 5.3. Note that shear rates similar
to those experienced in processing equipment can be achieved. Variations in
melt temperature and hydrostatic pressure also have an effect on the shear and
tensile viscosities of the melt. An increase in temperature causes a decrease in
viscosity and an increase in hydrostatic pressure causes an increase in viscosity.
Typically, for low density polyethlyene an increase in temperature of 40°C
causes a vertical shift of the viscosity curve by a factor of about 3. Since the
plastic will be subjected to a temperature rise when it is forced through the die,
it is usually worthwhile to check (by means of Equation 5.64) whether or not
this is significant. Fig. 5.2 shows the effect of temperature on the viscosity of
polypropylene.

A change in pressure from atmospheric (= 0.1 MN/m?) to about 100 MN/m?
(a pressure likely to be experienced during processing) causes a vertical shift
of the viscosity curve by a factor of about 4 for LDPE. This effect may be
important during processing because the material can be subjected to large
changes in pressure in sections such as nozzles, gates, etc. However, it should
be noted that in some cases the increase or decrease in pressure results in, or is
associated with, an increase or decrease in temperatures so that the net effect
on viscosity may be negligible.

Other factors such as the use of additives also have an effect on the shape of
the flow curves. Flame retardants, if used, tend to decrease viscosity whereas
pigments tend to increase viscosity. Fig. 5.17 shows flow curves for a range of
plastics.

(5.71)

Melt Flow Rate (also known as Melt Flow Index)

The Melt Flow Rate Test is a method used to characterise polymer melts. It is,
in effect, a single point ram extruder test using standard testing conditions (BS
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2782) as illustrated in Fig. 5.18. The polymer sample is heated in the barrel
and then extruded through a standard die using a standard weight on the piston,
and the weight (in gms) of polymer extruded in 10 minutes is quoted as the
melt flow rate (MFR) of the polymer.

Flow Defects

When a molten plastic is forced through a die it is found that under certain
conditions there will be defects in the extrudate. In the worst case this will
take the form of gross distortion of the extrudate but it can be as slight as a
dullness of the surface. In most cases flow defects are to be avoided since they
affect the quality of the output and the efficiency of the processing operation.
However, in some cases if the flow anomaly can be controlled and reproduced,
it can be used to advantage — for example, in the production of sheets with matt
surface finish. Flow defects result from a combination of melt flow properties,
die design and processing conditions but the exact causes and mechanisms are
not completely understood. The two most common defects are

(a) Melt Fracture When a polymer melt is flowing through a die, there
is a critical shear rate above which the extrudate is no longer smooth. The
defect may take the form of a spiralling extrudate or a completely random
configuration. With most plastics it is found that increasing the melt temperature
or the L/D ratio of the die will increase the critical value of shear rate. It is
generally believed that the distortion of the extrudate is caused by slip-stick
mechanism between the melt and the die wall due to the high shear rates. If
there is an abrupt entry to the die then the tensile/shear stress history which
the melt experiences is also considered to contribute to the problem.

(b) Sharkskin Although this defect is also a visual imperfection of the
extrudate it is usually differentiated from melt fracture because the defects
are perpendicular to the flow direction rather than helical or irregular. In addi-
tion, experience has shown that this defect is a function of the linear output rate
rather than the shear rate or die dimensions. The most probable mechanism of
sharkskin relates to the velocity of skin layers of the melt inside and outside
the die. Inside the die the skin layers are almost stationary whereas when the
extrudate emerges from the die there must be a rapid acceleration of the skin
layers to bring the skin velocity up to that of the rest of the extrudate. This
sets up tensile stresses in the melt which can be sufficient to cause fracture.

5.11 Analysis of Flow in Some Processing Operations

Design methods involving polymer melts are difficult because the flow
behaviour of these materials is complex. In addition, flow properties of the melt
are usually measured under well defined uniform conditions whereas unknown
effects such as heating and cooling in processing equipment make service
conditions less than ideal. However, sufficient experience has been gathered
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using the equations derived earlier that melt flow problems can be tackled
quantitatively and with an accuracy which compares favourably with other
engineering design situations. In this section a number of polymer processing
methods will be analysed using the tools which have been assembled in this
chapter. In some cases the heating and cooling of the melt may have an
important effect on the flow behaviour and methods of allowing for this are
developed.

Example 5.2 In a plunger-type injection moulding machine the torpedo has
a length of 40 mm, a diameter of 23 mm and is supported by three spiders. If,
during moulding of polythene at 170°C, the plunger moves forward at a speed
of 15 mm/s, estimate the pressure drop along the torpedo and the shear force
on the spiders. The barrel diameter is 25 mm.

Solution Assume that the flow is isothermal.

Volume flow rate, Q = area x velocity
= %(25 x 1073)?2 x 15 x 1073
=7.36 x 107 m’/s.

The gap between the torpedo and the barrel may be considered as a rectangular
slit with T = (7 x 24 x 107 )mand H = 1 x 10 m™>.

_ . 6Q 6 x 7.36 x 1075
S0 apparent strain rate, ¥ = 7. = X 24 x 103 x 106
=58557!

From Fig. 5.3, at this strain rate, n = 400 Ns/m?.
So T = ny = 400 x 585 = 2.34 x 10° N/m?
2Lt 2x 40 x 1073 x 2.34 x 10°

5 = 105 = 18.7 MN/m?

The force on the spider results from

P =

(a) the force on the torpedo due to the pressure difference across it and
(b) the force on the torpedo due to viscous drag.

Cross-sectional area of torpedo = nr?

So force due to pressure = r’P
= m(11.5 x 1073)? x 18.7 x 10°
= 7.8 kN
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Surface area of torpedo = nDL
Viscous drag force = nDLt
= (23 x 1072)(40 x 1073)(2.34 x 10°)
= 0.68 kN
So Total Force = 8.48 kN

Example 5.3 The output of polythene from an extruder is 30 x 10~6 m?/s.
If the breaker plate in this extruder has 80 holes, each being 4 mm diameter and
12 mm long, estimate the pressure drop across the plate assuming the material
temperature is 170°C at this point. The flow curves in Fig. 5.3 should be used.

Solution Assume the flow is isothermal.

Flow rate through each hole = 30)(8—(:06 m?/s
So Apparent shear rate, y= fg—
7R3
4 x 30 x 1078
T T x 80 x 23 x 1079
=59.657"
From Fig. 5.3 the shear stress, 7, is 1.2 x 10° N/m? and since
PR
T
2x12x 1073 x 1.2 x 10°
P=
2 x 1073
= 1.44 MN/m?

Example 5.4 Eight polypropylene mouldings, each weighing 10 g are to be
moulded using the runner layout shown in Fig. 5.19. If the injection time is
2 seconds and the melt temperature is 210°C, calculate the pressure at each
cavity if the injection pressure at the sprue is 80 MN/mZ2. The density of the
polypropylene is 909 kg/m? and the volume of the sprue is 5000 mm>. Assume
that the flow is isothermal and ignore the pressure losses at corners.

Solution Firstly it is necessary to determine the volume flow rate through
the runners and gates. The total volume of the runners, gates and cavities may
be calculated as follows:

Volume of 8 cavities =8 x 10 x 1073/909 = 8.8 x 107> m’

= 88 x 10> mm?
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Fig. 5.19 Runner Layout, Example 5.4

Volume of long runners =4 x 7R? x L

=4 x 7(3)* x 100 = 11.3 x 10* mm?
Volume of short runners = 8 x 7(2.5)* x 50 = 7.85 x 10° mm’?
Volume of sprue =5 x 10°* mm®

Total volume =112.2 x 10* mm*
The fill time is 2 seconds so the total volume flow rate, Q, is given by

112.2 x 10°
0= —2X— = 56.1 x 10° mm3/s = 56.1 x 10~6 m®/s
To get the pressure loss in the runners and gates. The flow rate in the long

runner is Q/4, hence

40 4x56.1x10°

X _ — 661 s~!
R axn@y  ools

(i) For long runners y =
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From the flow curves for polypropylene at 210°C, at this shear rate,
1 = 130 Ns/m?, so the shear stress, 7, is given by

PR
7 =130 x 661 = 85.9 kN/m? = oL

2t 2 x 100 x 85.
Hence, Pressure loss, P = ’kl = XTXSW = 5.73 MN/m?

(ii) For the short runners, the flow rate is Q/8, and so
¥ =571 s7', n = 160 Ns/m?, r = 91.4 kN/m?
and these give the pressure loss = 3.66 MN/m?.
(iii) For the gates, the flow rate is Q/8 and so
6Q  6x56.1x10°

= 3506 s~!

YETHIT T8x3x22
From the flow curves, n = 44 Ns/m?, = 154.3 kN/m*
2L 2 x 1.6 x 154.3

So pressure loss, p= 71 = % = 247 kN/m?
Total pressure loss =5.73 + 3.66 + 0.247

= 9.64 MN/m?
Thus, pressure available at cavity = 80— 9.64

= 70.4 MN/m?

Example 5.5 In a polyethylene film blowing die the geometry of the die lips
is as shown in Fig. 5.20. If the output is 300 kg/hour and the density of the
polythene is 760 kg/m?, estimate the pressure drop across the die lips.

Solution

300 6 3
Volume flow rate = 60 % 60 %760 — 109.6 x 107° m’/s

The die lips may be considered in three sections A, B and C and the total
pressure drop is the sum of the losses in each.

Section A: Since this section is of a uniform section there will only be a
pressure drop due to shear.

For a rectangular slot, as shown earlier, the apparent shear rate, y at A; is
given by

60 6 x 109.6 x 107°

= = =164 x 10° s~
TH? ~ 7(260 x 10-3)(0.7 x 103)2 S

¥
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Fig. 520 Tube Extrusion Die

So from Fig. 5.3, T = 3.3 x 10° N/m?

2L‘L']

Hy
_2><4x3.3x105
- 0.7

= 3.77 MN/m?

Section B: This section is tapered so there will be pressure losses due to both
shear and extensional flows.

From simple geometry H3 = H;, + (2L tan ) where « is half the included
angle and L = 11 mm.

Hy =07 mm, H;=1.28 mm
Now at B5, y =164x%x10s!
¢ = (y/3)tana =1/3 x 1.64 x 10*tan (1.5°)
=14s"!

Pg,, =

At Bs,

_ 60 6 x 109.6 x 10~
T TH? 7 x 260 x 10-3(1.276 x 10-3)2

=494.5 s~

14
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& =1/3(494.5)tan 1.5°
=43s"!

From Fig. 5.3 the flow curve can be taken as a straight line for the shear rate
range 500 s~! to 1600 s~! and the power law index n may be taken as 0.33.

H 2n
So from (5.45)  Ps, = —2 [1 - (—2) l

2ntan« H;
__33x10° ( 0.7 )0‘“
"~ 2(0.3)tan 1.5 1.28
= 6.9 MN/m?

Also from (5.46)

lop3 Hy\?
Pen=y [“ (&)

Now & = 14 s~! so from Fig. 5.3 05 = 3.15 x 10® Nm~2 (ie 2.25 x 10° x 14)

3.15 x 106 0.7 \?
Poa == [‘“(m)}

= 1.1 MN/m?

Section C: Although this section is tapered on one side only, since the angle
is small the error in assuming it is tapered on both sides will be negligible.
The included angle is taken as 8°.

Hy=H;+Ltan§°
=128 4+40tan8” = 6.9 mm

At C;
Y =494.5 57!
& = 1/3(494.5)tan 4°
=11.52s"!
At C4
6Q 6 x 109.6 x 107°

= = =169 s}
TH? ~ 7 x 260 x 103 x (6.9 x 10-3)2 °

& = 1/3(16.9)tan4°
=0.39 s~!

¥
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7 H3 2n
P, = 1= 22
5 = Jntana [ <H4) ]

from Fig. 5.3, 73 = 2.1 x 10° Nm~2 at y = 494.5 s~!
2.1 x 10° (1.28)0-66
Ps,=———— [1- |-
0.6tan4° 6.9
= 3.36 MN/m?

log H3\?
ren 1= ()]

& =11.52 s~! so from Fig. 5.3 03 = 2.6 x 10° Nm™2 (ie 2.25 x 10° x 11.52)

2.6 x 108 1.28\2
PE“=T' [1_(5) ]

= 1.26 MN/m?

As before

In this case there will also be a pressure loss due to flow convergence at the
die entry. This may be obtained from (5.47).

4 (SCQN g
Po=GnvD (TH?;) (%)

6Q

—= =16.9,50 n =4 x 10* Nsm™2, A = 2.25 x 10> Nsm™2
TH?

AtCs y =

4
Py = E(16.9)(4 x 10° x 2.25 x 10°)!/?

= 1.07 MN/m®
So the total pressure drop through the die is given by
P=3774+69+1.143.36+ 126+ 1.07
= 17.5 MN/m?

Example 5.6 Estimate the dimensions of the tube which will be produced
by the die in Example 5.5 assuming that there is no draw-down.

Solution Since the final section of the die lips is not tapered it may be
assumed that the swelling at the die exit is due to shear effects only.
6Q

. .- _ 3 -1
At exit, y—ﬁi—l.64x10 s
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From Fig. 5.3, t =3.3 x 10° Nm~2 and G = 5 x 10* Nm™2
T 33x 10° _
G 50x104

Then using equations (5.52) and (5.53), or more conveniently Fig. 5.11, the
swelling ratios may be obtained as

So recoverable strain, yg = 6.6

Bsy =231 and Bgr =1.52
Therefore swollen thickness of film = H; x Bsy
=0.7 x 2.31 = 1.62 mm
and swollen diameter of bubble = D x Bsr = 260 x 1.52 = 395 mm

Example 5.7 In many practical situations it is the dimensions of the output
which are known or specified and it is necessary to work back (often using an
iterative procedure) to design a suitable die.

Design a die which will produce plastic film 0.52 mm thick at a linear
velocity of 20 mm/s. The lay-flat width of the film is to be 450 mm and it is
known that a blow-up ratio of 1.91 will give the necessary orientation in the
film. Assume that there is no draw-down.

Solution Using the terminology from the analysis of blow moulding in
Section 4.2.5.

ULFW) = 7Dy,
2 x 450
= =227 286.5 mm
b3

Now it makes the solution simpler to assume that the blow up ratio is given
by Dy/D; (ie rather than Dy /D,,). Also this seems practical because the change
from D, to D, is caused solely by inflation whereas the change from D,, to D,
includes die swell effects.

.". Dy =286.5/1.91 = 150 mm

Then, for constant volume

JTDlhl = ﬂDbhb
, _ 2865x052
T

So having obtained the dimensions of the tube to be produced, the procedure
is to start by assuming that there is no die swell. This means that the die
dimensions will be the same as those of the tube.

6Q

Apparent shear rate, y = TH?
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but volume flow rate, Q = VTH

where V is the velocity of the plastic melt.
6V

H
_6x20
T

from Fig. 5.3, 1 = 1.3 x 10° N/m~2 and G = 3 x 10* N/m~2
So recoverable shear strain, yg, is given by

y=

=120s"!

Assuming that swelling results from shear effects only then from Fig. 5.13
at yg = 4.33, the swelling ratios are

Bsy =181 and Bsr =1.35
The initial die dimension must now be adjusted to allow for this swelling.

New die gap = H! = 1/1.81 = 0.55 mm
7 x 150
1.35

The volume flow rate, Q, will be constant so the velocity of the melt in the die
will also be adjusted.

New die circumference = T’ = = 349 mm

Q=VTH =V'T'H’
o VIH

=T = V- Bsy - Bsr
6V 6x20x2x1.35
te, y=— = =589 57!
New shear rate, y 7T 055 9s
From Fig. 5.3, t = 2.36 x 10° N/m? and G = 4 x 10* N/m?
So YR = 5.9

and from Fig. 5.13

BSH =2.18 and BST =1.48
1
S i =H"=— =045
o new die gap = H 218 9 mm
m x 150

48 =318 mm

new die circumference = 7" =
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If this iterative procedure is repeated again the next values obtained are
die gap, H"” = 0.455 mm
T x 150

1.49

These values are sufficiently close to the previous values so the die exit
dimensions are

die circumference, 7" =

Gap = 0.455 mm
T x 150
149 x 7
The shear rate, y, in the die land is

. 6x20x1.49x22

r= 0.455

=864.5 s~

From Fig. 5.3 it may be seen that this exceeds the shear rate for non-laminar
flow (approximately 30 s™!) so that the entry to this region would need to be

streamlined. Fig. 5.3 also shows that the extensional strain rate, €, in the tapered
entry region should not exceed about 15 s~! if turbulence is to be avoided.

Diameter = = 100.67 mm

Therefore since é¢=1/3ytana

1 (38)
a = tan -_-
14
— tan-! (3 X 15)
B 864.5
=297°

So the full angle of convergence to the die land must be less than (2 x 2.97°) =
5.94°,

To complete the die design it is likely that a third tapered section will be
necessary as shown in Fig. 5.20. This will be designed so that the entry to the
die is compatible with the outlet of the die body on the extruder. The maximum
angle of convergence of this section can be estimated as shown earlier and the
lengths of the two tapered sections selected to ensure the angle is not exceeded
for the fixed die inlet dimension. If the length of the 5.94° tapered region is
chosen as 10 mm it may be shown that the maximum angle of convergence for
the entry to this taper is 58.5°. If the length of this section is fixed at 40 mm
and the annular gap at the exit from the extruder is 16 mm, then a suitable
angle of convergence would be about 40°.

Example 5.8 It is desired to blow mould a plastic bottle with a diameter of
60 mm and a wall thickness of 2 mm. If the extruder die has an annular slot of
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outside diameter = 32 mm and inside diameter = 28 mm, calculate the output
rate needed from the extruder and recommend a suitable inflation pressure.
Use the flow characteristics given in Fig. 5.3. Density of molten polythene =
760 kg/m>.

Solution In the analysis of blow moulding in Section 4.2.7, it was shown
that the thickness, h, of the inflated bottle is given by

Dy
h = B3 hy (5—)
m

where hy = die gap = 2 mm
D,, = mould diameter = 60 mm
D, = die diameter = 1/2(28 + 32) = 30 mm

2 x 60
So gT = 30x2
Bst =1.26
From Fig. 5.11 at Bst = 1.26, yg = 3.15
So 315 =1/G

From Fig. 5.3 it is now necessary to determine the combination of T and G to
satisfy this equation.
For example, at y = 5 s~

G=15x10*N/m?, 7=5x8.8x10®=4.4x10* N/m?
So 1/G=293
At y=50s"

G=25x10*Nm?, t=59x10*Nm?, 1/G=42
At y=10s"

G =19x10* Nm?, ©=59x10*Nm? 1/G=3.1

Therefore the latter combination is correct.

60
vy = 10 = —=-
Y TH?
1 2 -9
and 0= OX”X3O6XZ X107 126 x 1076 m¥/s

= 1.26 x 107® x 760 x 3600 = 3.45 kg/hour
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To calculate the inflation pressure it is necessary to get the melt fracture
stress. From Fig. 5.3 it may be seen that this is 4 x 10° N/m?

Therefore since the maximum stress in the inflated bubble is the hoop stress,
o, the maximum inflation pressure, P, is given by

P_2ha_2x2x4><10(’

D, 60
= 0.13 MN/m?
1
| I I
dx* | ! |
7277777274,
Y |
| |
l 1
x | |
|
| I
i |
! I
! i
Ds
Fig. 5.21

Example 5.9 Calculate the time taken to inflate the bottle in the previous

example if the inflation pressure is 50 kN/m?. The flow curves given in Fig. 5.3
may be used.

Solution It is necessary to derive an expression for the inflation time. Refer-
ring to Fig. 5.22 where R is the radius of the inflated tube at any time, ¢, and
h, is the wall thickness at this time, then a force balance on the shaded element
gives (for unit length).

do
(RdO)P\ — (R + h)dO Py — 20 h, sin (7) =0

.. [dé do
Letting sin > = > and P, =0, then

RPy=0h, (5.72)

Now o = Aé where A is the tensile viscosity.
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Mouid wali

¢-=
A

Parison de

Fig. 5.22 Inflation of Parison to Mould Wall

¢ is the extensional strain rate and is given by

5 change in length per unit time _ (R+dR)d6 —Rd60  1dR

original length RdOd: T Radt

Substituting into (5.72) we get

AdR
RP, = EI”’ (5.73)
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Before this can be integrated, /, needs to be expressed as a function of R or
¢. Assuming constant volume of the parison

Rht = R]h]
Hence we can write
f TRy dR
/dt = /_L et
P, R?
0 R

_ M [ (R, )2

" 2P\R Rm
or expressing this in terms of the original die dimensions (see Blow Moulding,
Chapter 4),

L. ABsthy 2 {Da ) }
flation ti = 1-B 5.74
Inflation time, ¢ PiDy { ST D, ( )

Using the information given and with A = 2.2 x 10° Ns/m? (from Fig. 5.3)

then
5
_ 22x10° x 126 x2 {] _ 1262 (30)}
50 x 103 x 30 60

t = 0.08 seconds

Example 5.10 During the blow moulding of polythene bottles the parison is
0.3 m long and is left hanging for 5 seconds. Estimate the amount of sagging
which occurs. The density of polythene is 760 kg/m>

Solution Consider the small element of parison as shown as shown in
Fig. 5.21.

(a) Elastic Strain

From the relationship between stress, strain and modulus

F
o= T
AE
_ p:erlhlxdx

ﬂDlhlE
L
L2
So total extension = % / p
0

. . oL
So Elastic Strain = gg = —
astic Strain = gg g
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(b) Viscous Strain

The stress on the element = O°C - Weight below ¥¥

area area
_ paDihydx dx
- JTDlhl =P

L
So total stress, o = / pdx=pL
0

Now the viscous strain on the element is given by

Se, =& dt = Zdt
Y

t
pL pLt
&y = _dt=/Tdt_—)._
0 0
Therefore the total strain, E=¢6r+¢8
_pL  pLt
T2 A
g=pL [L + L] (5.75)
2E A

Note that this solution applies for values of ¢ less than the relaxation time
(A/E) for the process. This is generally the case for blow moulding.
For the situation given,

stress, o = pL =760 x 9.81 x 0.3 = 2.24 x 10°> N/m?
From Fig. 5.3, A = 2.25 x 10° Ns/m?.

