Process Dynamics and Control Course

Laplace Transforms

»Definition of Laplace transform:

F(s)=L(f (t))= ]O f (t)e*'dt

0

= F(s) is called Laplace transform of f(t).

= f(t) must be piecewise continuous.

= F(s) contains no information on f(t) fort < 0.
= The past information on f(t) (for t < 0) is irrelevant.

= The s is a complex variable called “Laplace transform
variable”

»Inverse of Laplace transform: T (t) = L™ (F(S))
» L and L 1 are linear:
L[af, (t) +bf, (t)]=aL[f, ©)]+bL[f, ()]
=akF, (s)+DbF, (s)

Laplace Transforms

»Laplace transforms of some functions:

» Constant function, « fith
* =50 _ _E Sl
L{a}zj'0 ae "dt = Se

+ Step function, S()
1 fort=0

= = Tt
J=50) {0 forr<0 rl

:0(1]:1 ;
o s) s

+ Exponential function, ¢? -
Sith <
L{eim} =I: ey =L geer| 1 ;}<b:»o

s+b ., S+b \ i

L{S(Z)} _ J‘:e_“dt =,le‘“

8§
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Laplace Transforms

»Laplace transforms of some functions:

* Trigonometric functions
— Euler’s Identity: ¢/”' =coswt + jsin ot

cos ! = l(e’”” +e ) sinwt = L_(e”"’ —e )
2 2j

sinor

Lisnog=L{Lo<}- L{Leml-L

2j

1
s—jo s+ jo

S +w”

j=v-1

2
* Rectangular pulse, P(/)

1 1 K
+ =i 5
s—jo stjo) s+

Slth
h

0 forz>t,
f()=P(t)y=1h fort,>t>0

0 forz<0

T —st _ h —st " _h —1,8
L{P(f)}=_[0 he"di = e U —;(lfe )

Laplace Transforms

+ Impulse function, o(¢)

0 forr>t,
f(nH=0()= }l_rﬂ) 1/¢t, fore, zt=0
' 0 forr <0

e df =lim—
1, —0 IH-S

SO g 10
=0 g'(1)

Lo 1
Lis)=lim[} -
L'Hospital's rule: lim
t—0 g(f)
*+ Ramp function, ¢

L{t}=["wedi

«© e—.w
—[ =
0 (

:Leiw
—5 ) —5

(Integration by part )

»Laplace transforms of some functions:

1 (1-e™)=1

]

1= 1
;.[n e dt:S—

S Il]_l
14,

2 \ 1 P
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Laplace Transforms

»Refer to Table 3.1 (Seborg et al.) for Laplace transforms of
other functions:
0 F(s)
1. 8(f)  (unitimpulse) i
2. S(t)  (unit step) 5
1
3.1 (ramp) s—z—
(n—1)!
4 ,n»l _y" i
1
- s+b
| - 1
6. 7€ s+ 1
’n—le—hl 0 1
L= *=% G +1b)"
1 - -7
& sm=i" s + 1)1"
1 byt __ 5=bit
9'bl‘bz(eb~_8b) (S+b1)(_s+bz)

Laplace Transforms

Table 3.1 Laplace Transforms for Various Time-Domain
Functions? f(t) o)
1 _—
10, gy (e — €) (rys + (s + 1)
+b
by = b1 iy B3 72 b L B
=5 Bk G+ o0+ b)
1T =T gy L7 i st 1
lz-ﬁ‘flf"’!c +E"’2*fl (135 + 1)(mps + 1)
1
13. 1 — et =D
L) —
14. sin ot e
5
15. cos wt 57:;
®cos ¢ + ssind
16. sin(wt + ) _782,____+ .
B B
17. e sin ot i
b, w real s+ b
18. e P cos wt (?-1:_13)2_*':15
— 1
1 1 ——
19, ———— e~ sin (/1 — L2 1/7)
-0 st + 21 + 1
(0=l <1)
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Laplace Transforms

Table 3.1 Laplace Transforms for Various Time-Domain

Functions? f(t) F(s)
1 —ti, ~tl%y — 1 __
2. 1+ 5= (me™"™ — me™") s(mys + 1)( s + 1)
(m#m)
1 . 2 g - e
2 1= =¥k sin[J1 - Z o+ 4] S + 2as + 1)
w=tant Yo -2 =<1
- S
2.1 - e cos (V1 — L 1) s(s” + 2ws + 1)
+ ]E_? sin (VI — 2 1h))
o=l<1
o Tl ot Ts T2 gty s +1
BA+E to= e s(mis + 1)(72s + 1)
(r1 # ™)
d
ud SF(s) = f(0)
5. 21 SF(s) — s 1f(0) — -2 D(0) — -
~ sfr=2(0) — f-1Y(0)
26. f(t — t0)S(t — o) e " F(s)

“Note that f(r) and F(s) are defined for ¢ = 0 only.