_2.24x 10% — 001
2,25 x 105
Extrapolating to the left on Fig. 5.3, it may be found that at a strain rate of
0.01, E = 1.9 x 10* N/m*.
So characteristic time = A/E = 11.6 s~!
Therefore since the parison sag time is less than this, the above expression
may be used to calculate the amount of stretching
1

2x1.9x104+2.2x105

Also, since o = A &, ¢

£=760x9.81x0.3[ ]=0.11

So extension = 0.11 x 0.3 m

= 33 mm
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5.12 Analysis of Heat Transfer during Polymer Processing

Most polymer processing methods involve heating and cooling of the polymer
melt. So far the effect of the surroundings on the melt has been assumed to
be small and experience in the situations analysed has proved this to be a
reasonable assumption. However, in most polymer flow studies it is preferable
to consider the effect of heat transfer between the melt and its surroundings. It
is not proposed to do a detailed analysis of heat transfer techniques here, since
these are dealt with in many standard texts on this subject. Instead some simple
methods which may be used for heat flow calculations involving plastics are
demonstrated.
Fouriers equation for non-steady heat flow in one dimension, x, is

FT 13T

»n? adr
where T is temperature and « is the thermal diffusivity defined as the ratio of
thermal conductivity, K, to the heat capacity per unit volume

K
o= —
pCp

where p is density and C, is specific heat.

Most materials manufacturers supply data on the thermal diffusivity of their
plastics but in the absence of any information a value of 1 x 10~7 m?/s may
be used for most thermoplastics (see Table 1.8 and Table 5.1).

Solutions to Fourier’s equation are in the form of infinite series but are often
more conveniently expressed in graphical form. In the solution the following
dimensionless groups are used.

at

(1) Fourier Number, Fo = 2 (5.76)

where ¢ is time
and x is the radius of the sphere or cylinder (or half thickness of the sheet)
considered.

In the case of a flat sheet, if the heating/cooling is from one side only then
the dimension, x, is taken as the full thickness.
T‘ - Tm

(2) Temperature Gradient, AT = T _T

(5.7

where 7; = Initial uniform temperature of the melt
T, = Temperature of heating or cooling medium
T, = Temperature at time ?.

Fig. 5.23 show the solution to Fourier’s equation in terms of the temperature
gradient at the centre line of section considered and the Fourier Number for
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Fig. 523 Dimensionless Temperature Data for two Geometries

the cases of a flat sheet and a cylinder respectively. In each case it is assumed
that there is no resistance to heat transfer at the boundary between the melt
and the heating cooling medium.

The way in which this data may be used is illustrated by the following
example.

Example 5.11 A polyethylene injection moulding is in the form of a flat
sheet 100 mm square and 3 mm thick. If the melt temperature is 230°C, the
mould temperature is 30°C and the plastic may be ejected at a centre-line
temperature of 90°C, estimate

(a) the temperature of the material at the centre of the moulding after
7 seconds

(b) the time taken for the centre of the moulding to reach the ejection temper-
ature of 90°C

(c) the time taken for the centre of the moulding to cool to 60°C in air at 20°C
after ejection from the mould. Comment on the meaning of the answer. The
heat transfer coefficient for the air is 20 W/m? K and the thermal conductivity
of the polyethylene is 0.25 W/mK.

Solution (a) Fourier Number is

ot

Fo=—
x2
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_Ix 1077 x 7

T (1.5 x 1073)2

=0.31

Fy

From Fig. 5.23 the temperature gradient is 0.58

T;-T

(b) For freeze-off to occur the temperature gradient AT = ot
Tm - TM
_90-30

AT =230-30 ~

0.3

From Fig. 5.23, Fp = 0.59

at
059 = —
9 7

. 0.59 x (1.5 x 1073)2
- 1 x 107
=133s

(c) The above analysis relates to the situation where there is little resistance to
heat transfer between the plastic and the heating/cooling medium, ie conduc-
tion. In situations where the plastic is in contact with a fluid such as air, the
main mode of heat transfer will be convection. The interrelationships between
conduction and convection may be expressed by the Biot Number, B;. This is
given by .

B; = X (5.78)

where h = heat transfer coefficient (typically 5—10 W/m? K for still
air and 10-100 W/m? K for forced air)

K = thermal conductivity of the plastic
x = full or half thickness of the plastic as described above.

A large Biot Number means that conduction controls the energy transfer to/from
the plastic and large temperature gradients will exist in the plastic. A small Biot
Number means that convection is the dominant factor. The above analysis was
for conduction heat transfer (B; — o0o). When the plastic moulding is taken
out of the mould we need to check the value of B;. In this case

20 x 1.5 x 1073

= 0.25 =0.12
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The dimensionless temperature gradient is
_60-20
"~ 80-20

Fig. 5.24 shows the modified AT/F, graph for a flat sheet for different values
of B;. In this case 1/B; = 8.33. So from Fig. 5.24

AT =0.57

ot
FO = = ;
4x (15x 1077 o
=T ax1070°
! = ' — : L1140
o8 AN e R 7720 ¢

i \\ e ST 1 10
06 ; \\ \~\~K~:~H~~;—L | Nh-hh.. 7 d
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é 04 - N\ NN N T S
® ' ‘\\‘\ '\:\\ NN NN\ “‘\ 37
B O ITTTINN NN N 25

é a \L NN \\ NN 2
2 i o\ ‘ NN N N 2

0.2 | ! N\ | f Y \\ T
|l ' ) ‘ H i 1.8
NN
L ! N NN

L /B i , 4 | 12 14

0'1 . R R ! i bl il B ll A J\l "
0 0.5 2 3.5 4

Fouriers number

Fig. 5.24 Dimensionless Temperature Data for a Flat Sheet (Conduction/Convection)

Hence the plastic cools by 140°C (230°C to 90°C) in 13.3 seconds when it is in
contact with the mould but it takes 90 seconds to cool a further 30°C when it
emerges out into the air. This highlights the much faster cooling rate achieved
in the mould.

Some typical moulding data for a range of plastics are given in Table 5.1.
Note that the de-moulding temperature will be generally about 30°C below the
Freeze-off temperature in order to ensure that the moulding is sufficiently solid
for handling.

The above analysis illustrates how to estimate the cooling time using the
relationship between the temperature gradient AT and the Fouriers Number
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Table 5.1

Moulding Mould Freeze-off Thermal
temperature temperature temperature diffusivity

Plastic cO °C) o) (m?/s)
LDPE 230 30 90 1.1 x 1077
Polypropylene 250 40 135 1.1 x 1077
Polystyrene 230 50 130 0.8 x 1077
PVC 180 40 140 1.2 x 1077
POM 210 60 130 0.9 x 1077
Acrylic 250 50 160 0.9 x 1077
Polycarbonate 300 90 200 1.0 x 107
Nylon 66 290 80 240 1.3 x 107
ABS 230 60 140 0.9 x 1077

Fo. A number of empirical relationships have also been proposed. Two of the
more useful equations take the form

(a) for flat sheet

4x? 4
time, t = —— In ( ) (5.79)
mla - AT
or (b) for cylinder
1.7r2 1.7
time, ¢t = — 5.80
ime "y In (AT) ( )

The reader may wish to check the predictions of freeze-off time for the data
in the above Example.

Example 5.12 Estimate the heat transfer from the die to the melt as it passes
through the die land in Example 5.5.

Solution

Volume of die land = xDHL
= (m x 260 x 0.7 x 4 x 10~)m*

. . 7 %260 x 0.7 x 4 x 107°
Residence time =

109.6 x 10-¢
=208x1072s
. at
Fourier number = -
X

Fo_ 1x 1077 x2.08 x 1072
T T (035 x 1073)2
=0.017
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From Fig. 5.23 it may be seen that the centre line temperature gradient at
this Fourier Number is almost 1.

. T3 —-T,
Since AT = ~1
T,-T
then T3 ~ T,

Thus the melt temperature after 2.08 x 10~ seconds is the same as the initial
melt temperature (7;) so that as the melt passes through the die land it is
relatively unaffected by the temperature of the die.

Any temperature rise which occurs in the melt as it passes through this
section will be as a result of the work done on the melt and may be estimated
using (5.64).

] P
Temperature rise = °C,
3.66 x 10°
760 x 2.5 x 103
=1.9°C

So temperature rise =

Example 5.13 Derive an expression for the flow length of a power law
fluid when it is injected at constant pressure into a rectangular section channel
assuming

(a) the flow is isothermal

(b) there is freezing off as the melt flows (ie non-isothermal flow).

Solution (a) As shown earlier the flow rate of a power law fluid in a rect-
angular section is given by

n+1 n P 1/n H (n+1)/n
R ™

During any increment of time, dt, the volume of the fluid injected into the
channel is Qdt. This will be equal to the increase in volume of the fluid in the
channel

Qdt = THd¢

1/n (n+1)/n
- () (2)” (2)
dt \2n+1 ) 2

L n n PR H\ 4D/
£'/"dE = — — dt
Jeman () ()" (57 |

So from above
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(__{I__)L(n+l)/n=( n )(ﬂ)”" (£>("+l)/"_t
n+1 2n +1 no 2

(n+1) 1/(n+1)
L= (2'1 + 11)'!/ n (—11) n (E) . t,,/(n+l) (582)
n + No 2

The volume flow rate at any instant in time may be determined by substituting
for L in equation (5.81).

(b) If the melt is freezing off as it flows then the effective channel depth
will be & instead of H as shown in Fig. 5.23. Therefore the above expression
may be written as

1/n 7 p (+1)/n
nge _ " P =
£/"de (2n n 1) (ﬂo) (2) dt (5.83)

This equation cannot be integrated as simply as before because h is now a
function of time. Fig. 5.26 shows how the depth of the cavity changes with
time as the melt flows. Barrie has investigated this situation and concluded that
the freezing-off could be described by a relation of the form

Ay=CF (5.84)

Cool mould

Frozen layer |Ay

H h Molten
Plastic

Frozen layer _I'AV

Cool mouid
Fig. 5.25 Flow of Molten Polymer into a Cold Mould
where C and s are constants and Ay is the thickness of the frozen layer as
shown in Fig. 5.25. For most polymer melt flow situations, Barrie found that

s=1/3.
From (5.84) using the boundary condition that t = t; (freeze-off time) at

Ay=H/2
then C = (H /2t}*)
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Fig. 5.26 Variation of Cavity Depth with Time

also 2Ay = (H — h) so in (5.84)
H-h\ _ H 1\
(=7)=2()
¢ 1/3
h=H(1 - (—) ) (5.85)
Ly

So substituting this expression for A into (5.83), then

P\ /R /1N (+D/n 173\ 1+ 1/n
Zl/ﬂde = ( n ) (-) (_) Hill- (L) dt
2n + 1 no 2 tf

This may then be integrated to give

( i )L("H)/n:( n )(5)‘/" (E)(nﬂ)/n
n+l 2n+1 10 2
<o) (59 5]
Nan+1)\3n+1)\2n+1

p\Vo+h gy n n n(n + 1) n/(n+1)
So L= <%) 7[6" (4n+1) (3n+1) (<2n+1)2)]
(5.86)
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Similar expressions may also be derived for a circular section channel and
for the situation where the injection rate is held constant rather than the pressure
(see questions at the end of the chapter). In practical injection moulding situa-
tions the injection rate would probably be held constant until a pre-selected
value of pressure is reached. After this point, the pressure would be held
constant and the injection rate would decrease.

Note that for a Newtoman fluid, n = 1, so for the isothermal case, equa-

tion (5.82) becomes.
Pt\1/?
L = 0.408 (—) H

n
and for the non-isothermal case, equation (5.86) becomes

Prp\ 2
L=0.13 (—f> H
n
For the non-isothermal cases the freeze-off time, z;, may be estimated by

the method described in Example 5.11.

Example 5.14 A power law fluid with constants ng = 1.2 x 10* Ns/m? and
n = 0.35 is injected through a centre gate into a disc cavity which has a
depth of 2 mm and a diameter of 200 mm. If the injection rate is constant at
6 x 10> m?/s, estimate the time taken to fill the cavity and the minimum injec-
tion pressure necessary at the gate for (a) Isothermal and (b) Non-isothermal
conditions.

Solution (a) Isothermal Situation. If the volume flow rate is Q, then for any
increment of time, dt, the volume of material injected into the cavity will be
given by (Qdt). During this time period the melt front will have moved from
a radius, r, to a radius (r 4 dr). Therefore a volume balance gives the relation

Qdt = 2nrHdr

where H is the depth of the cavity.
Since the volume flow rate, Q, is constant this expression may be integrated
to give

=

{
2nH
dt = —— [ rdr
[ar==5
0 0
,_ TRH
o

For the conditions given
. 7(100 x 1073)2 (2 x 1073)
- 6 x 10-9
= 1.05 seconds




400 Analysis of polymer melt flow

It is now necessary to derive an expression for the pressure loss in the
cavity. Since the mould fills very quickly it may be assumed that effects due
to freezing-off of the melt may be ignored. In Section 5.4(b) it was shown that
for the flow of a power law fluid between parallel plates

n+1
= TVoH
Q (2n+1) 0

Now for the disc, T = 2nr and substituting for V¢ from (5.27)

o= () (- ) () ()" (07

n n41
e (B2 (200

2nn (H)+t [ pn
P. R
/’dp_/’ Q,,{2n+1}" no @) dr
- 27n (H)2n+l rm
Py R

Pz—P1=—Q"{

27n H2+l |1 —n

2n+1}" n0(2) lrlﬂ r’

R

2n +1 no(2)*+! - -
— N n __ n
=-¢ { 2mtn }(1—;1)112"+1[R2 R

Now letting Py =0 at Ry =R

and Py=PatR,=r
2n + 1 no(2)"*! 1- -
P = — n R n __ n
Q { 27n } - mL r

- 2n +1 n0(2)n+l n r)l-—n
=0 { 2nn }(l—n)H2"+’R [“(ﬁ

now P=Pyatr=0

2n+1} no(2)*+! l—n

Py=0"
b=0 { 2tn § (1 — n)H?+1

So for the conditions given

Py = (6 x 1075)0% ( 1.7 )0'35 (1.2 x 10%)(2)1-35(100 x 10~3)065
0 =

0.7 (2 x 10-3)17(0.65)
= 12.42 MN/m?
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Note that if Py is substituted back into the expression for P then the expres-
sion used earlier (Chapter 4) to calculate the mould clamping force is obtained.

That is
r 1-n
”=”°{“(§) }

(b) Non-isothermal Situation. In this case the injection pressure will need to be
higher because as the melt flows the cavity effectively gets thinner due to the
freezing-off of the melt as it makes contact with the relatively cold mould.

2n +1 o)y tt
AP =" R'™"
0 { 2mn } (1 — n)H2n+1

but when non-isothermal conditions apply, H = H(¢), ie the cavity thickness
varies with time due to the build up of a frozen layer at the mould.
As shown in the previous Example, the variation of cavity thickness with

time is given by
$
wo-n(-(2))
tf

where ‘s’ is often taken as 1/3.
2n + 1} no(z)n+1 Rl-—n

(1 - n)H2n+l t 1/3 2n+1
{‘ - (a) }

For the conditions given, T; = 230°C, T, = 90°C, T,,, = 30°C, the freeze-off
time may be calculated as shown in Example 5.11. Thus ¢y = 5.8 seconds.

1/3 2n+1 1/3 1.7
Thus 1 - (L) =<¢1- (g) =0.24
tf 5.8

So, for non-isothermal conditions

AP = 1242 _ 51.3 MN/m?>
T 024 T T

So AP = Q" {
2mrn

5.13 Calculation of Clamping force

(a) Isothermal Situation

It may be seen from the above analysis and that in Chapter 4 for the calcula-
tion of clamping force on an injection moulding machine the Mean Effective
pressure (MEP) across the cavity may be obtained from

2 1—n
(MEP) A = niR*Py {3 — (5.87)

where A = projected area (7R?, for a disc mould).
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Hence, for the isothermal situation

Cfl=n), m [20 41 ot .
MEP—{B—n}{Q}{ 27n }(l—n)Hz"‘“R

and for a constant injection rate, Q = 7R?H /t

_f1=n\ |7\ [2n+ 1] o) R\
o mer=(3=1) [(?) St (7)
_ n.n—l (2n+1)2n+1 5 n+1
=T 2@ -n) [T (H)
_ (2n+1),2n+l _”n—l 1 R n+1
MEP = { -G }t_" “No - (E) (5.88)

Thus for any plastic where the Power Law constants are known, the clamping
force can be calculated for a given radius, R, cavity depth, H, and fill time, .

Fig. 5.27 shows the variation of MEP with flow ratio (R/H) for spreading
flow in discs of different depths. The material is polypropylene and the constant
injection rate is 3.4 x 10~° m?/s. This is a high injection rate but has been
chosen because the clamp forces predicted by this diagram are representa-
tive of those occurring in real moulding situations (even though it is based
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Fig. 5.27 Variation of Cavity Pressure with Flow Ratio
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on isothermal conditions). Note that the clamp force is calculated simply by
multiplying the mean effective pressure (MEP) by the projected area of the
moulding, as illustrated in Chapter 4.

For plastics other than polypropylene it would be necessary to produce a
similar set of curves using equation (5.88) and the Power Law data in Table 5.2.

Table 5.2

Typical Power Law Parameters for Plastics

Material Temperature (°C) no(Ns" m~2) n

LDPE 170 0.85 x 10* 0.33
PVC 170 0.36 x 10* 0.67
Polypropylene 230 0.85 x 10 0.33
Acetal (POM) 210 20 x 10° 0.33
Polystyrene 230 1.4 x 10° 0.33
ABS 230 1.95 x 10* 0.33
PMMA 230 30 x10* 0.33
Polycarbonate 290 36 x 104 0.5

Nylon 66 290 08 x10* 0.67

(b) Non-isothermal Situation

Once again
l—n 2n +1 no(2)"*! -
MEP = " R
{3—n}Q { 27n }(l—n)Hz’”1

but in this case, the thickness H is a function of time.

t 1/3
Ht)=H 1—(—) }
UG

and the constant volume flow rate Q = wR?H /t where ¢ is the fill time for the
cavity.

n n+1 n+l
MEP=(1_n) (_7_1’_) {2n+1}r)o(2)+ (5) 1
3—n t 27tn (1—n) \H P\ 13 2n+1
{“<a) }

1
" {1 - (i) }
ty

Fig. 5.28 shows a comparison of the isothermal and non-isothermal situations
for polypropylene. When pressure is plotted as a function of injection rate, it

(5.89)

H

_an+ln-1 n+1
MEP:{(2"+1) G } 0(5)
2n(3 — n)
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Fig. 5.28 Variation of Cavity Pressure Loss with Injection Rate

may be seen that for the isothermal situation the pressure increases as the
injection rate increases. However, in the situation where the melt freezes off as
it enters the mould, the relationship is quite different. In this case the pressure
is high at high injection rates, in a similar manner to the isothermal situation.
In fact at extremely high injection rates the two curves would meet because
the melt would enter the mould so fast it would not have time to be affected
by the melt temperature.

However, in the non-isothermal case the pressure is also high at low injection
rates. This is because slow injection gives time for significant solidification of
the melt and this leads to high pressures. It is clear therefore that in the non-
isothermal case there is an optimum injection rate to give minimum pressure. In
Fig. 5.28 this is seen to be about 3.0 x 10~* m?/s for the situation considered
here. This will of course change with melt temperature and mould temperature
since these affect the freeze-off time, ¢, in the above equations.

Some typical values for 7y and n are given in Table 5.2.

The viscosity flow curves for these materials are shown in Fig. 5.17. To
obtain similar data at other temperatures then a shift factor of the type given in
equation (5.27) would have to be used. The temperature effect for polypropyl-
ene is shown in Fig. 5.2.

Example 5.15 During injection moulding of low density polyethylene, 15 kg
of material are plasticised per hour. The temperature of the melt entering the
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mould is 190°C and the mould temperature is 40°C. If the energy input from
the screw is equivalent to 1 kW, calculate

(a) the energy required from the heater bands
(b) the flow rate of the circulating water in the mould necessary to keep its
temperature at 40 £ 2°

Solution The steady flow energy equation may be written as
g— W = Ah (5.90)

where ¢ is the heat transfer per unit mass
W is the work transfer per unit mass
h is enthalpy

Enthalpy is defined as the amount of heat required to change the temperature
of unit mass of material from one temperature to another. Thus the amount of
heat required to change the temperature of a material between specified limits
is the product of its mass and the enthalpy change.

The enthalpy of plastics is frequently given in graphical form. For a perfectly
crystalline material there is a sharp change in enthalpy at the melting point due
to the latent heat. However, for semi-crystalline plastics the rate of enthalpy
change with temperature increases up to the melting point after which it varies
linearly with temperature increases up to the melting point after which it varies
linearly with temperature as shown in Fig. 5.29. For amorphous plastics there
is only a change in slope of the enthalpy line at glass transition points. Fig. 5.29
shows that when LDPE is heated from 20°C to 190°C the change in enthalpy
is 485 kJ/kg.
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Fig. 5.29 Enthalpy Variation with Temperature



406 Analysis of polymer melt flow

(a) In equation (5.90) the sign convention is important. Heat is usually taken
as positive when it is applied to the system and work is positive when done
by the system. Hence in this example where the work is done on the system
by the screw it is regarded as negative work.

So using (5.90) for a mass of 15 kg per hour

1 1
—(—4)=15(4 — X —
qg— (—4) 5(85x60x60>
qg =102 kW
The heater bands are expected to supply this power.
(b) At the mould there is no work done so in terms of the total heat absorbed
in cooling the melt from 190°C to 40°C.
q = mAh
=15 [(485 — 40) L X L
- 60 = 60
= 1.85 kW

This heat must be removed by the water circulating in the mould at a rate, Q
qg = QAh
or by definition of enthalpy
q = QCpAT
where C, is the specific heat (= 4.186 kl/kg’C for water) and AT is the
temperature change (= 4°C i.e. £2°C)
1.85=0 x4.186 x 4
Q =0.11 kg/s
= 0.11 litres/s

It is also possible to estimate the number of cooling channels required. If the
thermal conductivity of the mould material is K then the heat removed through
the mould per unit time will be given by

_ K-A(AT)
= 7y

where AT is the temperature between the melt and the circulating fluid
Y is the distance of the cooling channels from the mould
and A is the area through which the heat is conducted to the coolant.
This is usually taken as half the circumference of the cooling
channel multiplied by its length.
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_ KnDL(AT)
9= "oy
2¥
L __2¥q
KaD(AT)

The K value for steel is 11.5 cal/m.s.°C, so assuming that the cooling chan-
nels have a diameter of 10 mm and they are placed 40 mm from the cavity,
then

_ 2 x40 x 107* x 1.85 x 10°
115 x 4.2 x 7 x 10 x 1073 x (190 — 40)
=0.65 m

L

If the length of the cavity is 130 mm then five cooling channels would be
needed to provide the necessary heat removal.
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Questions

5.1 In a particular type of cone and plate theometer the torque is applied by means of a weight
suspended on a piece of cord. The cord passes over a pulley and is wound around a drum which is
on the same axis as the cone. There is a direct drive between the two. During a test on polythene
at 190°C the following results were obtained by applying a weight and, when the steady state
has been achieved, noting the angle of rotation of the cone in 40 seconds. If the diameter of the
cone is 50 mm and its included angle is 170°, estimate the viscosity of the melt at a shear stress
of 10° N/m?.

Weight (g) 50 100 200 500 1000 2000
Angle (8°) 0.57 1.25 2.56 7.36 17.0 420

5.2 Derive expressions for the velocity profile, shear stress, shear rate and volume flow rate
during the isothermal flow of a power law fluid in a rectangular section slit of width W, depth H
and length L. During tests on such a section the following data was obtained.

Flow rate (kg/min) 0.21 0.4 0.58 0.8 1.3 23
Pressure drop (MN/m?) 1.8 3.0 4.0 5.2 7.6 12.0
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If the channel has a length of 50 mm, a depth of 2 mm and a width of 6 mm, establish the
applicability of the power law to this fluid and determine the relevant constants. The density of
the fluid is 940 kg/m>.

5.3 The viscosity characteristics of a polymer melt are measured using both a capillary
rheometer and a cone and plate viscometer at the same temperature. The capillary is 2.0 mm
diameter and 32.0 mm long. For volumetric flow rates of 70 x 10~° m?/s and 200 x 10~° m3/s,
the pressures measured just before the entry to the capillary are 3.9 MN/m? and 5.7 MN/m?,
respectively.

The angle between the cone and the plate in the viscometer is 3° and the diameter of the
base of the cone is 75 mm. When a torque of 1.18 Nm is applied to the cone, the steady rate of
rotation reached is observed to be 0.062 rad/s.

Assuming that the melt viscosity is a power law function of the rate of shear, calculate the
percentage difference in the shear stresses given by the two methods of measurement at the rate
of shear obtained in the cone and plate experiment.

5.4 The correction factor for converting apparent shear rates at the wall of a circular cylindrical
capillary to true shear rates is (3n + 1)/4n, where n is the power law index of the polymer melt
being extruded.

Derive a similar expression for correcting apparent shear rates at the walls of a die whose
cross-section is in the form of a very long narrow slit.

A slit die is designed on the assumption that the material is Newtonian, using apparent viscous
properties derived from capillary rheometer measurements, at a particular wall shear stress, to
calculate the volumetric flow rate through the slit for the same wall shear stress. Using the
correction factors already derived, obtain an expression for the error involved in this procedure
due to the melt being non-Newtonian. Also obtain an expression for the error in pressure drop
calculated on the same basis. What is the magnitude of the error in each case for a typical power
law index n = 0.37?

5.5 Polyethylene is extruded through a cylindrical die of radius 3 mm and length 37.5 mm
at a rate of 2.12 x 10~¢ m?/s. Using the flow curves supplied, calculate the natural time of the
process and comment on the meaning of the value obtained.

5.6 Polythene is passed through a rectangular slit die S mm wide, 1 mm deep at a rate of
0.7 x 10~? m3/s. If the time taken is ! second, calculate the natural time and comment on its
meaning.

5.7 In a plunger type injection moulding machine the torpedo has a length of 30 mm and
a diameter of 23 mm. If, during the moulding of polythene at 170°C (flow curves given), the

plunger moves forward at a speed of 50 mm/s estimate the pressure drop along the torpedo. The
barrel diameter is 25 mm.

2 mm

4.15 mm
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5.8 The exit region of a die used to extrude a plastic section is 10 mm long and has the
cross-sectional dimensions shown below. If the channel is being extruded at the rate of 3 m/min
calculate the power absorbed in the die exit and the melt temperature rise in the die. Flow curves

for the polymer melt are given in Fig. 5.3. The product oC, for the melt is 3.3 x 10°.

5.9 The exit region of a die used to extrude a plastic channel section is 10 mm long and has
the dimensions shown below. If the channel is being extruded at the rate of 3 m/min. calculate
the power absorbed in the die exit, and the dimensions of the extrudate as it emerges from the
die. The flow curves in Fig. 5.3 may be used.

¥
3

30 All dimensions
inmm

v
L . T

5.10 During extrusion blow moulding of 60 mm diameter bottles the extruder output rate is
46 x 107 m’/s. If the die diameter is 30 mm and the die gap is 1.5 mm calculate the wall
thickness of the bottles which are produced. The flow curves in Fig. 5.3 should be used.

5.11 Polyethylene is injected into a mould at a temperature of 170°C and a pressure of
100 MN/m?. If the mould cavity has the form of a long channel with a rectangular cross-section
6 mm x 1 mm deep, estimate the length of the flow path after 1 second. The flow may be assumed
to be isothermal and over the range of shear rates experienced (10°-10° s~') the material may
be considered to be a power law fluid.

5.12 Repeat the previous question for the situation in which the mould temperature is 60°C
and the freeze-off temperature is 128°C. What difference would it make if it had been assumed

that the material was Newtonian with a viscosity of 1.2 x 102 Ns/m?.

5.13 During the blow moulding of polypropylene bottles, the parison is extruded at a temper-
ature of 230°C and the mould temperature is 50°C. If the wall thickness of the bottle is 1 mm
and the bottles can be ejected at a temperature of 120°C estimate the cooling time in the mould.

5.14 An injection moulding is in the form of a flat sheet 100 mm square and 4 mm thick. The
melt temperature is 230°C, the mould temperature is 30°C and the plastic may be ejected from
the mould at a centre-line temperature of 90°C. If the runner design criterion is that it should be
ejectable at the same instant as the moulding, estimate the required runner diameter. The thermal
diffusivity of the melt is 1 x 10~7 m?/s.

5.15 For a particular polymer melt the power law constants are = 40 kN.s"/m and n = 0.35.

If the polymer flows through an injection nozzle of diameter 3 mm and length 25 mm at a rate
of 5 x 10~5 m®/s, estimate the pressure drop in the nozzle.

5.16 Polythene at 170°C is used to injection mould a disc with a diameter of 120 mm and
thickness 3 mm. A sprue gate is used to feed the material into the centre of the disc. If the
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injection rate is constant and the cavity is to be filled in 1 second estimate the minimum injec-
tion pressure needed at the nozzle. The flow curves for this grade of polythene are given in
Fig. 5.3.

5.17 During the m_,ecuon moulding of a polythene container having a volume of 4 x 1076 m?,
the melt temperature is 170°C, the mould temperature is 50°C and rectangular gates with a land
length of 0.6 mm are to be used. If it is desired to have the melt enter the mould at a shear rate
of 10° s7! and freeze-off at the gate after 3 seconds, estimate the dimensions of the gate and the
pressure drop across it. It may be assumed that freeze-off occurs at a temperature of 114°C. The
flow curves in Fig. 5.3 should be used.

5.18 Polyethylene at 170°C passes through the annular die shown, at a rate of 10 x 1075 m?/s.
Using the flow curves provided and assuming the power law index n = 0.33 over the working
section of the curves, calculate the total pressure drop through the die. Also estimate the dimen-
sions of the extruded tube.

- 40 mm ,_g.s mm

5.19 A polythene tube of outside diameter 40 mm and wall thickness 0.75 mm is to be extruded
at a linear speed of 15 mm/s. Using the 170°C polythene flow curves supplied, calculate suitable
die exit dimensions.

5.20 The exit region of a die used to blow plastic film is shown below. If the extruder
output is 100 x 107® m3/s of polythene at 170°C estimate the total pressure drop in the die
between points A and C. Also calculate the dimensions of the plastic bubble produced. It may be
assumed that there is no inflation or draw-down of the bubble. Flow data for polythene is given
in Fig. 5.3.

250 mm
A
0} 1 B
|
A
[3)]
- A
4
A
C
Melt Melt

5.21 A polyethylene moulding material at 170°C passes along the channel shown at a rate of
4 x 107% m*/s. Using the flow curves given and assuming n = 0.33 calculate the pressure drop
along the channel.
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all dimensions in mm

e ——

5.22 A power law plastic is injected into a circular section channel using a constant pressure,
P. Derive an expression for the flow length assuming that

(a) the flow is isothermal
(b) the melt is freezing off as it flows along the channel.

5.23 A polymer melt is injected into a circular section channel under constant pressure. What
is the ratio of the maximum non-isothermal flow length to the isothermal flow length in the same
time for (a) a Newtonian melt and (b) a power law melt with index. n = 0.3.

5.24 A power law fluid with the constants no = 10* Ns/m? and n = 0.3 is injected into a
circular section channel of diameter 10 mm. Show how the injection rate and injection pressure
vary with time if.

(a) the injection pressure is held constant at 140 MN/m?
(b) the injection rate is held constant at 10~? m/s.

The flow in each case may be considered to be isothermal.

5.25 Polyethylene at 170°C is used to injection mould a flat plaque measuring 50 mm x
10 mm x 3 mm. A rectangular gate which is 4 mm % 2 mm with a land length of 0.6 mm is
situated in the centre of the 50 mm side. The runners are 8 mm diameter and 20 mm long.
The material passes from the barrel into the runners in 1 second and the pressure losses in the
nozzle and sprue may be taken as the same as those in the runner. If the injection rate is fixed
at 10~® m3/s, estimate (a) the pressure losses in the runner and gate and (b) the initial packing
pressure on the moulded plaque. Flow curves are supplied.

5.26 A lace of polyethylene is extruded with a diameter of 3 mm and a temperature of 190°C.
If its centre-line must be cooled to 70°C before it can be granulated effectively, calculate the
required length of the water bath if the water temperature is 20°C. The haul-off speed is 0.4 m/s
and it may be assumed that the heat transfer from the plastic to the water is by conduction only.

5.27 Using the data in Tables 5.1 and 5.2, calculate the flow lengths which would be expected
if the following materials were injected at 100 MN/m? into a wide rectangular cross-section
channel, | mm deep.

Materials — LDPE, polypropylene, polystyrene, PVC, POM, acrylic, polycarbonate, nylon 66 and
ABS. Note that the answers will give an indication of the flow ratios for these materials. The
flow should be assumed to be non-isothermal.

5.28 It is desired to blow mould a cylindrical plastic container of diameter 100 mm and wall
thickness 2.5 mm. If the extruder die has an average diameter of 40 mm and a gap of 2 mm,
calculate the output rate needed from the extruder. Comment on the suitability of an inflation
pressure in the region of 0.4 MN/m?. The density of the molten plastic may be taken as 790 kg/m’.
Use the flow curves in Fig. 5.3.

5.29 During the blow moulding of polyethylene at 170°C the parison is 0.4 m long and is left
hanging for 1 second. Estimate the natural time for the process and the amount of sagging which
occurs. The density of the melt may be taken at 730 kg/m>.
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5.30 The viscosity, n, of plastic melt is dependent on temperature, T, and pressure, P. The
variations for some common plastics are given by equations of the form

where AT =T — Tr(°C), AP =P — Ps (MN/m?), and the subscript R signifies a reference

n/ng =10°2F and n/ng = 10447

value. Typical values of the constants A and B are given below.

Analysis of polymer melt flow

Acrylic Polypropylene LDPE Nylon Acetal
A (x1073) —28.32 —7.53 -11.29 —12.97 -7.53
B (x107%) 9.54 6.43 6.02 422 3.89

During flow along a particular channel the temperature drops by 40°C and the pressure drops by
50 MN/m?. Estimate the overall change in viscosity of the melt in each case. Determine the ratio
of the pressure change to the temperature change which would cause no change in viscosity for

each of the above materials.




APPENDIX A - Structure of Plastics

A.1 Structure of Long Molecules

Polymeric materials consist of long chain-like molecules. Their unique struc-
tural configuration affects many of their properties and it is useful to consider
in more detail the nature of the chains and how they are built up. The simplest
polymer to consider for this purpose is polyethylene. During the polymerisa-
tion of the monomer ethylene, the double bond (see Fig. A.1) is opened out
enabling the carbon single bonds to link up with neighbouring units to form a
long chain of CH, groups as shown in Fig. A.2. This is a schematic represen-
tation and conceals the fact that the atoms are jointed to each other at an angle
as shown in Fig. A.3.

Fig. A.1 Ethylene monomer

-c-Cc-¢c—-C-C-
I | } I '

H H H H H
Fig. A2 Polyethylene molecule
413
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Fig. A.3 Polyethylene molecule

In all the groups along the chain, the bond angle is fixed. It is determined
by considering a carbon atom at the centre of a regular tetrahedron and the
four covalent bonds are in the directions of the four corners of the tetrahedron.
This sets the bond angle at 109° 28’ as shown in Fig. A.4 and this is called the
tetrahedral angle.

Fig. A4 Tetrahedral angle

For a typical molecular weight of 300,000 there are about 21,000 carbon
atoms along the backbone of the chain. Since the length of the C-C bond is
0.154 x 10~° m the dimensions of an extended zig-zag chain would be about
2700 mm long and 0.3 mm diameter. This gives an idea of the long thread-like
nature of the molecules. It must be remembered, however, that in any particular
polymer, not all molecular chains have the same length. The length of each
chain depends on a series of random events during the polymerisation process.
One chain may grow rapidly in a region with an abundant supply of monomer
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whereas other chains stop growing prematurely as the supply of monomer dries
up. This means that a particular sample of synthetic polymer will not have a
unique value for its molecular weight. Instead statistical methods are used to
determine an average molecular weight and the molecular weight distribution.

A.2 Conformation of the Molecular Chain

The picture presented so far of the polyethylene chain being of a linear zig-zag
geometry is an idealised one. The conformation of a molecular chain is in fact
random provided that the bond tetrahedral angle remains fixed. This is best
illustrated by considering a piece of wire with one bend at an angle of 109° 28’
as shown in Fig. A.5a.

Fig. A.5(a) Rigid Joint at Fixed Angle

If the horizontal arm is rotated about its axis, the other arm will form a
cone of revolution. On the polyethylene molecule, the bent wire is similar to
the carbon backbone of the chain with carbon atoms at positions 1, 2 and 3.
Due to the rotation of the bond 2-3, atom 3 may be anywhere around the
base of the cone of revolution. Similarly the next bond will form a cone of
revolution with atom 3 as the apex and atom 4 anywhere around the base of
this cone. Fig. A.5(b) illustrates how the random shape of the chain is built up.
The hydrogen atoms have been omitted for clarity.

In practice the picture can take on a further degree of complexity if there
is chain branching. This is where a secondary chain initiates from some point
along the main chain as shown in Fig. A.6. In rubbers and thermosetting mate-
rials these branches link up to other chains to form a three dimensional network.

So far the structure of polymers has been described with reference to the
material with the simplest molecular structure, i.e. polyethylene. The general
principles described also apply to other polymers and the structures of several
of the more common polymers are given below.
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Polypropylene
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Polystyrene
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Nylon 66
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Polyoxymethylene (acetal)
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It will be seen from this that a variety of atoms can be present along the
carbon backbone and indeed carbon atoms may also be replaced, as in the cases
of nylon and acetal. During polymerisation it is possible to direct the way in
which monomers join on to a growing chain. This means that side groups
(X) may be placed randomly (atactic) or symmetrically along one side of the
chain (isotactic) or in regular alternating pattern along the chain (syndiotactic)
as shown in Fig. A.7. A good example of this is polypropylene which in the
atactic form is an amorphous material of little commercial value but in the
isotactic form is an extremely versatile large tonnage plastic material.
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H HH H X H H
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| | 1 ;! | i
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(®) Atactic
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(b) Syndiotactic
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(©) Isotactic

Fig. A.7 Possible molecular structures
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Polymers can also be produced by combining two or more different
monomers in the polymerisation process. If two monomers are used the product
is called a copolymer and the second monomer is usually included in the
reaction to enhance the properties of the polymer produced by the first monomer
alone. It is possible to control the way in which the monomers (A and B) link up
and there are four main configurations which are considered useful. These are:

(1) Alternating —-A—-B—-A—~-B—-A-B—-
(2) RandkomA-A-B-A-A-A—-B-B-A-

(3) Block -A-A-A-B-B-B-B-B-B-A-A-

B
I

(4) Graft - A-A-A-A-A-A-A

!
B
I

w-w-—- W



420 Structure of Plastics

b} isotactic Polypropylene

Fig. A.8 Polypropylene structures

A.3 Arrangement of Molecular Chains

A picture of an individual molecular chain has been built up as a long randomly
twisted thread-like molecule with a carbon backbone. It must be realised,
however, that each chain must co-exist with other chains in the bulk material
and the arrangement and interaction of the chains has a considerable effect on
the properties of the material. Probably the most significant factor is whether
the material is crystalline or amorphous. At first glance it may seem difficult
to imagine how the long randomly twisted chains could exist in any uniform
pattern. In fact X-ray diffraction studies of many polymers show sharp features
associated with regions of three dimensional order (crystallinity) and diffuse
features characteristic of disordered (amorphous) regions. By considering the
polyethylene molecule again it is possible to see how the long chains can
physically co-exist in an ordered crystalline fashion. This is illustrated in
Fig. A9.

During the 1940’s it was proposed that partially crystalline polymers
consisted of regions where the molecular chains where gathered in an ordered
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Fig. A9 Crystalline structure of polyethylene

fashion whereas adjacent regions had a random distribution of chains. The
crystalline regions were considered to be so small that an individual chain could
contribute to both crystalline and amorphous areas as shown in Fig. A.10. This
was known as the Fringed Micelle Model and was generally accepted until
the late 1950’s when for the first time single polymer crystals were prepared
from solution. These crystals took the form of thin platelets, their thickness
being about 10 mm and their lateral dimensions as large as 0.01 mm. The
most important discovery from the growth of these single crystals was that the
chains were aligned perpendicular to the flat faces of the platelet. Since the
length of an individual chain could be 1000 times greater than the thickness of
the platelet the only conclusion was that the chains were folded.
Appropriately, this was called the Folded Chain Theory and is illustrated
in Fig. A.11. There are several proposals to account for the co-existence of
crystalline and amorphous regions in the latter theory. In one case, the structure
is considered to be a totally crystalline phase with defects. These defects which
include such features as dislocations, loose chain ends, imperfect folds, chain
entanglements etc, are regarded as the diffuse (amorphous) regions viewed in
X-ray diffraction studies. As an alternative it has been suggested that crystalline
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t— Crystalline
region

NN

Amorphous
Tegion

Fig. A.10 Fringed micelle model

10 nm

Fig. A.11 Folded chain model

(folded chains) and amorphous (random chains) regions can exist in a similar
manner to that proposed in the fringed micelle theory. In reality, time will
probably show that in the complex structure of partially crystalline polymers,
the crystalline regions consist of aligned and folded chains and the amorphous
regions consist of crystal defects and randomly entangled chains.

Many crystalline polymers when viewed in cross polarised light, display
characteristic Maltese crosses due to the presence of spherulites. These
spherulites, shown in Fig. A.12, may vary in size from fractions of a micron to
several millimetres in diameter, depending on the cooling rate from the melt.
Slow cooling tends to produce larger spherulites than fast cooling. It is believed
that the spherulites grow in all directions from a central nucleus, by the twisting
of the folded chain platelets as shown in Fig. A.13. The size of a spherulite will
be limited by the growth of adjacent spherulites. If the polymer melt is cooled
very quickly it may undercool, i.e. remain molten at a temperature below its
melting point. This results in a shower of nucleation sites becoming available
and a mass of spherulites will start to grow. The solid polymer will then consist
of a large number of small spherulites.
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Fig. A.12 Typical illustration of spherulites

Twisted toided
chain growth
{rom nucleus

Fig. A.13  Structure of spherulite

The ease with which a polymer will form into crystalline regions depends
on the structure of the molecular chain. It can be seen, for example, that if
the polyethylene molecule has a high degree of branching then it makes it
difficult to form into the ordered fashion shown in Fig. A.9. Also, if the side
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groups are large, it is not easy for a polymer with an atactic structure to form
ordered regions. On the other hand isotactic and syndiotactic structures do have
sufficient symmetry to be capable of crystallisation.

Another important feature of long chain molecules is the ease with which
they can be rearranged by the application of stress. If a plastic is stretched
the molecules will tend to align themselves in the direction of the stress and
this is referred to as orientation. Molecular orientation leads to anisotropy of
mechanical properties. This can be used to advantage in the production of fibres
and film or may be the undesirable result of a moulding process. However, it
is important that orientation should not be confused with crystallinity. It is
possible to have an orientated polymer which shows no evidence of crystalline
regions when X-ray diffraction studies are carried out. Equally, a polymer
may be crystalline but optical measurements will show no signs of orientation.
Orientation can be introduced into plastics such as polyethylene and polypropy-
lene (both semi-crystalline) by cold drawing at room temperature. Other brittle
plastics such as polymethyl methacrylate and polystyrene (both amorphous)
cannot be cold drawn but can be drawn at elevated temperatures.,



APPENDIX B - Solution of Differential Equations

The following type of differential equation is encountered in the text, for
example, in the analysis of the models for viscoelastic behaviour:

d
AZ yBy-c=o0
dx

where A, B and C are constants.
This has the solution

y=-—ze

B B

where the constant ‘X’ can be determined from the known boundary conditions
in the specific case.
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APPENDIX C - Stress/Strain Relationships

(i) Uniaxial Stresses
When a material is subjected to a uniaxial stress, there will be a strain in the
direction of the stress and a strain of the opposite sense in the perpendicular
directions. The latter is referred to as the Poisson’s Ratio effect.

1

Ex = =0y

E
where E = modulus of material.

1
bymv(L o)

where v = Poisson’s ratio (typical values are given in Chapter 2).

o=—v(5 )
= —v|{ =-:-0x
z E

The Z-direction is perpendicular to the page. For simplicity the material is
assumed to be isotropic, ie same properties in all directions. However, in some
cases for plastics and almost always for fibre composites, the properties will be
anisotropic. Thus E and v will have different values in the x, y and z direction.
Also, it should also be remembered that only at short times can E and v be
assumed to be constants. They will both change with time and so for long-term
loading, appropriate values should be used.

(ii) Biaxial stresses
If the material is subjected to biaxial stresses in both the x and y directions
then the strains will be

426
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1 1
Ey = on — any
That is, the total strain will be the sum of the tensile strain due to o, and the
negative strain due to the Poisson’s ratio effect caused by o,.
Similarly
1 1

&y = Eoy — VEO'X

v
&€, = "‘E_(ax + Uy)

This situation is sometimes referred to as plane stress because there are only
stresses in one plane. It is important to note, however, that there are strains in
all three co-ordinate directions.

Ox | | Oy
i |
' T
$o
r— S e
g— —
Ox i | Oy
|
i

Jr %
(iii) Triaxial stresses
If there are stresses in the x, y and z directions then the above approach is
continued so that

1 1

v
&y = Eax — any — anz = Eor,, — E(ay + 0;)
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v
=0y — E(Ux +0;)

€y=E

v
€= 10, — E(Uy + o)

E
In the above situation, if the stresses are such that &, = O then this condition
is referred to as plane strain. This is because strains are experienced in only
one plane even though there are stresses in all three co-ordinate directions.