Laplace Transforms

»Properties of Laplace transform:
+ Differentiation
i — ’ L —st|”
L{ 4= [ rear= rine

=s| fedi— £(0)=sF(5)- f(0)
LG

L{dﬂf } = foe

dr"
= sj: f(n-l) et — f(n-l)(O) = [L { d”"f H _f(n-l) (0)

j fo(=s)e"dt (Integratlon by part)

[ esedi=s[ " pre e~ 1(0)

} [ rmede= faye|
=s(sF(s)— f(0))— f'(0) = s’ F (s)— s/ (0)— £'(0)

J' f‘(n 1) ( b)e srdt

dr™!
=S F ()= (O == 0=/ (0)
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Laplace Transforms

»>Properties of Laplace transform:

C O = O, O == N0 =0,y ()
— Initial condition effects are vanished. dr
— Itis very convenient to use deviation L{d:{} = $F(s)
variables so that all the effects of dr*

initial condition vanish.

* Transforms of linear differential equations.
L

() ——>Y(s), u(f)L)U(S)

dy(’)—> Y(s) Gf 3(0)=0)

_dﬁft’) 30+ Ku(t) (7(0)=0) (s + 1Y () = KU(s)
ol =—\‘% I —(7,,—-T; )—)L z'//1"6[ L8 )+("mq+])r ()= T (s)
at & Ty oz

Laplace Transforms

»Properties of Laplace transform:

* Integration

L[ r@az| =] (] r@az)ea
[+]

-5t

@z L[ ea=" wyibp)

« Time delay (Translation in time)

Ji,
J(O)—s [ (1-6)S(1 - 6) L

| '(J I

L{f(-0)St-0)}=[ fu—6)e "di=[" f(x)e ""dr (letz=1-6)
=e” J.Dl f(De “dr=e “F(s)
» Derivative of Laplace transform

””d(*) —j fetdl = j f- —e' it = j(—r fyedi= L[~ ()]
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Laplace Transforms

»>Properties of Laplace transform:
+ Final value theorem

limf ﬁ et =1im[sF(s)~ /(0)]

50

j Y = f(@) = f(0) =TimsF(s) = f(0) = |f (o0) = lims7'(s)

— Limitation: /() has to exist. If it diverges or oscillates,

this theorem is not valid.

* [|nitial value theorem

hm_[ qg. e dr =lim[sF(s)~ (0)]

§—x

hmj f edr=0= 11m sF(s)— f(0)={ f(0)=limsF(s)

§—x

Laplace Transforms

Example. Find the Laplace transfer of:
1.5t for0<r<?2

1) = 3 for2<t<6 g
o for6<t 4y
0 forz<0 ’ ¢

F()=1.5tS(t) - 15(:-2)5(:-2) 3S(1-6)
LF(s)=L{f (z)}_ (1f ‘”)f—e

2
Example. ForF(s)= PR find £(0) and f ().
— Using the initial and final value theorems
2s

f(O)—llmSF(S}—llmz——Z f(oo)_thF(s)—hm——O
= §—5 0s—5

— But the final value theorem is not valid because
lim £(r) = lim2e” =
1= 1—x
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Laplace Transforms

Example. What is the final value of X given by the following

System? 4 ¥4 x=sint; x(0)=x'(0)=0
, 1
= SX(s)+sX(s)+X = I X(s)= &+ +5+1)
i s
x(o0)=lim =0

520 (87 +1)(s* +5+1)
— Actually, x(o0) cannot be defined due to sin / term.

Example. Find the Laplace transform for (¢ sin wt) ?