APPENDIX D - Stresses in Cylindrical Shapes

(1) In a thin wall cylinder (r > 10 k) subjected to internal pressure, p, the
stresses are given by

pl’
Og = —
"=
pr
Opg = —
“= 2n

o, = —p (at bore)

o, = 0 (at outside)
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Note that o, is small compared to oy or o, and so it is often ignored.
Hoop strain,

€ AT 10 -2,
[’] E 8 E a
pr v pr
= — —_ = =—2-——
& Eh{ 2} 2ER 2V
Axial strain,
£ —10 vO
a—Ea EO
pr
=—{1-2
€a 2Eh{ v}

(ii) In a thick wall cylinder subjected to both internal and external pressures
the stresses are given by

1 ré r?
Ue=k2—_'l'{Pi <1+r—2>—l70k(1+r—'2)}

1 rg r?
LR ()

where k = ry/r;.

The axial stress will depend on the end constraints but if we consider the
most common situation where there are end caps and the cylinder is free to
change in length then for internal pressure only (ie po = 0):

%=HT1
For the zero external pressure situation, the axial strain will be given by
1 v 1
&g = Eda - Eo'r - an
_ (1-2v)

€a



APPENDIX E - Introduction to Matrix Algebra

E.1 Matrix definitions

A matrix is an array of terms as shown below:

ay a2 a3 ... Qi
ay a» a3 ... Qg
[A]= |9 a2 ax ... as
am1 Qn2 Am3 ... Qamp

If n = 1 then we have a matrix consisting of a single column of terms and
this referred to as a column matrix. If m = 1 then the matrix is called a row
matrix.

If in the analysis of a problem there is a set of simultaneous equations then
the use of matrices can be a very convenient shorthand way of expressing and
solving the equations. For example, consider the following set of equations:

yi =anx) +apx+apnxy+ -+ apxn
Y2 =anx) +apx +axnxy+ -+ ayx,

Y3 =azx; +apx; +aypxy+ -+ azpx,

Ym = GmXi + Gm2X2 + AGm3x3z + -+ + AnXn
These may be written in matrix form as follows:
{y} =[Alix} [E.1]
where {y} and {x} are column matrices.

431
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E.2 Matrix multiplication

The matrix equation [E.1] involves the multiplication of the matrices [A] and
{x}. To do this one must apply the simple rules of matrix multiplication.
These are:

(a) two matrices may only be multiplied if the number of columns in the
first is equal to the number of rows in the second;

(b) the terms in the product matrix resulting from the multiplication of
matrix [A] with a matrix [B] are given by

n
cij = Z Qikbyj [E.2]
=1

The use of these rules is illustrated in the following example:

[011 012] [bn by blS]
ay axn||bu bn by

_ [(anbn +aizba1) (anbiz +anbn) (anbiz + a12b23)]
(a21b11 + anby1) (anbiz + anby) (421613 + axnbas)

w=[2 3 w=[33 3

=m=[ls 5 ]

Suppose

Then

E.3 Matrix addition and subtraction

Matrix algebra also involves the addition and subtraction of matrices. The rules
for this are as follows:

(a) matrices may only be added or subtracted if they are of the same order,
i.e. they each contain the same number of rows and columns;
(b) the terms in the resulting matrix are given by

Cij = aij :i:b,'j [E-3]
The following example illustrates the use of these rules:

[dn di2 dlB] [bn b2 bl3]
dy dy dypj|ba bn bx

=[(d11:i:b11) (d12 £ b12) (dlsibls]
(d21 £ b21) (22 £ b2) (d3 b3
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Suppose
m=[ ¢ 3] w=[53 23]
Then
[E]=[D]+[B]=[‘; . _ﬁ]
FI-wo-181= |73 & 3

E.4 Inversion of a matrix

Referring back to the set of simultaneous equations at the beginning of this
appendix, the objective is usually to solve these for the unknown x terms.
This is where the use of matrices has a major advantage because referring to
equation [E.1] we may rewrite this as

{x} = (A1 {y} [E.4]

This equation expresses the solution to the set of simultaneous equations
in that each of the unknown x terms is now given by a new matrix {A]™!
multiplied by the known y terms. The new matrix is called the inverse of
matrix [A]. The determination of the terms in the inverse matrix is beyond
the scope of this brief introduction. Suffice to say that it may be obtained very
quickly on a computer and hence the solution to a set of simultaneous equations
is determined quickly using equation [E.4].

E.S Symmetric matrix

A square matrix is one in which the number of columns is equal to the number
of rows. An important type of square matrix which arises quite often in the
finite element method is a symmetric matrix. Such matrices possess the property
that a;; = aj;. An example of such a matrix is given below:

[ 2 4 7 -3
‘71 ? é _g which is often written as

| -3 9 -5 4

-2 4 7 =3

5 1 9

sym 6 -5

L 4




APPENDIX F - Abbreviations for some Common Polymers

Acrylonitrile butadiene styrene

Acrylonitrile styrene acrylade
Cellulose acetate

Cellulose acetate butyrate
Cellulose acetate propionate
Cellulose nitrate

Cellulose propionate

Ethyl cellulose

Epoxide, epoxy

Ethylene vinyl acetate

Fluorinated ethylene propylene

High density PE

High impact PS

Low density PE

Linear low density PE
Medium density PE
Melamine-formaldehyde
Polyamide
Polyaryletherketone
Polyamide-imide
Polyacrylonitrile
Polybutene-1
Poly(butylene acrylate)
Poly(butylene terephtlhalate)
Polycarbonate
Polychlorotrifluoroethylene
Polyethylene
Polyetheretherketone
Polyether-imide
Polyetherketone
Polyethersulfone

PET
PF

PIB
PMMA

PMP
POM

PP
PPE
PPO
PPS
PPSU
PS
PSU

PVAC
PVAL
PVB
PVC
PVDC
PVDF
PVFM
PVK
SAN
SBR
SBS

Poly(ethylene terephtlhalate)
Phenol-formaldehyde
Polyimide
Polyisobutylene
Poly(methyl
methacrylate), acrylic
Poly-4-methylpentene-1
Polyoxymethylene:
polyformaldehyde, acetal
Polypropylene
Polyphenylene ether
Polyphenylene oxide
Poly(phenylene sulphide)
Poly(phenylene sulphone)
Polystyrene
Polysulfone
Polytetrafluoroethylene
Polyurethane
Poly(vinyl acetate)
Poly(vinyl alcohol)
Poly(vinyl butyral)
Poly(vinyl chloride)
Poly(vinylidene chloride)
Poly(vinylidene fluoride)
Poly(vinyl formal)
Polyvinylcarbazole
Styrene Acrylonitrile
Styrene butadiene rubber
Styrene-butadiene-styrene
Urea-formaldehyde
Unsaturated polyester



Solutions to Questions

(2.1) Using the desirability factor Dy (Equation 1.16)

El/3
Df=|—

Material E P c D,

Polypropylene 0.3 905 1 7.4 %1074
uPVvC 2.1 1400 0.88 10.4 x 107*
ABS 12 1040 2.1 49 x 107
Nylon 66 1.2 1140 39 2.4 x 1074
Polycarbonate 2.0 1150 42 2.6 x 1074
Acetal 1.0 1410 33 2.2 x 10~
Polysulphone 2.1 1240 11.0 49 x 1074

So uPVC would be the best choice on a cost basis.

|3 JB4EIS

(2.2) s

Weight, W = density x volume = (2 x 107> L)N
From 1 week isochronous for polypropylene, E = 427.5 MN/m?

So L 384 x 427.5 x 12.3 x 10° x 4
- 2 % 10-3

L=1417m

435
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(2.3) . ¥ = 16.94 mm
b | wlL? w
M= -ﬁ where w = Z

o) So. oo My _WLPY _ 2x 107 x 14172 x 16.94
T T 1T 24 x 12.3 x 103
sk = 0.23 MN/m®
4275 -
At this stress, E = 550 MN/m?, so % error = % =28.7%

wl? 2% 107 x 1417 x 1417

So 0= 3Bl = IMAx50x 123 x 107 1 mm
(2.4) From 3 year isochronous at 1.5%, 6 = 4.9 MN/m?
PR PR 05x40
o p— h = —_—=—=4,
oo 7 So . 49 4,08 mm

If the density = 905 kg/m® ie a reduction of 4 kg/m?® then there would be a (4 x 4)%
reduction in design stress. So new design stress = (0.84 x 4.9) MN/m?

0.5 x40

So Newh= T5x08a

= 4.86 mm

Original weight = 909 x 7 x 80 x 4.08 x 106
New weight = 905 x 7 x 80 x 4.86 x 107®

(905 x 4.86) — (909 x 4.08)

= 6%
(909 x 4.08) x 100 = +18.6

So % change =

Note that this question involved a biaxial state of stress in the material and hence,
strictly speaking, the creep curves used are not appropriate. However, creep curves for
biaxial states of stress are rarely available, and one possible approach is to calculate an
equivalent stress, o,, using a van Mises type criterion

L\f{(UI — 022 + (02 — 03)% + (03 — 01)?)

o, = ﬁ
In the case of a cylinder under pressure, 6y = pR/h, 02 = pR/2h, 03 =0, so
V3 PR
O = 7 (T) = 0.86609

In most cases it is probably sufficiently accurate to use o, rather than o, and this
approach will provide a built-in safety factor.
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(2.5) Central Deflection,

s W (g) _6sd
& “WEI\1?) " 12

This strain will occur in the outer fibres at mid-span.

(2.6) For rotating pipe, 0g = pw?r?

2w x 3000

2
m ) (150 x 107*)? = 2 MN/m?

09=909(

It is necessary to know how long the material can withstand this stress before it reaches
a strain of &g = AD/D = 1.2/300 = 0.4%
From the creep curves ¢ = 2.1 x 10° seconds = 24 days

AD pgHR [ 125
2.7 = — == — =1%
@7 “="D T "En ( 1250 °)
h— 20gHR?
~ EAD

From 1 year isochronous at 1% strain, E = 360 MN/m? Making the 20% correction
for change in density from 909 kg/m?® to 904 kg/m®, E = 288 MN/m?

S , _ 2 1000 x 9.81 x 3 x 0.625°
© = 7288 x 10° x 12.5 x 103

(2.8) From the 3 year isochronous curve for polypropylene, the initial modulus, E =
466.7 MN/m>. Making the (5 x 4)% allowance for the different density, £ = 0.8 x
466.7 = 373.3 MN/m?.

2 —3
h=\/P¢xR \/20x10 XT00 _ g4

= 6.39 mm

0365E  \  0.365 x 373.3
PR 20 x107% x 700 2

At this stress the modulus has the same value as the initial modulus so no further
iterations are necessary.

When the pipe is cooled it will contract by an amount given by er = a(AT) and
when this equals the fixed strain, &y, the pipe would leak

_0.00417

= gxi0 - 3C

ie AT

So minimum temperature = 20 — 46.3 = —-26.3°C
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(2.9) The compressive stress in the bar is given by

140

o= 1515 1.4 MN/m?
Now 1=b1i;=1—0—;‘21—03=833.3mm‘
For buckling, E= 1:;21‘12 = ;‘:0:81?; — 861.7 MN/m?
4 x 100
= % = %17_ =0.16%

From the creep curves this strain is reached at 10* seconds

So time = 51603:6 = 2.78 hours

(Note: ¢ < 0.5% so no correction to tensile creep data is needed).
(2.10) Critical Stress,

_P. _ 4n’El
%="4 T AL?
Wh
d = —
an 12
ATEWR  7E (h>2
So O = ———p = | =~
12WhL? 3 \L

h_ 12.(5)
L™V 3 \o.

For many plastics o./E = 30 x 1072 to 35 x 10~ for short-term loading

h a?
- = — = 10.
So L=\3x30x102 107

For longer term loading, E will decrease more than g, so o./E will get larger. This
will cause the acceptable h/L to decrease.

m2El n2El mEl
(2.11) PC=TSOO'C=T4L—2 = ——F
_ m2d?
T 16L2

ye ‘/0.005 x 16 x 1507

Now for circular rod, &,

So, = 13.5 mm

2
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From 1 year isochronous at 0.5% strain, E = 370 MN/m?>
_ 7t x 370 x w x 13.5%

So P.= o % 1502 =227 N
2 2
2.12) W 3(3+ v)PR _ 3x34x004 x75 — 691 mm
8o 8x6

From 1 year isochronous curve at a stress of 6 MN/m?, E = 6/0.018 = 333.3 MN/m?

_3xo.6x5.4x0.04x754_7mm
- 16 x 333.3 x 6.912 -

(2.13) The maximum stress or strain is not specified so an iterative approach is needed.
From the 1 year isochronous for PP the initial modulus is 370 MN/m?

16ER’S 16 x 370 x 2.5° x 4

So

= = = 0. /m?
TG+ IR~ 3x06x54x320 0036 MN/m
3(3+ v)PR®? _ 3 x 3.4 x 0.0363 x 32 5
So o= o = Y = 7.58 MN/m
but at o =7.58 MN/m? E = T8 305.6 MN/m?
- T T 00248 T
16 x2.5° x 4 I 5
So = 06 (305.6) = 3 x 1072 MN/m
3 x 3.4 x 322 > 5
but E= 627 =319.6 MN/m?> — P = 3.14 x 1072 - ¢ = 6.55 MN/m?
T 00196 T - -
E =321.2 MN/m®> > P = 3.15 x 1072 MN/m? - ¢ = 6.58 MN/m?
E =321.2 MN/m? — P = 3.15 x 1072 MN/m?
AD  Pr Pr?
Ep = F = E;E(Z—v), So AD = E(2~U)
3.15 x 1072 x 32? .
bd® 12xd?
2.14 I=—= =d’
.14y 12 12

From the 1 year isochronous curve, the initial modulus = 370 MN/m?
_ SWL® 5% 150 x 200°
"~ 384E5 384 x370x6
My WL 150 x 200
0= — = =
I 16d? 1642

Now 4’ Sod =19.16 mm, where W = wlL

= 5.1 MN/m?
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At o =5.1 MN/m? > E = 342.3 MN/m? —» d = 19.67 mm
o = 4.85 MN/m? - E = 346.2 MN/m? — d = 19.6 mm
o =4.88 MN/m® > E = 346.4 MN/m?> — d = 19.6 mm

(2.15) Once again an iterative type solution is required.
E(3)(1.5)

@7

2.
o= ;W =0.267

= 0.0795E

From the 1 year isochronous curve, the initial modulus is 370 MN/m?

So W =29.43 N > o = 7.86 MN/m? — E = 302.3 MN/m®
W =24.03 N - 0 = 6.42 MN/m* - E = 324.1 MN/m?
W =25.76 N > ¢ = 6.88 MN/m* - E = 317.0 MN/m?
W =252 N — o = 6.73 MN/m* > E = 317.4 MN/m®
W =252 N — o = 6.73 MN/m?

SoW=252N
(2.16) This is a stress relaxation problem but the isometric curves may be used.
16.7
From 2% isometric, after 10 seconds, E = 0 025 837.5 MN/m?
Ed*s 8375x3“x 10 =3N

128(1 + v)R3N 128(1.4)53 x 10

8.55
After 1 week, E= 002 = 427.5 MN/m?

4

So w2753 x10 oo

128(1.4)5° x 10

(2.17) From the 1 day isochronous curve, the maximum stress at which the material is
linear is 4 MN/m?. This may be converted to an equivalent shear stress by the relation

o 4
-2 __2 _1mMN
=t 24 ol
16WR , 16x3x75
Now t= nd3 '’ So T rx143
d =4.31 mm
If W=45N, ez J0XA5XTS _ ) 15 MN/m?

n(4.31)7
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Equivalent tensile stress = o = 2.15 x 2 x 1.4 = 6 MN/m’.
From the 1 day isochronous at this stress,

6 2
5= 128(1 + v)R’N _K
- Ed* T E
K K
h-4\_J|E E
So < 3 ) - K
E,
where E; = 638.3 MN/m? and
1.4 2
So % change = +9.67%
5.6
2.18) At short times, E=_"—"=1 2
( ) At short times 0.004 400 MN/m

Allowing for temperature, Egy = 1400 x 0.44 = 616 MN/m?
Overall strain, e =7 — 6, =0

Er = &g

aAT =o/E = P/AE

7(10)?
4

So P = AEaAT = x 616 x 1.35 x 107* x 40 = 261 N

(Note: o = (261 x 4)/m(10)?> = 3.3 MN/m?. Therefore since the strain is less than
0.5% no correction to the tensile data is needed for compressive loading).

After 1 year Ey = 370 MN/m?, E¢ = 222 MN/m?

P 7(10)?

So x222%x1.35%x 107" x40 =94 N

(Note: Once again the strain is less than 0.5% so no correction is needed for compressive
loading).
AD 0.05
(2.19 £ =5 B 0.417%
From the 0.417% isometric curve, the stress after 1 year is 1.45 MN/m?

The pipe would leak if the hoop stress caused by atmospheric pressure (0.1 MN/m?)
exceeded the stress in the pipe wall after 1 year.

PR 0.
For P =0.1 MN/m?, 0p = - = 011—’5(9 = 0.4 MN/m?

Hence, leakage would not occur.
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(2.20) This is a stress relaxation problem, but the question states that creep data may
be used
AD 0.16

Then from a 1.6% isometric taken from the creep curves it may be determined that the
stress after 10 seconds is 15.1 MN/m? and after 1 year it is 5.4 MN/m?.

(a) Initial pressure at interface = p = (ho)/R = 3.02 MN/m?
Thus normal force at interface, F = p x 27RL = 3.02 x 27 x 5 x 15
= 1.423 kN
So axial force, W = uF = 0.3 x 1.423 kN = 0.427 kN
(b) Similarly, after 1 year for 0 = 5.4 MN/m? the axial force W = 0.153 kN.

16

14

" ‘\\
“ K

Stress {MN/m2]
o »

hn 16%

0 P —ted A4 di A btadd

10 102 10? w0 1% 108 w0’
time (s)

(2.21) (a) As illustrated in Example 2.7, the extraction force, F, is given by
F = mupDW

o l2x 10
P = 2(0.24)@0)(10)

Treating the bush as a thick wall cylinder subjected to this value of external pressure,
then Benham et al. show that at the outer surface of the bush, the stresses are:

So = 4 MN/m?

k2 +1
hOOp stress, 09 = —p ﬁ—_—l'

radial stress, o, = —p
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Hence, the hoop strain, &, is given by

The negative sign simply means that this is a reduction.

4 x20 1.142 + 1
S AR = —-04
° 2x103{<1.142—1) }
AR = 0.29 mm
() AR = a.RAT
0.29 .
= =14
AT 100 x 10-6 x 20 143°C

Hence the nylon bush would need to be cooled by 143°C to achieve the necessary
contraction to have easy assembly. This suggests a cooled temperature of —123°C.

(c) At the bore of the bush, Benham et al. shows the stresses to be

2k p
[+ -1 r = 0
Ar oy vo, 2Kk%p

h Ar_o _vor ___Wp
ence r E EE®-D

_ —2(1.14)217.5(4) _
TT2x103(1.142 — 1) —
Therefore the internal diameter of the bush will be 35 — 2(0.3) = 34.4 mm.

(d) If the long-term modulus of the nylon is 1 GN/m? then for the same interference
conditions, the interface pressure would be reduced to half its initial value ie 2 MN/m?.
This means that the separation force would be half the design value ie 600 N.

(2.22) If the acetal ring is considered as a thick wall cylinder, then at the inner surface
there will be hoop stresses and radial stresses if it is constrained in a uniform manner:

k241
hoop stress, 0y = p { k2—+l}

~0.3 mm

radial stress, o, = —p

where p is the effective internal pressure
k is the ratio of the outer to inner radii

Hence, the hoop strain, ¢, at the inner surface is given by

Ar oy o,
g = ——=——V—=

r E E
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So,

When the bobbin is cooled by 60°C the effective constrained contraction of the inner
surface of the acetal will be

Ar = (@, — a;)rAT
Ar = (80 — 11)1075(10)(60) = 0.0414 mm

So,
_ p(10) 15241
0.0414_3“03{(1_52_1 +0.33
p = 4.24 MN/m’
K41 3.25
= - Y =4 =11 2
hence, Op p{kz—l} 424(1.25) 11 MN/m

(2.23) Plot log & vs. logo and straight line confirms the Power Law with A =3 x
107", n =0.774

& —6go=El=Ao0"t
So g =0.95 x 1072 + (3 x 107'1(5)>™*)(9 x 10° — 1 x 10°)
= 1.033%

(2.24) A plot of loge against log 1 is a straight line for o = 5.6 MN/m* So (1) = A"
where A = 0.238 and N = 0.114.
After 3 days (= 2.59 x 10° seconds) strain = 0.988%

e(T) — eg(t) _ 0.988 — eg(t)

F, =

eT T 0.988
. (2x259—2.59) x 10° )
" 2.59 x 105 -
So from (5) F, = 1+t — (tg + 1)
er(?) n n 0.114
- = _ =2-2
1 0.988 14+ — g+ 1" =2-(2)

0.988((2)*'% — 1) = &,(+) = 0.0813%

Alternatively: Strain after 2 x 2.59 x 10° seconds = 1.069%. Now recovery may be
regarded as reversal of creep,
So residual strain = 1.069 — 0.988 = 0.0812%

15x 15% 105 x 10.5°  10.5 /4502 3
. = - — | == ] (10.5)* = 3454.1 mm*
@25) I=—75 2 12 (909) (10:5)
. D?
For solid beam, I = 2 =3454.1, D =14.27 mm
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Weight of solid beam = 14.27% x 1078 x 909 = 185.1 g
Weight of foamed beam =
(4 x 2.25 x 12.75 x 107 x 909) + (450 x 10.5* x 107%) = 1539 ¢
% Saving = 16.9%
My WL?x175

2.26 =y _ TR 2D
(2.26) =77 T 2ax31223
7 x 3126.3 x 24
= 112 kN/
250 x 7.5 KN/mm
From the 1 week isochronous, E = og_ls = 466.7 MN/m?
wL? 1.12 x 250*

= 7.8 mm

5= 3RAEI T 384 x 466.7 x 31263
(2.27) Weight of solid beam = 909 x 12 x 8 x 300 x 10~ x 10° =26.18 g
Weight of composite = (909 x 2 x 2 x 12 x 300 x 107%)+(500 x 212 x 300 x 10-%)
h = 7.27 mm, so composite beam depth = 11.27 mm.
The ratio of stiffnesses will be equal to the ratio of second moment of area

bd?  12x 8
Ligia = — = = 512 mm*
wlid = 713 12 o
; _12x 1127 12 x 727
compostte = 12 12
2
(%) 12 x 7273
+ = 1163.45 mm*
12
1163.45
I/l = =227
/ 512
(2.28) (a) Solid
o~ lW
n L L ]
Consider a flexural loading situation as above,
w
SO — = “i{ x EI

8 L?
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. bd® 1x123
So Solid EI = E, (H) = Es (—1—2—>

Weight = p, x H x 1 x 1 = p,H = 12p,

Ratio = E(12)
Ps

(b) Foamed

bd® pr 1x12}
El=E; (E) = (Z)E’( 12

12
Weight = oy xH x 1 x 1 = 12py = —p,

1.5

E; [12x 1.5 E

Ratio = — (—-——) = (8)—=
Ps 1.52 Ps

(c) Composite

i

E
B e

]

2 3
=E, {2(0.67 +50) + (’;—f) %—} = 120.3E,

Weight = p,(4 + (8 x 0.44)) x 1 x 1 = 7.56p,

120.3E; — (5 9)E_

Ratio = :
©= 7560 2

So ratio foam: solid: composite = 8:12:15.9
(2.29) (a) Sandwich Beam of Minimum Weight for a given stiffness
Kwp3?
KI
where K is a factor depending on loading and supports.
For Eqin > Ecores, EI ~ Ebdh?/2

deflection, § =

_ 2kwL?
" Ewinbdh?

M
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Total mass
m = PeorebhL + poxinbdL

From deflection equation (1)
_ 2K wL3

d==>""=_
Einbh?8

So

2KWL?
m = PeorebBL + Pipin ( )

Eqinh?8
To minimise the weight with respect to A, then am/dh =0

m_ L pueK WL
on  Peore Eadh®

W= 4psunKWL3 _ 4psu,,th2
Exind 0coreb Peore

pconh = 4gin

or weight of core = 2 x weight of skin

(b) Sandwich Beam of Minimum Weight for a Given Strength

Assuming the core does not fail in shear, failure occurs in bending when the stress in
the skin reaches its yield strength o,, ie

M
oy = —

bdh
where M = bending moment.
Mass of beam

m = PeorebhL + peinbdL
Using
M
d=
bha,

LM
m = poorebhL + Pyin <ﬁ)
y

To minimise the weight with respect to h, om/3h = 0

am LM
a_h = PeorebL — Pskinhz_ay' =0
h= Pscin M = Psiind

Peore bO, Pcore
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Pooreht = Pakind
or weight of core = weight of skin.
(2.30)
(a) Maxwell (b) Voigt
€
4
%
0 50 00 1 0 ) 100 t
do . gy Oo ]
e=—4iéit=—+—t e=—(—e
; ; £ )
12 12 x 10° 12
-~ EXV =1 = 27 (] — (~2%50)/90
€50 2000 + 0% 109(50) 1.26% €50 2000(1 e )
= 0.402%
12 12 x 10¢ 12
= b —— =1. — % (1 — o(-2x100)/90
£100 2000 + 0 % 10° (100) 933% 100 2000(1 ¢ )
= 0.535%
but % =0.6% E1s0 = slooe(f‘)"
&150 = 1.933 — 0.6 = 1.333% = 0.535¢-2%30/% = 0,176%

(2.31) Maxwell Strain (50 s) = Kelvin Strain (50 s)

242 = D) - gt-tim)

E m &
1 t 1!
So & = [5(1 — /2y —]
M
1 50 17
— _gxsonooy ) ys 2
5“{2“09“ ¢ ) 200x109] 151 GN/m
(2.32)
From graph 0/ = 0.01
2 2

At £ = 0.0089, t = 3000 s
0.0089 = 0.01 {1 — £~ 3000¢/m }
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~Relaxation time
= 'nlg
el AT e
2
w
To
3
0 Time
So 736 x 107 =¢&/n
n = 270 GNs/m?
Relaxation time = n/& = 1350 seconds
for 6o = 4.5 MN/m?
4.5
- _ ,(—1500)/1350 = 0.0151
= 200 {1-e } 5
(2.33)
(a) Stress—Strain equations
o = &g
02 = 6262
03 = £33
(b) Equilibrium equations
o=0)=02+03
(c) Geometry of Deformation
e=¢€;+ 6 and &; = &3
From above
E=&+&
but &1 =061/& and &, = (01/n) — (§2/n)e2 (from Kelvin model)
i= 2424 2y
& n 1

. o6 a0 & ( a)

f=—+4+ - -2 |- —
& n n 3

[3) =g+g(§l+§2)

n & n

This is the governing equation for the Standard Model.

449
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The solution to this differential equation will have the form

D4+ D (1-eT)
2

§ &
where T = n/§; and 6y/§ is the initial strain when the stress is applied.
The unrelaxed creep modulus is obtained by putting ¢ = 0.

=&

e(®) =

g0
£(0)
The relaxed modulus is obtained by putting ¢ = oo.

o _ &t
800) E+&
(2.34) From figure below redrawn from the creep curves

Hence, unrelaxed modulus Eyy =

Hence, relaxed modulus Eg =

n= % ~ 4.3 x 10" Ns/m?
%0 6 2

£=22 — 1400 x 10° N/m
&o

So from text using the fact that for a strain of 0.4%, o¢ >~ 5.5 MN/m? (from creep data)
o = oge O/

o= 5.58(—1400x10‘x900)/4.3x10'2 — 4.1 MN/m?

10
0.75
c
2 guS.6x10°
& o5 £s1.3x10°
E3 20107 a=4.2210°
-7 Cu2.8n 10°
0.28 €x6-6=10
€=3.3x107 g=1.4x%0}
0 100 200 300 200 500 600 700 800 900 1000

Time
(2.35) From the graph below, and the theory of the 4-element model, & = agy/e; =
4.2/0.003 = 1400 MN/m?

_ oo _ oo _ 42

~ Retarded Creep & (0.72 — 0.3)10-2
_ T 4.2

T dejdt T 3.167 x 106

m = 4.775 x 10° MNs/m?

& = 1000 MN/m?

= 1.326 x 10° (MN/m?)hr

m
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Finally from the expression for the 4-element model

[/ oot [/
£=—+ — + (1 — e €/

fE m &
taking a value of strain from the knee of the curve
€ =0.0055 at = 4 x 10* seconds (11.1 hrs)
So 7, = 4.525 x 107 MNs/m’
For ¢ = 5.6 MN/m? at 3 x 10° seconds

e 5.6+5.6x3x105 5.6
~ 1400 4.775 x 10° 1000

(1 B e_(lmoxgxlo’)/4.525x107) = 0.99%

1.6

Polypropylens {density = 0-909 ) 20°C

N

For stress = 4.2 MPa

Slope = aq-'ﬁ
1¥. 3 &
0 100 200 1‘1} 400 500
Time (hours)
(2.36)
E@)y=A"
a(t) = Bt

T
_ [_1  do()
s(')“o/ E® dt

Tt"
=/—-Bdt
A

V]
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tn+l T
=|———.B
[A(n+l) ]0

BTn+l

W= a0

This will be a non-linear response for all non-zero values of 7.
(2.37) For the Maxwell Model

1
E=-06+-0=K
&
do o
R Ay ¢
dt+n §

&t K
—=In =
n K——
n
coom = | _K .
K- -
n
o=Kn(l — e(—El)/n)
20
Using % =106 =2 1072
and Kn=10"%x 1000 x 10° = 10
Time (s) Strain (%) Stress (MN/m?)
20 0.02 33
40 0.04 5.51
60 0.06 6.99
80 0.08 7.98
100 0.1 8.65

initial tangent modulus = 7.00/0.0004 = 17.5 GN/m?

0.1% secant modulus = 8.65/0.001 = 8.65 GN/m’

Note that in this question an alternative solution may be carried out using the creep
modulus but this causes slight inaccuracies.
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12¢

10F
- 8[— I'nitial' ,/

s} v
E qng,e/ 7
§ / //
— Vg
3 61 // ///
¢ / ,2"01% Secant
& / %
- / s/
4 / e
7
rd
e
///
2t L
Ve
d
7
e
rd
d
)

0 002 00: 006 008 01

% Strain

Alternative Solution:

1
o(t) = / Bt — %™ 4
du
0
Now for Maxwell Model E(t) = &n
n+ &t

So for case in question, the strain history is

O0<t<ty:e(t)=Kt, de(u)/du=K

n 4

_ £n e &n
So "(’)‘/n+sm—u> K d“‘/(n+sn—su)““‘

0 0

n

= Kén [log,(n +&0 —u)- <—é)]

So o(t) =Kn [log, (ugt—l)]
n

This equation predicts the following data

0

Time (s) Strain (%) Stress (MN/m?)

20 0.02 3.36
40 0.04 5.88
60 0.06 7.88
80 0.08 9.56

100 0.1 10.98
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From a plot of this data
10

.. - i 2
Initial tangent modulus = 0.00057 17.54 GN/m
10.
0.1% secant modulus = r:)? = 10.98 GN/m?
(2.38) &(t) =Kyt (1+ ")
. 1 141 ety
1 40
£(40) = 0.5 x 40 (3000 + 7% 45,000) = 1.55%

_ 1 ta T _ 1 2
e(th) = (K,T +K,T) (E + ; - E) Kty (S + 27,)

£(70) = (0.5 x 60 + 1 x 60) (

1 + 70 60 )
3000 © 45,000 90,000

1 70
-7 (3000 * 90, 000)
= 3.22%

K T TI_TI
8(t3) = —— (0 + &t3 — 1/26T) — k(-1
én £n

which, for 3 =120s, T =60 s and T" = 90 s, gives £(120) = 3%

{n+&s—1/26T" + T}

_ I.n
(2.39) e(t) =Ky (f + 27))

60
=04 = 2.
£(60) x 60 (3500 + 3330, 000) 2.12%
, 1 1 I’) Ao
et)=K\[-+2-—)-—"—
(1) =K (s n ) Ewm-1)
L 6 £\ Ac(+(—1))
=Kt <—+———)—-—.—_._
P\ETy T 2y én
1 130 100 10(50, 000 + 350(30))
=04 — —
£(130) = 0.4(100) (3500 * 50,000 ~ 100, ooo) 3500 x 50, 000
= 6.61
(2.40)
R ER.20)
@ &) —O/E(t—tl) ar ¥
20 do(t) 20
W=3%00"" “&r ~ 30
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elu) = / Et—0) sood

[ 1095 20
- J 10° 800

di

1.05 500
£(500) = [ t 20]

1.05 x 1000 800 .
=0.0162 = 1.62%

20
(b) After 800 s, the change in stress is (—Kt) where K = ——.

800
oo dao(r) 7 do(?)
S =) — . —= . dt . -dt
© &(u2) O/E(t—t,) dt +/E(r—-t2) dt
17}
tOOS (_12)005
=1 K dH—/ YR (K

1.05 u2 . 3\1.05 “
= T K| - (L_fl?_ K
1.05 x 103 o 1.05 x 10° .

2
then for u, = 1000 s, 1, = 800 a

£(1000) = 0.0336 — 6.21 x 1073 = 0.0274 = 2.74%
(2.41) Stressy

10 > K=-0.1

Uy

(]

~, )
t,=50 =100 150 time(s)

(a) Using Boltzmanns Superposition Principle

_ 00wyt r 1 ) do(t) )
e(uy) = l,-'(l e )+/_E(t—ll) TS dt

where o(t)=—-Kt so ? =-K

Ef)y=¢[1-e
where T = n/& = 30

_,/T]—l

455

For a Kelvin— Voigt model
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211 _ o~t/T . ,—t/T
e(up) = %(1 _ e-uz/T) - K;l/ [l—e—&—e—]dt

=21 -y —k

(4T Tt ] .

§ 0
10 o030y _ 90 +30e—4070\ ( 50 + 30 )
0 =pret— ) 0'1{( 12 x 10° 12 x 10°

£(90) = 6.43 x 10~* = 0.064%

1 do(®y, f 1 do@®

u
_ 90wy, [ L do®) 200
(b) e(u3) = e(l e )+;/E(t—tl) dt ! y E(t—1) dt

For the period after 1, (= 100 s) the change in stress is Kz.

So ? = K for this third period
2 (1= eT . T Mo T
e(uy) = g(l —e'“3/T)+/Q_u_) x (—K) dt+/ (l1-e )X dt
§ J § J £

3

LT L o—tT™
e(us) = ?(1 —e Ty g [M]

§

t4+T-e/T. e—:/r]
§

n 53

Substituting 3 = 150s, K =0.1,, =505, t, =100 s

£(150) = 4.49 x 107* = 0.045%
i=N

5, [ 1 R | B
(2.42) s(t)—§o'{E(t—u,~} where E(t u')_r)+€(t—u.-)
So,  £(4500) = 10 {—’7 + 84500 - O)} +10 { n+£(500 - 1000)}
én &n
_15{n+§(4500—2000)}+20{n+§(4500—3000)}
&n &n
_25{n+£(4500—4000)}
én

= ;_S{n+4soos+ n + 3500& — 1.5y — 37505 + 2n

+ 3000& — 2.5n — 1250&}

1 60, 000
3

0
&_n[6000§} = Tx106 = 1.5%
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(2.43) From the information provided
_&(T)—&(r) _0.8~-0.058

L = = = 0.9275
&:(T) 0.8
t—T 200-100
al = = =1
50 ®="7 100
but, Fo=141t—-@g+1)

09275=14+1—-(2)" > n=0.1

Also, since £.(100) = 0.8% and ¢,(100) = A(100)*!
then A = 0.504766 (for ¢ = 10 MN/m?)
Therefore after 2400 seconds at 10 MN/m?

£(2400) = 0.504766(2400)*! = 1.1%
For 2400 seconds on and 7200 seconds off, ¥ = 9600 seconds.

x=10 n ’ n
So £,(9.6 x 10) = £.(2400) 3 [(%‘) - (’T" _ 1) ]
x=1

x=10
£9.6x 10 =1.1Y_ [(4x)" — (4x — 1)"] = 0.108%.

x=1

(2.44) From question (2.20) at 5.6 MN/m® the grade of PP may be represented by
£(2) = 0.238(z)0-114
So, after 1000 seconds, £(¢) = 0.523%

After 10 cycles in the given sequence (¢’ = 1500 seconds)

x=10
£(1.5 x 10%) = (0.523) +0.523 ) _ [(1.50™" — (1.5x — 1)*'] = 0.691%

x=1

Then if a straight line is drawn from the point 0.523, 1000 to 0.691, 10,000 on Fig. 2.4
then this may be extrapolated to 1% strain which occurs at approximately ¢ = 9 x
10° seconds. This is the total creep time (ignoring recovery) and so the number of
cycles for this time is

(9 = 10°)/1000 = 900 cycles

Notes

1000 £.(1.5 x 10°) = 0.495%
cycles £,(1.5 x 10%) = 1.018%
1500 £:(2.25 x 10%) = 0.5329%
cycles £,(2.25 x 10%) = 1.056%

Equivalent modulus after 900 cycles = 5/0.01 = 500 MN/m?.
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< .
g «
& o
B3 ae-
¥
0691
0-523

9x10%= 900 cycles

10° 100 102 10° 10* 10° 105 107
Total creep time

(2.45) For the PP creep curves in Fig. 2.4, n =0.114 at 0 =7 MN/m?, £.(2.16 x
10*) = 0.99% after 11 cycles of creep (10 cycles of load removal), t = 66 hrs =
2.37 x 10° 5. (using equation in text or from computer )rogram) £.(2.37 x 10°) =

1.105%
A line joining 0.99, 2.16 x 10* to 1.105, 2.375 x 10° on Fig. 2.4 allows strain at

365 days (ie 365 days @ 6 hrs per day = 7.88 x 10° seconds) to be extrapolated to
1.29%. The computer program predicts

£.(7.88 x 10%) = 1.294%
at o =84 MN/m? 6.(2.37 x 10°) = 1.406% and £.(2.16 x 10*) = 1.26%

Extrapolation on Fig. 24 to 7.88 x 10° seconds gives £.(7.88 x 10%) = 1.62%.
Computer program gives £.(7.88) x 10%) = 1.64%
Extrapolation between these two values to get £.(7.88 x 10%) = 1.5% gives
o = 7.8 MN/m?.
_pD _05x150 _

i =— = =4.
So since o %78 8 mm

For continuous loading for 1 year (=3.15 x 107 s) the design stress would be
5.08 MN/m? which gives & = 7.38 mm
7.38-4.8

So material saving = AT 35%

(2.46) 0 = gge' @+
£ = gpe'™

As shown in the previous question, the governing equation for this type of Standard
Linear Solid is given by:

. b 6 ofbh+h
8+YI£—§1+'7( & )
&

eoiawi“” + g = iooiwei(wrﬂ) + (El + 52) o.oei(w¢+8)
n & &in
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' ilan+8)
Dividing across by g9e'®* and letting E* = % -
goe'™

then E* is given by
B = Einwi + £1&
&1 + &) + nowi
Multiplying top and bottom by the conjugate of the denominator,

B = Ei62(E1 + &) + 0?0 + (6 + &)wbn — Ei&anw)i
& + &) + n2e?
Ei&2(8 + &) + Pl
Hence B = T 6 e
E, = (61 + E2)wbyn — 15w
&1 + &) + nw?
tans = 22 o Gt f)ebin — fifne
E\  &i&(& + &) + nlo?

(2.47) The straight line graph of stress against log (time) confirms the relationship

B = 0.467(MN/m?)~!

At 1= 800,0 = 60 } So,
A=1225x10° s

At =89 % 10°, 0 = 45

100

80
g 60
z \'@\.
- ho\o.\
E 40 —
b

20

0

102 103 10* 10° 10° 107

Time (s)

(2.48) Zhurkov-Bueche equation gives

t = toe Yo roRT

comparing this with r = A=5¢

t = 19eV’RT and B = y/RT

459
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. 1]5
A 125x107 o102

to =
0 (ﬂ) 150 x 10°
exp exp| —————
RT 8.314 x 293
Also y = BRT = 0.467 x 8.314 x 293 x 107% = 1137.6 x 10~® m®/mol
So at 0 = 44 MN/m?, T = 40°C

So

150 x 10° — 1137.6 x 1076 x 44 x 105
8.314 x 313

1=222x 10"2exp( ) =106x10°s

(2.49) 3 years = 0.95 x 10® seconds

From Fig. 3.10 creep rupture strength = 8 MN/m?

Using a safety factor of 1.5 the design stress = 8/1.5 = 5.33 MN/m? for the pipe,
hoop stress = pR/h

5.33 = 2-3(100)
A
h=9.4mm

(2.50) The critical defect size in the material may be calculated from

K= a(”ac)ln

2\%1
a; = (E) - = 3.18 mm
- 2 1—(1/2m _ _1~(1/2)m
1= Cloynmm _2) { i i }
2
7 — ~06 _ -31-0.6
315 X 107 = oo s (0 — (18 x 1070704
a; = 0.631 mm
(2.51) acrylic r,= 1 (ﬁ)z = (00237 = 0.084 mm
' e P 2a\o,) = 2@
2
ABS, rp= (0'21:) = 2.69 mm
2
polypropylene, rp= (02'? = 6.37 mm

(2.52) Using fracture mechanics

K. = o(ma.)"?

(K,c)z 1
a=|—) —
o b 4
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Table 3.1 gives K. for acrylic as 0.9 — 1.6 MN/m~®/?

= (0'9)2 ! = 0.08 mm (up to 0.25 mm)
ac = 57 x =V. up .
So inherent flaw sizes are probably in the range 0.16 mm—0.5 mm.
FL
2.53) Stres: =—
(2.53) S range @ .
Stress amplitude = mean stress = —
120
To allow for mean stress use

aa:g,{l_ﬁ} ...... )

Now at 1 x 107 cycles o; = 16 MN/m?
also 1 x 107 cycles at SH ; represents 2 x 10° seconds

So 0. = 42 MN/m?
FL 16 FL
1 o _2hH -
In (B 120 2 { 120x42}
So F=16.13N

M
(2.54) Bending stress = Ty

1xd/2 32,

S ==
0 Om 7' /64 — nd N/m

32x0.75 2

0, = R N/m

but 0, =0y (l - gﬂ)

Oc

32 x0.75 32x25
25(F0g) =110 (1= i)

So d=11.43 mm
if K;=2

25x(32x0.75)_25x10°(1 32x25 )
' nd3 -2 wd? x 35 x 106

d = 13.1 mm

(2.55) oy =43.4 —3.8log 10’ = 16.8 MN/m?
At 5 Hz, 107 cycles would take 2 x 10° seconds
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from (3.1) £ = 1.225 x 10152047 84 ¢, = 43.3 MN/m?

500 x 4 2
Now Oy = ;-(-1—0—)2— = 6.37 MN/m
My 64M(5 x 107?%) 6 2
=—=——— =102 x 10°M (N/
%= T R0 x 109) X 10°M (N/m®)
Om
-0 (1-2
So g, oy ( 0',,-)
16.8 x 108 6.37 x 2
S — _
2x 102 x 10°M = 18 (1 33 )
M =0.32 Nm
P
(2.56) Maximum stress = —P-E + 4(—84)’
nr nT
.. P 4(Pe)r
Minimum stress = —m i
__ Omax + Omin _ P +Per
Om = 2 T 4nrz ot
_ Omax — Omin __ 1 ( 3P + 12Per)
%="% T3\ "

o; = 43.4 —3.8log(l x 10°) = 13 MN/m?

At 10 Hz, 10® cycles would take 107 seconds so from ¢ = 1.225 x 10'° exp(—0.4670;),
o, = 39.9 MN/m?

25x100 7 P
So 2.5x1(3—P+12P")=13x106(1— 5 x ( +P”)>

2 \2art ' 2nrt 39.9 4nr2 - 4mr?

from which P = 235.7 N
2.57) K =1+42(c/n"?