AN
From " L[~ ()]
L[t-sinwt]——i{ 26’) 2]— 220)51 5
ds| s +wo (s"+w)

Laplace Transforms

> Inverse Laplace Transform:

f(t)=L"(F(s))
= Used to recover the solution in time domain:

— From the table

— By partial fraction expansion
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Laplace Transforms

» Partial fraction expansion

— After the partial fraction expansion, it requires to know

some simple formula of inverse Laplace transform such
as:

1 s (n-1)! e
(zs+1) (s+bV +o* 5" T s+ 2Ts+1]

etc.

:N(s): N(s) I T
D(s) (s+p)-(s+p,) (s+p) (s+p,)

F(s)

Laplace Transforms

» Case I: All pi’s are distinct and real:

— Find the coefficients for each fraction:

» Comparison of the coefficients after multiplying the
denominator

» Replace some values for s and solve linear algebraic
equation
» Use of Heaviside expansion
»Multiply both side by a factor, (s+p;), and replace s
with —p;:
N(s)
D).,

a, =(s+p)

—Inverse LT: f(1)=ae™ +a,e ™ +-+a,e
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Laplace Transforms

» Case Il: Some roots are repeated

NG _ NG) by e q,
D) (s+p)  (4p)  Gep) (s+p)

— Each repeated factor has to be separated first.
— Same methods as Case | can be applied.
— Heaviside expansion for repeated factors:

_Lﬂ[wmp)r]‘ (=0mmmr—1)

F(s)

T irds™ | D(s)

— Inverse LT:

f(t):ale—pr +a2te—,ﬂf 4 P

I —
(r—1)!

Laplace Transforms

* Case lll: Some roots are complex

_N(s) ¢s+c¢,  a(s+b)+pBo
D(s) s’ +ds+d, (s+b) +o°

F(s)

— Each repeated factor has to be separated first.
—Then,

a,(s+b)+ po (s+b) @
o2 % 2 2 1 2 2
(s+b)y +o (s+b)y +w (s+b)y +o

where b=d\ /2, @=~do—d’ /4
o =, ﬁ1:(00—mb)/a)

—Inverse LT:  f(/)=a,e™” coswt + e sinwt
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Laplace Transforms

Example. Perform partial fractions of:
+5 A B ,
F(s)= (s+5) _A, B C
s(s+D(s+2)(s+3) s s+1 s+2 543

— Multiply each factor and insert the zero value

(distinct)

L =(A+si+s ¢ + 5 DJ = A=5/6
(s+D(s+2)(s +3)| _ s+l w42 543

(s+5) (A(Hl) C(s+n+D(s+1)J ~B=
s(s+2)(s+3)|,_ s+2 s+3 .
 (s+5 =(A(5+2) B(s+2)+C+D(s+2)j —C23/2
s(s+D)(s+3)], s+1 s+3 ),

(s+5) [A(.s+3) B(s+3) C(s+3)+D) S D——1/3
s(s+1)(s+2)| s+1 §+2 R

— S, 3 7!_1 ~3t
S =L{FGs )}— 2+ e ~2e

Laplace Transforms

Example. Perform partial fractions of:

F(s)= 1 AS il - D (repeated)
(s+1) (s+2) (s+1) (s+2)

1=(As* +Bs +C)(s+2)+ D(s +1)°
=(A+D)s* +(2A+B+3D)s* + 2B+ C+3D)s +(2C + D)
nA=-D, 2A+B+3D=0, 2B+C+3D=0, 2C+D=1
=>d=1, B=1, C=1, D=-1
— Use of Heaviside expansion:

_1d” (OP J
Citds”\ D(s)

s==p

In this example, r = 3 and p=1
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Laplace Transforms

sS+s5+1  a o o
3 + ot 3
(s+1) (s+1) (s+1)° (s+1)
(i=0): a,=(s"+s+1)| =1

s==1

(i=1): a, :%%(SE-FS-FI).