3.5 =1+ 2(c/0.25)"/> > ¢ = 0.39 mm
(2.58) 4.5kg =44.145 N

(i) loss of energy due to friction, etc = (44.145)(0.3 — 0.29) = 0.44J
(ii) energy absorbed due to specimen fracture = (44.145)(0.29 — 0.2) = 3.973J

3.973
(12 x 2)10-6

(iii) Initial pendulum energy = 0.25 x 44.145 = 11.036 J

impact strength = = 165.5 kJ/m?
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Loss of energy due to friction + specimen fracture = 0.44 4 3.947 =4.414 ]
Remaining energy = 11.036 — 4.414 = 6.6218 J

6.6218
heigh ing=———=0.
So height of swing A4.145 0.15 m
(2.59)
P 2 3 4
K= (ma)/? [1.12 - 0.23 (3) +106 (3) —217 <3> +30.4 (5)
Wh w w w w
So 175 x 106 = ————( x 10 x 10-3)/2 [f (3)]
) 100 x 5§ x 10-6 w
where [f (_a_)] ~1
w
So P =489 kN
1.6\2 1
(2.60) K. =0/na. - a, = /) = = 8.15 mm

from equation (3.28)

N— 2((8.15 x 1073)7066 _ (25 x 10-6)~0.66)
B 2 x 10-6(10)3227166(—1.32)
= 57, 794 cycles = 16.05 hours

Ty e

co"n"2(2 — n)

/

da, =20 %aKF ™

(2.61) N=

10

10° j

d°/er (m/cycle)

107
01 1 10

AK (MN/m™¥2)
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from the graph g—; =2 x 105 (AK)?313

1.82 —-0.256
2 ((;0—2> - (20 x 10-6)—0-256)
02.513 -

2 x 10~¢ x 106 x 712%(—-0.513)
o = 2.13 MN/m?
(2.62) For a sheet, K = of(na)'/?

where oy = fatigue limit. Knowing K this would give the critical defect size, a., in the
material. Equating this to the critical version of the expression for the pressure vessel

or(ma;)'? = 204(2a,)"?

— —_ =0. “!‘7 2

PD 2hoy
NOW, Og = E’T — P = m
2 x4 % 0.627
P=""""_""""— 418 kN/m®
120 m
W 172
2.63) K. = o(na,)"? (— tan (ﬂ))
na w
P ,/2(w (Jra))'/z
= — —tan{ —
w0 e ™\ w
_ P 172
43 = 35— (m x5 x 107) " (1.05)
P =49 kN
(3.1) The energy absorbing ability of a material is given by
U= lae _ 102
T2 T 2E
Hence the following table may be drawn up
o E 02 /2E
Carbon (HS) 29 230 1.83 x 1072
Carbon (HM) 2.2 380 0.64 x 1072
Kevlar 3.0 130 3.46 x 1072
E-Glass 2.0 80 2.5 x 1072
S-Glass 33 91 6.0 x 1072

From this table it may be seen that carbon fibre has low energy absorbing capability
compared with the other fibres. However, the other fibres are not as stiff. Hence it is
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quite common to use hybrid fibre composites, eg glass and carbon fibres in order to
get a better combination of properties.

(3.2) It is necessary to calculate the volume fraction for each of the fibres. Firstly for
the carbon 20

_ 1800 _
Vie=—5 30 50 =018l

1800 + 2540 + 1300

Similarly for the glass fibres

30

= 2540 =
Vig= 20 30 350 =0.192

1800 + 2540 + 1300
Hence, using the rule of mixtures
p. = 0.181(1800) + 0.192(2540) + 0.627(1300)
= 1629 kg/m’
(3.3) py = 1800 kg/m?, p,, = 1250 kg/m®, p, = 1600 kg/m’
Using rule of mixtures

pc=piVi+pn(l—Vy)
1600 = 1800V, + 1250(1 — V)
Vs =0.636

. . s 1800
to get ht fracti Wi=-—=V,=_—(0.636) =0.716
0 get weig on ! . r=1 ( )

hence Wn =0.284

Weight ratio W,,: W, = 0.284: 0.716

Hence for 1 kg epoxy, the weight of carbon = 2.52 kg

(3.4) Using rule of mixtures
Pc = PsVs + PmVm = 2540(0.5) + 1250(0.4) = 2024 kg/m’
E.=E;V; +En,V, = 80(0.6) + 6.1(0.4) = 50.44 GN/m*
K. = K;V; = 1.05(0.6) + 0.25(0.4) = 0.73 W/m’K

(3.5) Using the rule of mixtures

E.=E;V;+En(1 —V;)=120(0.4) + 6(0.6) = 51.6 GN/m?

Also, o, =0;Vs+0,(1 —Vy)

but Ec =&y = &f
ﬁ=fﬂ=0_f_,(£f_)a Yy
E. E. Ey E.) " "
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So, o, = i—’(am)vf +0om(l—Vy)

50 = 20(0)0.4 + 0, (0.6)

Om = 5.8 MN/m?, 05 = 20(5.8) = 116.3 MN/m?
(3.6) In the composite

Ef =&
9 _ %
Ey - E,
o _Es
O, - E.
FsA. E;
FA; EfVi+EpVn
Fy E;/E, _ 40
F.  E;/En+Vn/Vy; 40+1
Fy =97.6%F,
3.7 g=05Vyi4+oa(1-Vy)
Since ec=sm=e,meng—2=%=%ff—
. Ey;
ie Of =0p (E,:)
E
So 0, = op (4> Vi+om(l—Vy)
E,
= 60(25)0.3 + 60(0.7) = 492 MN/m?
Also Ec=Efo +E,,.(1—Vf)

7
= (76 x 0.3) + 5%(0.7) = 24.93 GN/m®

(3.8)
) vz =veVy+ (1 —Vy)
= (0.23)(0.58) + 0.35(0.42)
=0.28
(ii) E\ =E;V; + EnVm = 230(0.58) + 3.8(0.42) = 135 GN/m?
E/E, 230)(3.8
=y ,E,,.f+ VnE; (0.58)(3(.8) +)((0.:2)(230) = 8.8 GN/m’

8.8
via=vyp = 0.28 (-IE) = 0.02
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(3.9) The local compliance matrix is

1 Vi2
—_ — 0
E, E;
_ v 1 _ o=l
S= E, E 0 and @=S
0 o0 -

Then

Ex _|9ox
e | =80y
Vxy Txy

~ 881 x 1075 —272x 10~ ~5.44 x 10~
S= {—2.72 x 1075  1.04x 10~ ~4.05x10"5 | mZ/MN
—544x 105  —4.05x10"5 170 x 1074

Directly by matrix manipulation
6 =2238x 1072 £, =7578x 10  y,=-2241x1073

and
E, = _i, E,= _i, Guy = _L, Viy = —E.- Sz, Vvx=—E, -Si2
S S2 Ses
Altemnatively using the Constitutive Equation Approach
A=0-h

1.17 x 10* 2.06 x 10* 8.624 x 10°
1.16 x 10* 8.62 x 10° 1.45 x 10*

Also, a = A~! (since [B] = 0)

587x 105 —181x10~° -3.63x107°
a=|-181x10% 699x10~° -27x10"° | mmN
-363x1075 -27x1073 113 x 104
1 1 i —ayp —ap
X = T E, = , G,y = _—, y = s _-—
ap -h Y an-h g a“-h Vey an Y an
E, =113 GMN/m?>, E, =9.53 GN/m?>, G,, = 5.8 GN/m’

vy = 0.308 vy = 0.259

[2.78 x 10 1.17x10* 1.16 x 10 ]
A=

For the applied Forces N, and N

Ex Nx Ox
& | =a. | Ny =a-|oy|- h)
Vxy Ny Txy

£ =2238x107° £, =7578x107*  y,=-2241x10"°
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(3.10) The properties of the ply in the fibre and transverse directions are

E, =200 GN/m®
E; = 11 GN/m?
G\; = 8 GN/m?
V2 = 0.32
The local compliance matrix is
l Vi2
- —-——== 0
E, E,
Vi2 1 —1
S=|-== — 0 d =S
E, E an e
1
0 0 o
G

So,0=T;!-Q-T, and §=Q!

Then
Ex _ Ox
e, | =S-|oy
Vxy Txy

_ 313 x 1075 —645x 10°¢ —4.28 x 1073
S= [—6.45 x107%  742x105 -3.15x 1073
—428 x 107° -3.15x 105 1.05 x 10~*

Directly by matrix manipulation

m?/ MN

£ =2507x 107,  £,=5164x 107,  y,=-3424x107

and

E, E,= Gy Vay=—Ex-Su, vu=-E, S

1 1
520 7T
31.9 GN/m?, E, =13.5GN/m’, G,y =9.5 GN/m?,
Vi = 0206, vy, =0.087

_ 1
gll,
E, =

Alternatively using the Constitutive Equation Approach
A=T-h

242x10° 72x10* 1.19 x 10°
A=[7.2 x 10* 522 x 104 4.48x10“] N/ mm
1.19 x 10° 4.48 x 10° 8.09 x 10*

S %
D=Q-ﬁ

8.07 x 10° 2.4 x10* 3.99 x 10°
D= [2.4x 100 1.74 x 10* 1.49 x 10‘] Nmm
3.99 x 10* 1.49 x 10* 2.69 x 10*
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a=A"!

156 x 10°  —322x107® -2.14 x 1075
a=|-322 x100® 371x10° -158x1073| mm/N
| —2.14 x 1073 1.58 x 107 5.27 x 1073

d:=D"!
[ 47 x 107 -9.68 x 106 —6.42x1073
d=|-968x10% 111x10™* —-473x 10‘5] (Nmm)~!
| -6.42 x 1075 —4.73 x 1073 1.58 x 10~
1 1 1 —apn —apn
Ex = , = —, Gx = ey = =
an-h Y an-h Y aﬁs'hvy an * an

E, =319 GN/m?>, E,=13.5GN/m? G,, = 9.5 GN/m?
viy = 0206, vy, = 0.087

It may be seen that these agree with the previous values.
For the applied Force N,

Ex N; Ox
sy]=a- N, <=a- a,]-h
yxy ny txy

£, =2507 x 107 g, =-5164 x 107" y,, = —3.424 x 107>
For the applied Moment M, = 180 Nm/m

fex M, —Kx —Ky
Ky | =d- | M, and v, = y Vg =
o Ky Kx

Kxy
Ki=846m™", «k,=-1743m™', k,=-12m™,
vy = 4.854, v, =0.206

It may be seen that when the moment is applied, the major Poisson’s ratio v,, corre-
sponds as it should to the value when the in-plane stress, o,, is applied.

(ii) If an additional moment M, is applied, then the D and d matrices do not change
and so once again

Kx M, —Ky —Kx
ky |=d-| M, and vy = y U=

K. K
xy * y

Kxy
K=604m™, k,=26m™", Ky=-23m"
vye =023, v, =—432

CAR))]
(i) Symmetric
(ii) Non-symmetric (there is an uneven number of plies)
(iii) Symmetric (could also be written as [0/90/45/ — 453/ — 453/45/90/0]r
(3.12) This is treated as a 4 layer situation with

ho=-07, h =-02, h=0, h =02 h=07 mm
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For Material A Material B
_ 4,16 x 10° 1.66 x 10° 0 683.5 2395 O
0, = [1.66 x 10° 4.16 x 10°
0

0 ] .0, = [239.5 6835 O ]
0 1.25 x 10° 0 0 2222

64 = _Q-l and
As the laminate is symmetrical, B = 0 and

63 =§2

4
A=Y 0, (hy—hp) and a=A"

f=1
444 x 10° 1.76 x 10° 0
A=[1.76x103 444 x 10° 0 ] N/mm
0 0 1.33 x 10°
267 x107* —1.06 x 10~ 0
a= [—1.06 x 104 267 x10™ 0 ] mm/N
0 0 7.46 x 104
The strains are then obtained from

Ex Ny
[ & |=a-| N, ]
Vxy ny

& =3.028x 1073, ¢, =8.257x 1073,

Yy = 0.016
and the stresses are given by

Stresses in Material A

Oax —_ Ex
[% =0 |¢ Ou =2638 MN/m?> 0,y = 39.45 MN/m’
Taxy yxy

Taxy = 19.6 MN/m?

Stresses in Material B
Opx _ Ex
o | =02 | & O =4.04 MN/m*  0p, = 6.36 MN/m®
Thy

YX)’
Tozy = 3.48 MN/m?
(3.13)
Compliance Matrix Stiffness Matrix
1 V12
E, E 0
= |- 1 — 51
S= E, A 0 0=3S
o o L

Gi2
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Overall Stiffness Matrix Overall Compliance Matrix

Q=T,'QT, 5=0
The Extension Stiffness Matrix is then obtained from
[A] = 0.40(~60) 4 0.40(—30) + 0.4Q(0) + 0.40(30) + 0.40(60) + 0.40(90)

which gives

1.36 x 10° 4.19 x 10* 0
A= {4.19 x 10* 1.36 x 10° 0 ] N/mm
0 0 4.71 x 10*

As [B] =0 in this symmetric laminate, the compliance matrix is obtained by
inverting {A]

a=A"!
8.10 x 107 —2.49 x 10°¢ 0
a= [—2.49 x 107 8.10 x 10°¢ 0 ] mm/N
0 0 2.11 x 1073
The stiffness terms in the global directions are (for h = 2.4 mm)
1
E,= . E,=5.14 x 10 MN/m?
ap h
1
E,=——, E,=5.14.10* MN/m?
YT G h y m
1
Gy = ,  Gxy = 1.96.10* MN/m?
aes - h
v =22 v, = 0.308
an
v, = 2 v, = 0.308
an

and the strains may be obtained as

&x Ox
e, | =a-|o,|-h
Vxy Txy
e =194x%x107% ¢, =-598x107*, y,=-112x1077

(3.14) Using the S and Q matrices to calculate S and O for each layer, then

8
A=Zaf'(hf—hf—1). a=A"
1=

B=

[

8 _ 1 8 .
2.0 () = (-0’1 D =3 3" Qs - [y ~ (1)) d = D'
f=1 f=1
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Ex N, Ox
e,]:a-[N, =a-[¢7y -H  where H = full thickness of laminate
Nyy Ny

6, =8989 x 1074, 5, =-1286x10"%,  y,=-1774x107*

Exy

Note, to assist the reader, the values of the terms in the matrices are

465 x 10° 2.47 x 10° 0 0 00
A= (247 x10° 2.82x10° 0 ] N/mm B=[0 0 0]
0 0 2.81 x 10° 0 00
403 x10°¢ —3.54 x 10-¢ 0
a=|-354x10"° 6.65x107¢ 0 ] mm/N
0 0 3.54 x 1076
(3.15) Taking the x-direction as the hoop direction
3 x 600
0r = &7 = =5 = 600 MN/m’
_pr_3x 600 2
Y=o, =g = 300 MN/m
From the data given
Compliance Matrix Stiffness Matrix
1 V2
— ——== 0
E, li3 1
Vi2
S=|-— —=— © =s!
E, E, ) e
0 0 —_—
G
Overall Stiffness Matrix Overall Compliance Matrix
0®)=T,"-Q0-T. 56)=0)"

_ 9.82 x 10*° 6.95x 10° 2.71 x 10°
0(60) = [6.95 x 10° 221 x 10* 7.91 x 103]
2.71 x 10° 791 x 10® 7.50 x 10°

The Extension Stiffness matrix is then given by
A=2-0(60)+2-0(—60)+6- 0(0)

235 x 10° 4.25 x 10¢ 0
A=]425x10* 137 x10° 0
0 0 4.80 x 10*
The compliance matrix is obtained by inverting [A]
a=A"!

-1.39x 1078 7.70 x 106 0

[ 449 x 107¢ —1.39 x 10— 0 ]
a=
0 0 2.08 x 10°
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and the strains may be obtained as

Ex oy
gy | =a-|oy,| 10
ny txy
& =0.023 or 2.3%
€y =0.015 or 1.5%
Vay = 0
(3.16) (a) This is a symmetric laminate and the Q terms are as follows:

_ 8.77 x 10* 2.98 x 10* 4.31 x 10*
0, = [2.98 x 10* 222 x 10* 1.35 x 10“]
431 x 16* 1.35x 10* 2.96 x 10*

877 x 10* 298 x 10* —4.31 x 10°
[ 298 x 100 222x10* —135x 10‘]
—431 x10* —135x10° 2.96 x 10°

_ [ 8.77 x 10* 298 x 10 —-4.31 x 104:’
O; =

[8)

298 x 10*° 222 x 10* —1.35 x 10*
—-431x 10 —135x10* 296 x 10*

. [877x10* 298 x10° 431 x 10°
0, = [2.98 x 10 222 x 10 1.35x 10
431 x 10* 1.35x 10* 2.96 x 10°

The A, B, D matrices are
4
A=) "0 (hy—hsy)
f=1

1 1

B =

[\S 3]
Wi

4 4
Qs e — (hy 1 D=2 0flhy) — (hr-1)’]
f=1 f=1

So that with
hg=-02, h=-01, h =0 h=01 h =02
The A, B, D matrices and hence the a~—', d~!, matrices may be determined as:

r3.51 =10 1.19 x 10* 0
A=1119x 10* 8.88 x 10° 0 }

L 0 0 1.18 x 10*

r 525x107% —7.06 x 1073 0
a=|-706x10"> 207 x 10~* 0 ]

L 0 0 8.42 x 10~°

(0 0 O 000 0 00
B=000] b=(000) ﬂ=(000)

0 0 O 000 000

1593 1185 542 -559x 1072 0.016 7.62 x 107

(467.9 159.3 l72.7> [ 558 x 1073 —559 x 103 —4.18 x 10‘3]
D = d =
172.7 542 1582 -4.18 x 1073 7.62 x 107* 0.011
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Then using
£x an an as bn b b N,
&y ay an ay bn bn by N,
Voo| — |1 62 ass bet bex bes | | Nxy
Ky Bu Bz Bis dn din dis| | M,
Ky By Br B day dn dy| | M,
Ky Bsi Bs2 Pes der dez desd LM,

The strains and curvatures are thus
£ =2.101 x 1072, &, =-2825x107%, y,=0,

kx =0, ky, =0, Ky =0

(b) This laminate is unsymmetrical. In the above analysis, O, and Q; are reversed and
this has the effect of making [B] # 0. The matrix values are.

3.51 x 10* 1.19 x 10* 0
A=)1.19x10* 8.88 x 10° 0 ]
0 0 1.18 x 10*
575%x 1075 —7.15 x 1073 0
a= [—7.15 x 1075 2.07 x 10~* 0 ]
0 0 9.74 x 10~
0 0 —863.8
B= ( 0 0 =271
—863.8 —271 0
0 0 1.91 x 10~
b= 0 0 —3.49 x 10-5]
191 x 107* —3.49 x 1073 0
0 0 1.91 x 104
B= 0 0 ~3.49 x 10—5]
191 x 107* —3.49 x 1075 0
4679 1593 0
D={1593 1185 0 )
0 0 1582
431 %1072 —536x 103 0
d= [—5.36 x 107 0.016 0 }
0 0 7.30 x 10~?

Using the above equation relating strains and curvatures to N and M we get
£ =23x107, & =-286x103 y,=0
k=0, x,=0 and &, =7.67 x 107> mm™

The difference in this case therefore is that we start to see some twisting of the laminate
due to the non-symmetric nature of the lay-up.
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(3.17) This is a non-symmetric laminate. The Q matrices are given in the text and the
A, B and D matrices are determined from

3
A=Y 0; thy—hpy)
f=1
3

1 —
=720 () = hy)) D=
f=1

3

0 - [hs)Y — (hp1))
f=1

ho=-0.15, h =-0.075, h, =0.075, h3 =0.15

La.)l'—'

and a, b, B, d are determined from

2= 5]

The strains and curvatures are then obtained from

£x ay a2 aw by b b [ Nx
&y an ap ax by bn by N,
Yy st asx Gss ber bex bes | | Nyy
= where N, = 30 N/mm
Ky Bu B b du din dg| | M,
Ky Bu Bn B dny dn di| | M,
Ky Bst Bsx Bes det der desd LM,y

from which
& =277x 107, & =255x10"%, y, =—1.026x 107>
6 =0.015mm™', «,=-0021mm™", &; =0.021 mm™’

The values in the relevant matrices are

273 x 10 8.06 x 10° 3.13 x 10°
[8.06x103 7.44 x 10° 1.48x103]
3.13 x 10° 1.48 x 10° 8 x 10°

—851x 1075 254 x 10™* -394 x 10°°
342 x 107 -394 x107° 198 x 10~*

[ 923 x 107 —-8.51x107> -3.42x 10‘5]
—619.1 2550 -3525
B= ( 2550 1089 -—167.0

—352.5 -167.0 254.9

07 x 107 —6.88 x 10* 6.84 x 1074
08 x 10~ 385x107* 212 x10™*

23 x 1073 584 x 107* —1.31 x 1073

5.

—6.

-3,

507 x 107 —6.08 x 10™* —3.23 x 10~*
—6.88x10* 385x10* 584x10™* }
6.84 x 107*  2.12x107* -—1.31 x 1073

B=
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2360 477 -29.3
D= ( 477 503 -—13.9
-29.3 -139 472

837x 102 —800x 103 4.65x 1073
d= [—8.00 x 107*  0.031 —2.68 x 1073
465x 1072 —268x 1077 0.036

(3.18) (a) Maximum Stress Criterion
The local stresses are given by

(4] Ox
02| =Ty |0y |,
112 Txy

[+J] 61.6
{ o | = { 38.4 | MN/m?

-~ 229.4
I 201, P -0s52, M_136
o) o2 T12

As the second term is less than 1, a tensile failure in the 2-direction would be expected.
(b) Maximum Strain Criterion
From the data given
Er=249x1073,  &r=3777x10°, &c=584x10"°
820 =566x 107,  Pp=7.14x107°
The 1-2 strains are given by

& o1 £ 0.1
[82]=S.|:0'2] So, q]:[ 7.2 ]10-3
Y12 L1?) Y12 -5.25

T _ 49, o5, M-136
£ &2 Yz

Hence once again a failure is predicted in the 2-direction.

(c¢) Tsai—Hill Criterion

The Tsai—Hill equation gives

2 2 2
(f’—') - (UJUZ) + (—ai) + (E) =4.22
oir orr o2r 12

Therefore failure is predicted.

(3.19) (i) For an applied stress of o, = 1 MN/m?, the stresses in the 1-2 direction are

given by
(4] O (4] 0.75
[az] =T, [0,] So [02 =| 025 | MN/m?
T12 Tay T12 —0.433

o _ 1867, 7% =200, 22 = 92.4
o} o2 T12

Hence an applied stress of o, = 92 MN/m? would initiate a shear failure before tensile
or compressive failures occurred.
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(ii) Maximum Strain Criterion

From the data given

. G . % -
B = # =0.035, &1 = % =556 x 1073
1 2
" 6'IC -3 - &ZC
=€ _55x% 1072, =2¢ _0.011
Eic E, X &2¢ E
. P12

== =0.01
Y2 G

£ o £ 1.68
|:€2] =S [az] So | & | =] 219 [107°
Y12 T2 Y12 —10.8

éI”I’ é'21‘ f’l2

— =2082, - =253, — =924
€ &2 Y12

Also,

Hence once again a stress of o, = 92 MN/m? is the limiting condition.
(iii) Tsai—Hill Criterion
Letting X be the multiplier for o,

2
X.0\? X?.0y0 Xo\?  [Xt2)\?
(5) - (50m) + (o) +(52) =
orT orr or T12
Solving for X gives X = 83.8.
Hence the limiting condition is o, = 83 MN/m?.

(3.20) Let N, = 1.2 N/mm (ie o, = 1 N/mm?).
By calculating the matrix {a] we get (for 30° ply).

[ & ] N, 1.235
ey | =a|N, | =|-1.248]| x 1073
L ¥xy N 0

&) ] Ex 6.14
& |=T:|e |=|-627|x10°

xy
Then

L Y12 ] Yxy —21.5
8T o319, 23604, Y2 _06
&1 £ Y12

Hence the limiting condition is o, = 606 MN/m?.

Also,
Oy _ Ex [} Oy
3J-ofg) = [3]-+[2
Txy Yxy Ti2 Txy
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which gives

o 0.787
[az] = [—0.039] MN/m?

T12 —0.148
AT _a415, 2 -s5100, M2 _606
(4] 02 T12

Hence the Maximum Stress Criterion also predicts o, = 606 MN/m? as the limiting
condition.
For the Tsai—Hill Criterion, letting X = multiplier on stress o, then solving

2
X-1\? (X*.0o Xoo\?  [Xtn\?
(A 1)_ Ax02 +(02)+<A1'12) _1
air air o2r T2
gives X = 583.

This predicts a stress of o, = 583 MN/m?.
If this is repeated for all the plies then we get

Table 1
Maximum permissible values of a,, to cause failure in
each ply
Ply Max. stress or Max. Tsai-Hill
strain
8=0° o, = 1201 MN/m? o, = 1067
=~30° 0y = 606 MN/m? o, = 583
6=730 0, = 606 MN/m? o, =583

The limiting condition is thus o, = 583 MN/m? as predicted by Tsai—Hill.

12
(321) K, = o(na,)\2 (1 tan (E))
na w
_P (K (Eﬂ))m
= wp ™) e\ W
_ -3\ 1/2
43 = 25— (x5 % 107)" (1.05)
P =49 kN

12 13.5\% 1 3
(322) CSM: K. = o(na)'/* > a. = { 2o ) ~=906x10"m

N < 2(0:06 x 107%)75% — (1000 x 10¢)~%)
= 3.3 x 10-18(80)12776-35(—10.7)
=3 x 10° cycles
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Woven Roving: a. =34.9 x 1072, so in a similar way
N = 1.14 x 10 cycles
4.1 Qp = 1/27*D?NH sin ¢ cos ¢
= 1/27%(50 x 10~3)?(100/60)(2.4 x 10 >)sin 17.7 cos 17.7
1.43 x 1075 m%/s
nDH? sin’ ¢ (f)
12n L

7 (50 x 1073) (2.4 x 1073)’sin?17.7 20 x 105
12(200) 1

Qr

=1.67 x 107 m*/s
Total flow = Op — Qp = 1.26 x 107° m’/s
The shear rate in the metering zone will be given by

Vs _nDNcos¢ m (50 x 107?) (100/60) cos 17.7
H ~ H - 2.4 x 1073
=104 5!

7PR? —_kp
8Ln

R 7(1.5)*10~° B ( mt/s )
h K="%_ —2.485x 107 | /5
where SLn ~ 8 x40 x 200 x 106 — 2485 % MN/m?

_ 6nnLDN

~ H?uang¢

6m x 200 x 10~® x 1000 x 50 x 100
60 x (2.4)? x 0.3191

QOmax = 1/2m*D*NH singpcos ¢ = 1.436 x 1075 m®/s

(4.2) For the die, Q =

for the extruder, Prax

= 171 MN/m?

Prax =

From graph, operating point is

P =43 MN/m?, Q@ = 1.075 m*/s

New operating point is

P =85 MN/m?, @ = 1.075 m*/s

(4.3) Extruder: Qo = 1/272D*NH sin ¢ cos ¢

= 1/27%(25)® ( %0) (2)sin 17°42' cos 17°42’

=298 x 107% m%/s

479
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20

x10°

-
N

Flow rate {m3/s)
o
(-]

04

0 40 80 120 160 200
Pregsure (MN/m2)

__ 6xDLNn
" H?tan¢

max

1
67(25)(500) (%) (400 x 1076)
= 22 x tan 17°42'
= 123 MN/m?

Die: Q=2{i}p

8nLy

7(0.75)%
_2{8x400x 10~6 x 10}P

Hence the characteristics shown may be drawn.
The operating point is at the intersection of the two characteristics.

Output, @ = 2.13 x 107¢ m%/s

4.4 Q = 1/2xD?NH sin ¢ cos ¢ — nDH?> sin? ¢ (ﬁ)

_K\P
n

but Q
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So

where

So

0 _

d¢

Also

So

x 10" m¥s
305 T T
F /Die characteristic
AV
Output - Operating point
2.00—= 213

\ Extruder
\/ characteristic

/ N\

0 25 S0 75 100 125 150

Output (mi/s)

Pressure ( MN/m2)

3 oinl
0 = 1/2xD*NH singcos ¢ — "2 S @ On

1217 KlL
0= AH sin¢ cos ¢
" 1+ BH3sin’¢
D
—1/27°D*N and B= ——_
A=1/2n an 12IK,

(1 + BH?sin® 9)AH (2 cos? ¢ — 1) — AH sin ¢ cos p(2H>Bsin ¢ cos ¢) _

(1 + BH?sin* ¢) 0
(1 + BH?sin? ¢)(2cos* ¢ — 1) = 2H>Bsin? ¢ cos® ¢ (1)
aQ _a+ BH? sin® ¢)A sin ¢ cos ¢ — AH sin ¢ cos ¢(3BH? sin® ¢) —0o
dH (1 + BH3sin* ¢)
(1 4+ BH? sin’ ¢) = 3BH? sin’ ¢ )

Using (2) in (1)

thus

(3BH? sin® $)(2 cos® ¢ — 1) = 2H>Bsin’® ¢ cos® ¢
(3BH? sin? ¢)(cos 2¢) = 2H>Bsin® ¢ cos® ¢
2¢0s2¢ = 2cos? ¢ — 3(1 — 2sin’ ) = 2(1 — sin @)



482 Solutions to Questions

which can be solved to give ¢ = 30°

Also [1+ BH’sin’ ¢] = 3BH’sin® ¢
I{3 = 1 7 = —2-
2Bsin“¢ B
B [24K1L]’/3
| »D
4.5) F = nR*P, ( ) = 71(0.25)*(50 x 10%) (%)
) m+1 ) 2.6
=2.26 MN
4.6) 5 220 - AB = 100 mm
[ ‘IA Flow ratio = —CBA = -15—0 =50
3 3
= Clamp force = 7R*P ( e )
P - "\m +2
< B 0.5
= 7(110)%140 [ ==
100 7(110) ( 5 5)
= 1.06 MN
4.7
W csa. _ 1/4nD? — 0.25D
s.a. 7T,
(i) DC = Dtan 10°, BC = D/ cos 10°
R F - c.s.a. = D? + D*tan 10° = D?*(1 + tan 10°)
d € 5.@. = 2D + 2D/ cos 10 + 2D tan 10°
8 g csa. _ D?(1 + tan 10°)
saa.  2D(1 + (cos 10°)~! + tan 10°)
=0.268 D
(iif) Bl FG = (D/4)tan30°
A C
c.s.a. = D*(1.5)/4 tan 30°
]
200 D s.a.=6(D/2)=3D

E c.s.a. D
—_—=—=0. D
s.a. 8tan 30 0.216
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(iv) 5 cs.a.=D*/2
sa. =2D+D=3D
Orz}e- c.s.a D?
= _—_—=0.167D
s.a. 6D

(4.8) V= 2nRN = 2_”_"—%'015_"_5 = 0.078 m/s

Q = 2000 kg/hour = 0.396 x 107> m®/s

0.396 x 103
b = vV = ——— =5,
ut Q=HWV;SoH 1% 0.078 5.04 mm
x=+/(5.04 —4.5)150 =9 mm
Now w = 1.786 (ie x/H)
3 x 1.5 x 10* x 0.078
So Py = S X A3 X 10 X 0078 3 o7 641786 + 5.77(0.33)
4.5 x 103
= 0.93 MN/m’
4.9) For Hy=08,x=+(H — Ho® = 10.9 mm, w = 545
Prax = 24.3 MN/m® (same equation as above)

For Hy = 1.2 mm, Prax = 4.9 MN/m®
For Ho = 1.6 mm, P, = 0.86 MN/m?
For Ho = 1.9 mm, P, = 0.073 MN/m?

(4.10) Initial volume of sheet = (1?_2) 4 = nD?

Since the dome formed is a free surface it may be assumed to have a constant thick-
ness, ¢

Final volume = (Z;f) t
#t = ”DZ —> t=2mm
4.11) 60 « =tan~! (99) = §0.54°
10

L=35um, tp =3 mm

(1 +cosa)(H — L)sec a-l
taa =10

35

-

2 H
=0.58 mm

. -
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32

28

24

o

Pressure {MN/m?2)
~ >
//

. N\
LN

N

0
06 08 1.0 1.2 14 1.6 1.8 20
Nip gap {(mm)

When sheet just touches the base
S, = (D(1 + cosar)/sine) — R = 40.82
So L. = 40.27 mm and thus ¢z = 0.48 mm
(4.12) (a) Bsy = 1.8 So Parison thickness = 1.8 x 2 = 3.6 mm
Bsr = +/1.8 = 1.34, Parison diameter = 38 x 1.34 = 50.98 mm

Dy 38
() k=B hy (-D:) = (1.34)° x 2 x (7—0) =262
20h 2 x10x2.62 )
©)P= .- 0 = 0.75 MN/m
Oump die gap

(4.13)

= = 2
Orp  film thickness x (blow-up)?

/ 1
So blow-up = o<z 2.24

Dypbie = 2.24 x 99 = 221.76 mm

Lay flat width = ”TD"- = 348.3 mm
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6nVL(2h — H)
=T
6% 100 x 0.5 x 6 x 1072(0.6 — 0.5)10~
- (0.5 x 10-°

(4.14) AP

= 14.4 MN/m?

To—T\ __ (—hpt\ _ _ (—hat
@.13) (To—Ti) ‘°"p(pcp) ‘°""( HE )

where a = k/pC, = thermal diffusivity and H = wall thickness = 1/8

300—23 3 x 10-3 x 230
t = 484.4 s = 8.07 minutes

300 —250 (—28.4 x 8.6 x 10—%)

mass 150 x 1073
= m

(4.16) volume =

1200
150 x 1073 x 10°
' RH=—"5"-_"—_" "~
So 14 1200
150 x 108
= =1.77
7 x 1200 x (150) mm
2 2
Also ‘e v 3 x 10* x (150 x 10°) 19
8aFH* 8m x 108 x 100 x 103 x 1.77% x (1200)?
3T 3WR 3W
5.1 e el Pl A
Also y = 6 = o o
Y= 2T 0x5 " 200
W(g) t(N/m?) 6 y(s™) n=rt/y
50 374.5 0.57 2.85 x 1073 1.31 x 10°
100 749 1.25 6.25 x 1073 1.2 x 10°
200 1498 2.56 1.28 x 1072 1.17 x 10°
500 3745 7.36 3.68 x 1072 1.02 x 10°
1000 7490 17.0 85 x 1072 8.8 x 10*
2000 14980 42.0 0.21 7.13 x 10*

A graph of n vs. T gives

=1 x 10* N/m? and n = 8 x 10* Ns/m?
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(5.2) For a Power Law fluid

y o ()"
So. Q o (AP)'"
or logQ o 1/nlog AP

So the slope of a graph of (log @) against (log AP) will be a straight line of slope 1/a
if the Power Law is obeyed. From the attached graph 1/n = 1.268 so n = 0.7886

Consider the point, Q = 0.8 kg/min and AP = 5.2 MN/m?,

-3
_H@P) _ 2 x 1073 x 5.2 x 10¢ - 1.04 x 10° N/m?

2L~ 2x50x107?
10
v
/

~ A
< A
£, Slope = 1.268 =t
g n=0778

® A

8
3
w

/ -
01
1 10 100

Pressure drop (MN/m2)

{21\ 6Q 2(0.7886)+1) 6x08x105 \ .
Now y = ( n ) TH? — ( 3(0.7886) 0% 004 x 622 ) — 0638
but = 1o}"

1.04 x 10°
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(5.3) Cone and Plate

6 0.062
_=M=1_lgs-l
]

3n
3T 3x1.18

= = = 10.7 kN/m?
2R ~ 21 x (31.5 x 10-7)} m

True shear rate, y =

Shear Stress, vt

Ram Extruder
. 4Q 4 x70 x 10~°
V=3 =  ax107

PR 39x10%x1

LT T 2x 3

=89.1 57!
0 =70 x 10°

T = = 60.9 kN/m?
. 4x200x 1077
T ax10°°
_ 5.7 x10¢
To2x32

(60.9> _ ( 89.1 )
89.1/ ~ \254.6
Son =0.362 and 70 = 11.98

Now the cone and plate gives true shear rate whereas the ram extruder uses apparent
shear rate. The Non-Newtonian correction factor is

4n 4 x 0.362
= =0.
<3n + l) (3(0.362) + l) 69
Therefore the true shear rate on the cone and plate is equivalent to a shear rate of
0.69(1.18) = 0.817 on the ram extruder

=254.6 5"
Q=200 x 107°
= 89.1 kN/m?

but r = pp"

At ¥y =0.817 t=11.98(0.817)"%% = 11.13 kN/m?
11.13 — 10.7
% difference = Yo7 = 4.06%
(5.4) If the material is assumed Newtonian and the shear rates are equated then
60, _ 40:
TH? 7R3
ATH?Q,
= 1
(07} P (N

If the material is Non-Newtonian then the true shear rates should be equated

(2n+l) 602 (3n+l)4Q1

3n = 4n 7R3

TH? ~

_(3n+1 3\ 4TH?Q,
Q"( an )(2n+1) 6nR? @
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So for n = 0.37 correction factor = 0.9094
Error = 1 — 0.9094 = 0.0906 — 9.06%

Now yxQand rxy" x Q"
and P o t then P x Q"
n
So Correction Factor = ((M) ( 3n ))
4n 2n+1
for n = 0.37 Factor = 0.9655

Error = 1 — 0.9655 = 0.0345 — 3.45%

40 _4x212x10°
¢ Y= = max oy -0

From flow curves n = 1.3 x 10> Ns/m?, G = 3 x 10* N/m?
. n  13x10° 2
N time = — = —— =4.
So atural time G A 10 Ix107“s
. V w3 x107%)? x 37 x 1073
D ti == =0.
well time 0 712 < 106 05s

So flow is mostly plastic.

60 6 x 0.75 x 102

5.6) Y= TH T Gx 1091 x 1097 =

09s

From flow curves 5 =2 x 10* Ns/m?, G = 1 x 10* N/m?

So Natural time = % = 2 seconds
Dwell time = 1 second so flow is predominantly elastic.
5.7 Q=AV = % x 252 x 107% x 50 x 10~% = 24.54 x 10~ m*/s

60 6 x 24.54 x 10~6
T THT  wx25x1073 x 1 x 10-6

Y = 1953 57!

From flow curves at y = 1953 s~!, ¢ = 3.2 x 10° N/m?,

PH _ _ 32x10°x2x30

= L p = 19.2 MN/m?
= 1 2 MN/m
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(5.8) Flow rate = 3 m/min

Area = 2{(15 4 15) + 7(8.3)} = 112 x 107¢ m?

—6
0= ﬂzo"—lo_ =5.6 x 10-5m®/s

.60 6x56x108
Y THT = (30+26) x 22 x 109
=150s7!

from flow curves, at y = 150 s~!, = 1.5 x 10° N/m?

2L .
AP=—t=2XIOXISXI05=1.5MN/m2
H 2
Power = PQ
Power = 1.5 x 10% x 5.6 x 107

=8.4 Nm/s (=84 W)

The temperature rise AT is then given by

AP 1.5x10°

AT =

(5.9) Flow rate = 3 m/min

Area = (30 x 2) +2(13 x 2) = 112 x 107® m?

3 x 112 x 1076
Q = x_60x‘——— = 56 = 10_6 ms/s
-6
_60 _ 6x56x10 150 s
TH?  (30+26) x 2% x 10~°

from flow curves, at ¥ = 150 57!, r = 1.5 x 10° N/m?

14

2t 2x10x 1.
AP=—Ft= X 0x215XI05=1.5MN/m2

Power = PQ
=15x10°%x 5.6 x 107
=84 Nm/s =84 W
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From flow curves, at y = 150

G = 3.05 x 10* N/m?
So, Yr=1/G =492
From graphs for swell ratio Bsy = 1.41, Bsy = 1.99

Thus approximate dimensions of extrudate would be 42.3 mm deep x 21.2 mm wide x
3.98 mm thick.

_ 60
T TH?

_ 6x46x 1073

T (r x 30)(1.5 x 10-3)2

=13x10% 7!

<

So from the flow curves, at ¥ = 1300 s~!

r=2.6x 10° Nm~?
G =5 x 10* Nm™?

L
G

Yr= =52

From swell ratio curves
at yp = 5.2, BST =141, BSH =2

h = B hd (%)

h = (1.41)%(1.5) (?—‘g) = 1.5 mm

(5.11) From the flow curves, 79 = 3 x 10* and n = 0.33

n+1 n/(n+1) P 1/(n+1) H n/(n+1)
L= - il
=) GG

1.33\ 033133 100 x 10 1/1.33 1 0:33/1.33
L= (ﬁé) 3 x 10° (5) =33 mm

_ P 1/(n+1) H n n n(n+1) n/(n+1)
G2 L= (50) (7) 8t <4n+1> <3n+1) ((2n+1)2)
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Ty-T, 128 — 60 oty
= = =0.62 Fo=0295=—
AT =17, 10— 62> Fo=0 2
0. 0.52 x 106
So ty = 295 X = 0.74 seconds

10-7

- 0.33
[ [100x 1P\ 1 (1) 6x074x0.3% x L33\ 19 _ o
“\ 3x 104 2 2.32 x 1.99 x 1.662 -

For a Newtonian fluid, n = 1

2 106 x 0.74)
L=0.13(ﬁ) H=0.13(M) =101.9 mm
n

1.2 x 102
120 - 50
.1 T=——=0.
(5.13) A 230 =50 0.39
at
So, Fo=048 = s where x = 1 mm
0.48 x 1 x 1076
= W = 4.8 seconds
T:-T, 90 — 30
1 = = =0.3
(5-14) AT T,-T, 230-30 0
Fo=058=%
X
332
t=0.58x(2x 107°) — 2325

1 x 10~7

for the runner, AT also equals 0.3 so Fo = 0.29. To cause freeze-off in 23.2 seconds
then

1 x 1077 x23.2
R2
R =12.83 mm runner diameter = 5.66 mm

029 =

(5.15) Since the power law equations are going to be used rather than the flow curves,
it is necessary to use the true shear rates.

e ._(3n+1) 4Q _(3(0.35)+1) 4x5x107°
Y=\"an Jzr = 40235 7 x 1.5% x 109
=276 x 10* s~

Now 7= 73" =40 x 10° (2.76 x 10*)"" = 1.43 MN/m’

At _2x25x143_ oo,
R L5

0.35
)

PR
N =— So P=
ow T 2L (¢]

(5.16) Volume flow rate,

2 -3)2 -3
Q=nRtH=7t(60x10 l) (3x10 )=3.39x10_5m3/s
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From Fig. 5.3, no =3 x 10* Ns/m? (ie nat y = 1 s™') and n = 0.33.
So from illustrative example (5.3)

(21" ne@y IR
P‘Q"( 2nn ) HP (T =n)

= 1.05 MN/m®
_ 114 — 50 at

(5.17) AT = 0531~ Fo=035=—

~ 170 - 50

1x1077 x3
= {/ ——— =0.926 mm
*=V"035 926

gate depth = 2x = 1.85 mm
6Q 60 6x4x107%x10°
-—)

Now TH = T = JH7 = 1000 x 3 x 1(L857 6 mm
From Fig. 5.3 at = 1000 s™!, ¢ = 2.9 x 10° N/m?
PH 2Lt 2x0.6x29x10°
= goP="" = = 0.19 MN/m?
T T H 1.85 fm

Ho=H)+2Ltana
Hy =0.5+30tan3° = 2.07 mm
T =nD = 407 = 126 mm

60 6xloxi0® oo

Y'= THZ = 126 x 10-3(0.5 x 1032

) 0.5 \?2 I | . o )
5 =1910( 50 ) =111s7, & =z(1)w@n3 =257 - oy = 0.45 MNm

& = jpptana = 1/3(1910)tan3° =33 57! —» g, = 7.5 MN/m?

For the tapered section,

_4ymM)Y? 4 x 111(1150 x 2.25 x 10%)'/2
T GntD 199

= 3.6 MN/m?
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p_ T 1_(11,)2" _ 36x10° 1_(0.5)‘”’6
"7 2ntana Hy " 0.66tan3° 2.07

= 6.3 MN/m?

Py =1/20, (1 - <:—;)2) =1/2x75 (1 - (%)7

= 3.53 MN/m?

Parallel Section,
2Lt 2x6x107% x 3.6 x 10°

po=F _ =86 :
*=H 0.5 x 10-3 MN/m
Total Pressure loss = 22.1 MN/m?
At exit, ¥ = 1910 So t = 3.6 x 10° N/m?, G = 5 x 10* N/m?
36
So == 7.2 — By =2.43,Br = 1.56

So wall thickness = 1.21 mm, diameter = 62.4 mm
(5.19) Assuming no swelling at the die exit

6V 6x15x103
2P 12057!
H = 0755x105 208
From the flow curves, T = 1.3 x 10° N/m?* G =3 x 10* N/m?
So yg = 1/G = 4.4 and so By = 1.85, By = 1.36

0.75 x 103

NewH=—"""~ =041x 1073
ew 1.85 xmom

New V =15 x 1072 x 1.85 x 1.36 = 37.7 x 1073 m/s

y =

6 x 37.7 x 1073
So, )= —— T 5§52
© Y= 7041 x 103 Zs
This gives =22 x 10° N/m?, G = 4 x 10* N/m?
So, v = 5.5 and By = 2.08, By = 1.455
075 x 173
New H = """ =0, -3
ew 208 036 x107° m
New V = 15 x 2.08 x 1.455 x 1073 = 45.39 x 107> m/s
6 x 45.39
S p=— "7 —756.65""
0, 036 56.6 s

And so on until the iteration converges, at which point

H =0405x 10> m, D=29.2mm
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6 100 x 10~¢
(5.20) g 02 _ 6 x 100 x 10 5 =764 57!
TH, 7 (250 x 10-3) (1 x 1073)
so from flow curves T = 2.4 x 10° N/m?
2 24 0’
P, = _LE = gﬁx—“_ = 2.4 MN/m?