=1
1

2

o ld N
(i=2): al'idsz(s +S+1)L._l

SO ={F(s)}= L'I{ ! - ! - }

+ + +
(s+1) (s+D* (s+1) (s+2)

—i —1 1 2 -t 2

=e —te +—-le e

Laplace Transforms

Example. Perform partial fractions of:
F(s)=— gs+l) :A(s+22+B Cs-nz-D
s (s"+4s+5)  (s+2) +1 S
s+1=A(s+2)s* + Bs® +(Cs + D)™ +4s +5)
=(4+C)s* +(24+B+4C + D)s* +(5C +4D)s + 5D
LA==C, 2A+B+4C+D=0, 5C+4D=1, 5D=1
= A=-1/25 B=-7/25 (C=1/25 D=1/5
As+2)+B 1 (s+2) 7

(s+2)" +1 25(s+2)°+1 25(s+2)" +1
Cs+D 11 11
= =

(complex)

s° 25 s gs

1 7T . 1 1
S =LHF()=——e* cost——e M sint +—+—+
J® { ( )} 25 25 25 5
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Laplace Transforms

Example. Perform partial fractions of:

25
F(s) = l+e =[ £ B ](He“) (Time delay)
(As+DBs+1) (ds+1 3s+1
A=1Gs+D|_ =4, B=1/ds+D|_, =-3
A 4 3 1] de™ 3™
SfO=L {F@}= L - e
FO=L{F®)] {4s+l 3s+1}+ {45’+1 33+1}

_ e—ﬁ:‘4 _ e—f-"} + (e—(f‘z)"‘ — e-(,-Z)-’% )S(f - 2)

Laplace Transforms

» Laplace transforms can be used in process control for:
1. Solution of differential equations (linear)
2. Analysis of linear control systems (frequency response)

3. Prediction of transient response for different inputs
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Laplace Transforms

» Another useful feature of Laplace transform:

We can analyze the denominator of the transform to

determine its dynamic behavior.
1

= For example if: Y(§)=———
P ©) $*+3s+2

The denominator can be factored into (s+2)(s+1). Using
the partial fraction technique:

Y(s)=—2 + 2
S+2 s+1

The process response will have exponential terms e?
and e, which indicates y(t) approaches zero for large
time (stable system).

Laplace Transforms

» Another useful feature of Laplace transform:

= However, if for example: y(s)= 1 _ 1
s?—s-2 (s+1)(s-2)

We know that the system is unstable and has a transient
response involving e? and e*. e? is unbounded for large
time. We shall use this concept later in the analysis of
feedback system stability.
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Laplace Transforms

» Solving ODE by Laplace Transform
Time Laptace
domain domain
0.d.8. e Step 1
Take Laplace
Initial transform
conditions (Table 3.1)
sStepr
olve for
r_ - _ Ni(s)
| ¥ = 5o
1
|
l St
ep 3
l Factor D(s),
1 perform partial
I fraction expansion
|
Step 4
Soluti Take i
%o =] Laplace transform
(Tabte 3.1)

Laplace Transforms

» Solving ODE by Laplace Transform

Example. Solve the following ODE: 5@+4y:2; »(0)=1
dt

L{S Z—};}+L{4y}_L{2} = S(SY(S)*J/’(O))‘FLI-Y(S):E
s

2 S5s+2

(55+4)Y(S)—;+5 = Y(s)= Gs 1 4)

1 -1 O~5 2~5 -0.8r
Ly(n)y=L Y =L {—+ =05+0.5¢"
o) { (S)} { K 55+4} ¢
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Laplace Transforms

» Solving ODE by Laplace Transform
Example. Solve the following ODE:

3 2
9y, 69Y 1Y 16y-4
de o d2 |t

y(0)=y'(0)=y"(0)=0

3 2
L{ i{+6i{+ll%+6y}=L{4}

s Y(s)+65°Y(s) +11sY(E)+6Y(s) = 4
5
4
(s> +65> +11s +6)s

" Y(s) =

Laplace Transforms
» Solving ODE by Laplace Transform

Using partial fraction decomposition:

4 O W
ss+1)@E+2)+3) 5 s+1 s+2 s5+3

Multiply by s, sets =0

4 | —a,+5| 2+ T
(s+1)(s+2)+3)| s+1 s+2 543
4 2

123 %73

5=

For a,, multiply by (s+1), set s=-1 (same procedure for oy
0l):

a,=-2, a,=2, a4——§
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Laplace Transforms

» Solving ODE by Laplace Transform

2 2 2 2/3
Thus: Y(S‘)Zg - —t— - —

s+l s+2 s+3

2 2 2 2/3
Ly =LY(s)l=L4{ = - —+ -
0 { (s)} { 33 s+l s+2 543 }

2

~ e 2
= =2 +2e e

t—> y(l)—)% t=0 y(0)=0.

Exercise. Resolve the dynamic system examples in topic Il using
Laplace Transform. Linearize the nonlinear ODE.
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