H 1
Hj3; = H; +2Ltano (where @ = 1/2 angle)

Hy=1+2(12)tan(1)° = 1.42 mm

At By, y=7645s"!,6=1/3ptana
= 1/3(764)tan(1) = 4.45 57!
2n
So Pn = 2n::ma [1 - (:ITz) ]
__24x10° [1 _ (_1_)0-“}
2(0.33) tan(1) 1.42
= 4.3 MN/m?

=21 ()]
_ 1x2106 [1—(%)2]

= 0.25 MN/m?

Total Pressure loss = 6.95 MN/m?
_ 60 6 % 100 x 10-¢
T TH?2 ~ m(250 x 10~3) x (1 x 10-3)2
=764 57!
From flow curves, 7 = 2.4 x 10° N/m?
G =4.1 x 10* N'm*

T 24x10°
G tixier 08

From swelling ratio curves

BSH =2.19 and Bgr = 1.48

At die exit, 2

YR =

So Bubble thickness = 1 x 2.19 = 2.19 mm
Bubble diameter = 250 x 1.48 = 370 mm
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(5.21)

60 6x4x10°

"= THT T 1022 x 109
=600 s~
Vs = 6667 57!
&2 = 1/37; tana
= 1/3(600) tan 5°
=175s""!
by = 19457
°= 4(;:;?1)11/)2 - 10129>; 225} 197 _ |} 4 MNm?
= ZHﬂ _ 2 102_1"13;‘: 18 _ 5 4 MNm?

52

_ H3\™\ 57 x10° <0.6)°-“ B )
" 2ntana (1 B (H_2> ) ~ 0.66tan5 ! 2 = 3.4 MN/m

2 2
Pe=1/203 (1 - (%) ) = 1/2(43.6 x 10%) (1 - (?) ) = 19.8 MN/m?
2

_2Lt_2x10x10”3x5.7x105

H 0.6 x 10 = 19 MN/m*

Py,

Total pressure loss = 58 MN/m?

(5.22) (a) As shown in the text, the flow rate of a power law fluid in a circular section

is given by
n+1 n P \n
— R2 R(n+l)/n l
¢ (3n+1)’r <n+l)(2€no) 1

Now for a volume flow rate, Q, the volume in any increment of time, dt, is Qdt and
this is equal to mR%d¢

Qdt = nR*d¢

So from (1)

1/
afde = (" \ar? (22 Retomg,
3n+1 2€no

P 1/n
£/nde = ( t ) (—) RO*D/ gy
3n+1 27)0
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1
nt _ ( n ) (L) " Ro+/m,
n+1) 3In+1 2no

f(n+1) 1/(n+1)
So t= ( ntl )n " (L) forD sty
3n+1 210

(b) If the cross-section is freezing-off then the radius of the channel will be changing

with time and is given by
1\ 13
r=R (1 - (—) )
i

de n P\
So si - (n+1)/n
0 since m (3n T 1) (uﬂo) r
de 1/n 173\ \ (a+1/n
- [ C 1-(1)
dt 3n+1 2€nq te
P 1/n 1/3 (n+1)/n
s £ de = ( ‘ ) (—-) RO+ ) d
° n+1) \2tm !

= () () 2 (o (51) (o) (5)

n+1) In+1 2no 4n + 1 3n+1 2n+1
P 1/(n+1) n n(n nf(n+1)

e_(2_no) R(6" (4n+1) ((3n+1)2) (2n+1))

(5.23) From the equations in the previous example

tf n n n n/(n41)
T (6(4n+1> (3n+1) (2n+1)>

For a Newtonian fluid, n = 1 so £7/¢ = 0.316
For a Non-Newtonian fluid, n = 0.3€,/¢ = 0.424
(5.24) (a) As shown in the previous examples, if the pressure is held constant

= (3" :ll)nlwn (E}":—)V(HH)RV'/"H)
n 0

n+1 2( n )( P )'/" 1)/
bt = R —_— R n
ut Q (3n+1)” n+1) 2

So substituting for £ gives
n+1 n/(n+l) 1/(n+1)
e= (3n+1) ( )(Znot)

_(ﬁ)“"” 5 x 0_,)3( 3) 140 x 100\ "?  7.53 x 107
“\19 o 13/)\2x10¢ ] T pe
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(b) As shown in the text for the flow of a power law fluid in a capillary

dR\ "

o= (2t [2] weme (1)
3n+1 2no n+1

e = (557) () 7o

but Qdt = nR?d¢ So dt = (Qdt)/nR*)
200" =( nn ) dP

. R2 . R3n+l
m+1) ot "

nn )n 71’R3"+3 -dP

3n+1

2nograr = (
which may be integrated to give
_ 2no Q™! (3n + l)"t— 2 x 104(7 x 1075)13 ( 1.9 )o_gt

p=10%
R +3 nn (5 x 1073)39

= (29.36t) MN/m?

0.3

The variations of Q and P in each case are shown in the attached graph.

28h 260

24 / 240
S 20[i—Q (for constant 200
- injection pressure / ~
> of 140 MN/m2) / 3
w16 4 160 Z
E =
o S
g 12 120 @
c N\ g
2 P {for constant a
9 injection rate
'E‘ 8 / of 103m3s) 80

[3 40

\
(4] 2 4 6 8 100
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(5.25) Volume of cavity = 50 x 10 x 3 x 10™° m®
So time to fill this = 1.5 seconds
Gate: volume =2 x 4 x 0.6 x 10~° m?

So time to pass through = 4.8 x 10~2 seconds

60 6x107%x 10°

= = = " 3755
Y= TH? ax 22 5
From flow curves, T = 2.1 x 10° N/m?
2L X 1 x 10°
p= Lt _2x06x21x10°_ 5 MNm?
H 2
Runner: volume = 7(4)? x 20 x 10~° m?
time to fill this = 1 second
40 4x1x107%x10°
V= — = =20 -1
V=R 2@y s
2 x 20 x 7.6 x 104
So r=76x 10* Nim? — P = =X x5 X 7 — 0.6 MN/m?

Sprue, etc: time to pass through = 1 second
pressure loss = 0.6 MN/m?

Total time to fill = 1+ 1 + 1.5 = 3.5 seconds
Now, as shown in previous example, for a constant flow rate situation the pressure

build-up in the machine is given by
2npQ"*! [3n + l}"
P= t
TR3n+3 n

For Pz, n =0.33 and 5o = 3 x 10* (from flow curves)

2% 3 x 10%(1 x 107°)1.33 [ 1.99
- (4 x 10-3)39 0.337

Therefore after 3.5 seconds P = 4.7 MN/m?.
But Pressures losses = (0.6 + 0.6 + 0.13) = 1.33 MN/m?
So packing pressure = 3.37 MN/m?

0.33
] r=1.34 x 10%

T, —Tn
(5.26) The temperature gradient, AT = T‘ T
70 — 20
=——" =029
AT =190-20 =" 2
. ot
From Fig. 5.23, Fo=029 = )

o 0.29 x (1.5 x 10732 6
- 1 x 10-7 -
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Since the haul-off speed is 0.4 m/s, the water bath would need to be at least (0.4 x 6) m
long ie 2.4 m.

(5.27) Using the equation derived in the text:

Lo (2 ey () () (e i
H‘z(no) f(4n+1 (3n+1) (2n +1)

where the freeze-off time may be calculated from

4x? 4 (T—Tu
tp=——In|= (2"
nea b3 Tf—TM

Using the data given, the flow ratios will be

Material Flow Ratio (L/H)
LDPE 240
polypropylene 220
polystyrene 165
PVC 60
POM 121
acrylic 86
polycarbonate 32
nylon 66 30
ABS 123

Note the 59 and n data from Table 5.2 has been used even though the temperatures
quoted are not always the same as the moulding temperature.

(5.28) h = B hy (g"-)

2.5 x 100
S By = (| =————— =1.
0 ST V 7% 40 1.46

From Fig. 5.11 at Bgr = 1.46, yx = 5.5 =1/G

From the flow curves the value of shear stress to give /G =5.5 is 7 =2.25 x
10° N/m? (also G = 4.1 x 10* N/m?). From the flow curves at T = 2.25 x 10° N/m?,

6

y=620= FHQ—Z — Q=52 x 1078 m*/s = 147 kg/hour
h 2% 2.5 x4 x 108

p=2h _2X23xX4X10_ ) 105 Nim?
D, 100

So the suggested pressure would cause melt fracture.
(5.29) Stress = pL = 730 x 9.81 x 0.4 = 2.86 x 10* N/m?
From flow curves A = 2.25 x 10° and E = 4.6 x 10*



500 Solutions to Questions

So characteristic time = A/E = 4.95

1 t 1 1

= — 4+ - ] =730 x 9.81 x 0.4 =0.
Also ¢ ”L(2£+A) 730x9.81x 0 2x4.6x104+2.25x105] 0.044
So 8L =0.044 x 0.4 =0.017 m = 17 mm
(5.30) For the overall change of temperature and pressure

7)/’7R — IOAAT+BAP
For acrylic, n/nr = 1012832 —40)+(9.54x S0 _ 4 53
Similarly for the others n/ng = 0.95, 1.415, 2.03 and 1.28.
Also for n/nr = 1,AAT = —BAP
AP 2832

li — = =297 2

For acrylic AT = 054 97 MN/m*"C

Similarly for the others, (AP)/{AT) = 1.17, 1.87, 3.07 and 1.93
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ABS, 3, 11, 16, 20, 26, 33, 131, 135,
149, 283, 295, 308

Acetal, 4, 14, 59, 61, 76, 149, 418

Acrylic, 4, 15, 33, 34, 59, 90, 124, 136,
149, 283, 308

Activation energy, 136

Alloys, 11

Aminos, 17

Amorphous, 4, 15, 137, 405, 420

Antioxidants, 3

Antistatic agents, 3

APC, 8, 328

Apparent shear rate, 371

Apparent viscosity, 352, 371

Aspect ratio, 171

Atactic, 418

Autoclave moulding, 332

Axial stress and strain, 219, 430

Bakelite, 2, 17

Bearings, 29

Bending stiffness matrix, 197

Biot number, 393

Blister forming, 307

Blow moulding, 268, 304, 385, 387
Blow-up ratio, 267

BMC, 334

Boltzmann’s Superposition Principle, 95
Breaker plate, 250

Brittle behaviour, 135

Buckling of ribs, 79

Bulk modulus, 57

Calcium stearate, 3

Calendering, 313, 315

Capillary viscometer 369

Carbon fibres, 28, 39, 168, 181, 189,
192, 228, 233, 328

Carreau, 352

Celluloid, 2

Cellulose, 1

Centrifugal casting, 337

Charpy impact, 152, 155, 157

Chemical resistance, 5

Chopped fibres, 329

Chopped strand mat, 329

Clamping forces, 293, 326, 401

Clamping systems, 284

Coefficient of friction, 28, 72

Coefficient of thermal conductivity, 31

Coefficient of thermal expansion, 33, 61

Co-extrusion, 275

COl, 34

Cold drawing, 44

Cold press moulding, 332

Complex modulus, 111

Compliance, 52

Compliance matrix, 183

Composites, 8, 168, 327

Compression moulding, 323, 334

Compression zone, 246

Compressive modulus, 57, 68

Concentric cylinder viscometer, 370

Cone and plate viscometer, 369

Coni-cylindrical dies, 357
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Contact moulding, 330
Copolymer, 419

Corrugation design, 81
Coupling agents, 3

Coupling effects, 200
Coupling matrix, 196, 209
Crack extension force, 122
Crazing, 137

Creep, 24, 41, 86, 88, 93, 232
Creep compliance, 52

Creep contraction ratio, 58
Creep failure, 134

Creep fracture, 25, 134, 136
Creep modulus, 49, 87, 88, 106
Creep rupture, 25, 134
Critical fibre length, 227
Critical flaw size, 133

Critical oxygen index, 34
Critical volume fraction, 176
Cross-linked polyethylene, 13
Cross-linking, 5, 170, 326
Crystalline polymers, 4, 405, 420
Cyclic frequency, 110, 140

Deborah number, 368
Degradation, 26

Degree of polymerisation, 2
Density, 22, 30, 67, 171
Desirability factor, 39

Die entry losses, 360, 382
Die swell, 363, 383
Dielectric strength, 32
Distribution tube system, 292
DMC, 9, 304, 324, 334
Drag flow, 252, 274

Drape forming, 307
Draw-down, 267, 270, 382
Dual sheet forming, 309
Ductility, 24

Ductility factor, 133
Dynamic loading, 110

Effective creep modulus, 106
Elastomers, 9, 10

Electrical properties, 32, 173
Electro-magnetic interference, 33
EM], 33, 299

Empirical analysis, 103
Endurance limit, 141

Energy, 18

Index

Engineering plastics, 6

Environmental stress cracking, 27, 135

Epoxides, 17, 173

Equivalent section, 67

ESC, 27

EVA, 11, 26

Extenders, 3

Extensional flow, 359

Extensional stiffness matrix, 196, 205,
209

Extensional strain rate, 345, 388

Extruder/die characteristics, 257

Extrusion, 246, 377

Extrusion blow moulding, 268

Extrusion coating, 273

Extrusion stretch blow moulding, 272

Fatigue, 5, 26, 138

Fatigue limit, 141

Fatigue of composites, 238
Feed zone, 246

Fibres, 3, 25, 168
Filament, 328

Filament winding, 330, 337
Fillers, 3, 169

Film blowing, 265, 379
Filter pack, 250

Fire retardant, 34

Flame retardants, 3
Flammability, 34

Flashing, 293

Flexural modulus, 10, 22, 45, 57
Flow coefficient, 260

Flow defects, 375
Fluorocarbons, 5

Foam, 9, 26, 68, 298
Folded chain theory, 421
Fourier number, 391
Fractional recovery, 104
Fracture, 119, 131

Fracture mechanics, 121, 145, 154
Freeze-off time, 397
Friction, 28

Fringed micelle model, 421

Gas injection moulding, 299

Gates, 286

Gelcoat, 330

Glass fibres, 25, 28, 39, 168, 173, 231,
233
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Glass transition temperature, 30, 117
GMT, 8, 328

Granule production, 264

Grp, 25, 28, 29, 238, 330

Hand lay-up, 330

HDPE, 12, 135, 308

Heat transfer coefficient, 393
Hoop strain, 219, 430

Hoop stress, 65, 219, 272, 429
Hot press moulding, 333

Hot runner moulds, 290
Hydrolysis, 26, 283

Imaginary modulus, 112

Impact, 147

Impact behaviour of composites, 240

Injection blow moulding, 303

Injection moulding, 278, 330, 338, 377,
392, 404

Injection stretch blow moulding, 273

Insulated runner moulds, 291

Interfacial shear strength, 227, 231

Interference fit, 64

Intermittent loading, 95

Isochronous curves, 48

Isometric curves, 48

Isotactic, 418

Izod impact, 152

Kelvin model, 87
Kevlar, 9, 168, 190, 233

Lag angle, 110, 112

Lamina analysis, 182

Laminate analysis, 202

Latent heat of fusion, 405
Lateral strain ratio, 58

LCP, 12

LDPE, 12, 26, 33, 132, 135, 308
Leakage flow, 255

LEFM, 121, 145, 154

Linear elastic fracture mechanics, 127
Liquid crystal polymers, 12
LLDPE, 12, 26

Load transfer fibre length, 227
Longitudinal modulus, 179

Loss factor, 112, 114

Loss modulus, 112
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Loss tangent, 112, 114
Lubricants, 3

Matched die forming, 309
Material selection, 22
Maximum strain criterion, 233
Maximum stress criterion, 233
Maxwell model, 85, 112
Mean effective pressure, 294, 401
Mean stress, 143

Melt flow index, 373

Melt flow rate, 373

Melt fracture, 375
Metallocene, 13

Metering zone, 246

Mixing zones, 248

Modulus, 20, 39, 41, 47, 59, 67, 283
Molar gas constant, [36
Monomers, 2

Mould clamping force, 293
Moulds, 285

Muenstedt polynomial, 353
Multi-daylight moulds, 290
Multi-layer materials, 218
Multi-layer mouldings, 66

Natural time, 368

Neck ring process, 272

Negative forming, 306

Newtonian flow, 346, 367

Nip gap, 313

Non-Newtonian flow, 351

Non-symmetric laminates, 223

Nozzles, 283

Nylon, 4, 13, 26, 28, 34, 64, 135, 149,
171, 228, 261, 283, 295, 418

Olefinics, 16

Optical properties, 34
Orientation, 424
Oxidation, 26, 27

Parison, 268

Parkesine, 2

PBT, 8, 11, 15

PEEK, 7, 8, 15, 27, 28, 174, 177, 181,
189, 328

Permeability, 35

Perspex, 2
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PET, 8, 11, 15, 269, 283, 308

Phase lag, 110

Phenol formaldehyde, 17, 326

Phenolics, 8, 17

Pigments, 3

Plane strain, 126, 132, 154, 428

Plane stress, 130, 132, 154, 427

Plastic zone, 133

Plasticisers, 3

Plastics, 1, 3

Plate constitutive equations, 197, 210

Plug assisted forming, 307

Plunger injection moulding, 280, 376

Poisson’s ratio, 57, 58, 59, 126, 173,
183, 426

Polyamide, 5, 13, 283

Polyamideimide, 7

Polyarylether, 7

Polycarbonate, 4, 9, 10, 16, 26, 34, 283,
295, 308

Polyester, 5, 15, 17

Polyether sulphone, 16, 28, 59

Polyetheretherketone, 7, 15

Polyetherimide, 7

Polyethemitrile, 7

Polyethylene, 3, 4, 7, 12, 32, 269, 283,
295, 392, 416

Polyimide, 7

Polymerisation, 2, 3

Polymers, 1, 3

Polymethylene methacrylate, 4, 15, 59,
417

Polyphenylene, 5

Polyphenylene oxide (PPO), 8, 9, 16

Polyphenylene sulphide, 7, 28

Polypropylene, 2, 5, 7, 9, 10, 13, 20, 47,
54, 58, 59, 66, 71, 118, 135, 269,
283, 295

Polystyrene, 2, 4, 15, 34, 59, 130, 149,
283, 295, 418

Polyurethane, 16, 17, 26

Polyvinyl chloride, 3, 4, 7, 15, 33, 44, 59,
135, 149, 269, 283, 295, 308, 417

Positive forming, 307

Power law, 293, 351, 396, 399, 403

Pressure bag moulding, 331

Pressure flow, 254, 274

Pressure forming, 308

Profile production, 264

Pseudo-elastic design, 53

PTFE, 1, 15, 28, 32, 33, 417

Pultrusion, 330, 337

Index

PVC, 3, 4,7, 15, 33, 44, 59, 135, 149,
269, 283, 295, 308, 417
PVDF, 26, 28

Rabinowitsch correction factor, 372
Ram extruder, 371

Reaction injection moulding, 302
Reactive extrusion, 278

Real modulus, 112
Reciprocating screw injection, 281
Recoverable shear strain, 345
Recovery, 24, 43, 87, 89, 94
Reduced time, 104

Refractive index, 34
Reinforcement, 3

Relaxation, 42, 87, 89, 93
Relaxation modulus, 49
Relaxation time, 87, 367
Relaxed modulus, 51

Residence time, 367

Residual strain, 109

Resin injection, 335

Resistance, 32

Retardation time, 88

Rheological models, 351

Rib design, 74

RIM, 302

Rotational moulding, 318
Rotational viscometer, 369
Roving, 328

RRIM, 302

Rule of mixtures, 173, 226
Runners, 287, 377

Safe working stresses, 135

SAN, 34

Sandwich mouldings, 66, 298

SCORIM, 301

Screws, 282

Secant modulus, 21, 55

Semi-crystalline, 4, 11

Sharkskin, 375

Shear modulus, 57, 59, 68, 180, 183,
217, 345

Shear rate, 344

Shear stress, 345

Shear viscosity, 345

Shellac, 1

Shift factor, 116

Short fibre composites, 226
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Shrinkage, 4

Shut-off nozzles, 284

Single ply analysis, 182

Sizing, 169

Skin forming, 307

Slush moulding, 323

SMC, 9, 33,334

Snap fits, 71

Specific heat, 31, 391
Spherulites, 423

Spray-up moulding, 331
Sprues, 288

Stabilisers, 3

Standard linear solid, 92, 112
Static electricity, 3

Static fatigue, 134

Stiffness, 18, 23, 38

Stiffness matrix, 184

Storage modulus, 112

Strain, 19, 42, 85, 203, 426
Strain energy release rate, 122
Strain rate, 20, 85, 152, 344
Strain transformation matrix, 186
Strength, 18, 37, 173, 232
Strength of laminates, 236
Stress, 19, 42, 85, 203

Stress concentration factor, 121, 148
Stress intensity factor, 127, 146
Stress relaxation, 25, 42

Stress transformation matrix, 185
Structural foam, 9, 26, 68, 297
Superposition principle, 95
Swelling ratios, 270, 363, 384
Symmetric laminates, 203
Syndiotactic, 418

Tangent modulus, 21

Tensile modulus, 57, 59, 171, 345
Tensile strength, 22, 171

Tensile viscosity, 345, 387

Thermal conductivity, 31, 173, 391, 393

Thermal diffusivity, 31, 391

Thermal strains, 61

Thermal stresses, 61

Thermoforming, 306, 309

Thermoplastic rubber, 10, 16

Thermoplastics, 3

Thermosetting plastics, 5, 7, 17, 170,
304, 328

Time-temperature superposition, 116
Toughness, 26, 154, 155, 283

Tow, 328

TPR, 10

Tracking, 32

Transfer moulding, 326

Transverse modulus, 179

Triaxial stresses, 149, 427
Tsai—Hill criterion, 233

Twin screw extruders, 262

Uni-directional composites, 182, 188
Uni-directional plies, 202

Unrelaxed modulus, 51

Urea formaldehyde, 17

Vacuum bag moulding, 331
Vacuum forming, 306
Vacuum injection, 336
Van der Waals forces, 3
Vent zone, 249

Venting, 288
Viscoelasticity, 25, 42, 84
Viscosity, 42, 344

Voigt model, 87

Volume fraction, 171
Vulcanisation, 10

Waveform, 142

Wear, 5, 28

Weathering, 27

Wedge shaped die, 362

Weight fraction, 171

Williams, Landel and Ferry, 117
WLF equation, 117

XLPFE, 13

Yarn, 328
Yield locus, 132
Young's modulus, 20, 426

Zener model, 92
Ziegler Natta catalysts, 13
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