Chapter 3

-LI

a) g [e'bt sin oot] = j’e‘b‘ sinwt e %dt = }si not e 'dt
0 0

O _senye |- (S+b)sinat —wcosat] I

B CEET
R
(s+b)* +u’

by £ [e‘bt coswt] = }e‘b‘ cosat e *dt = }coswt e "t
0 0

_ O suty [~ (s+b)cosat +wsinwt] 0T
o (s+b7+of [

__ Stb
(s+b)? +w’

a) The Laplace transform provided is

4

Y(s) =
) s'+3s® +4s* +65+4

We also know that only sin wt isan input, where w= +/2 . Then

X(S): w = \/E = \/E
St e efjof 2

Since Y(s) = D}(s) X(s) where D(s) is the characteristic polynomial (when
al initial conditions are zero),
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2,2 J2

YE = 2
(s"+3s+2) (s°+2)

and the original ode was

2
Y 3Y oy=2/26nv2t with y'(0)=y(0)=0

dt? dt

b) Thisisaunique result.

The solution arguments can be found from

222

Y(s) = >
(s+D(s+2)+(s°+2)

which in partial fraction formis

Y(g =L+ Yz, ASTE
s+1 s+2 s°4+2

Thus the solution will contain four functions of time

et . €2 ., snJ2t , cos2t

-il

a) Pulse width is obtained when x(t) = 0

Sincex(t) = h—ar

tw: h —aty,=0 or t,=h/a

h ————————————
slope =-a bbbt slope=a
X(t) x(t)

slope =-a

b)

x(2) = hS(t) — atS(¢) + a(t -t,) S(t-ty,)

3-2



<)
d)
3.4 I
a)
b)

—sty, _Stm_
X(S):D—i+ae :E+e 1
s g& ¢ s g?

Areaunder pulse=ht,/2

() =55t - 4St2) — St-6)
F(s)= = %(5 4e™ - e'65)

X(t) /

. AN
X(1) = Xa(D) + Xa(t) + Xa(t) + Xa(1)

=at—alt - t)St —t;) —at —2t)St - 2t) + at - 3t)S(t - 3t,)

following Eq. 3-101. Thus
X(S) — %[1_e—t,s _ e'ZI'S + e—3trs]
S

by utilizing the Real Translation Theorem Eq. 3-104.
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- ES) _ B ]
T() =208t + _tS(O ~ - (t30) St30)

T(S) :§+§i2 - @ize_Sos :§+§i2(1_e_305)
s 30s 30s s 30s

s(s+1) _ N a, N o,

2 X(S)_(s+2)(s+3)(s+4)_s+2 s+3 s+4

_ S(s+])
L (s+3)(s+4)

s=-2

_ s(s+)) _
P (s+2(s+4)|_,

_ s(s+))
* (s+2)(s+3)

s=—4

x(t)=e? -6e™ +6e™

X(s):S - + and

b X(9)= stlL . stl
(s+2)(s+3)(s"+4) (s+2)(s+3)(s+2))(s—2))

G3+j[33+(13—jB3
s+2 s+3 s+2]j S+2]j

1

s+1
a, =—————
(s+3)(s” +4)
s+1
A, =——" >
(s+2)(s” +4)

s=-2

8
2
13

s=-3

o+ B = s+1 | _ 1-2] _-3+1i]
T (s+2)(s+3(s-2j)|,_, -40-8] 208

34



1 —2t 2 -3t _3 & 11 %
X(t)=—=e"“" +—e +ZB— 052t+ZB— n2t
® 8 13 20810 20810

= —le‘2t +£e‘3t —iCOSZ'[ +£sin2t
8 13 104 104

s+4 _ qa, + a,

O X e sy @

o, =(s+4)|_, =3

In Eq. 1, substitute any s#-1 to determine a;. Arbitrarily using s=0, Eq. 1

gives
4 o, 3
1_2:T1+1_2 oo a,=1
X(s)=i+ 3 > and X(t)=€e" +3te™
s+l (s+])
1 1 1
d) X(S): 5 = =
+s+1 Sy
s?+s Bs+1g+§ (s+b)f +w
0 O 4
where b== and wzg
_t
x(t) = e snmt=-2e 2sinﬁt
J3 2
) X(s) = __S*L goss
S(s+2)(s+3)

To invert, we first ignore the time delay term. Using the Heaviside
expansion with the partia fraction expansion,

s+1 A B C
+—

_s(s+2)(s+3)_g s+2 s+3

X (s)

Multiply by sand lets — O
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b)

-1 -1

(23 6
Multiply by (s+2) and let s— -2

_ 241 -1
(-2(-2+3) (DO 2

I [

Multiply by (s+3) and let s -3

_~3+1 _ -2
(=3)(-3+2) (-3(-D

Then

X(5)=8, V2 ,-23

s s+2 s+3

A(t):l+1 -2t _ge—St
6 2 3

Imposing shift theorem

X(t) = X(t-0.5) =

fort=>0.5

g =—— = — ="1y4
) s’°(s+l) s* s §°
GZZSZ% =6 a,=0
S ls=0
6
Y(S):S_2
Y(s) = 12(s+2) _a;,  a,s+d

2
3

l 1 g 2(t-05) _

2
3

—e

-3(t-0.5)



<)

d)

Multiplying both sides by s(s*+9)

12(s+2)=a,(s’* +9) +(a,s+a,)(s) or
12s+24 = (0, +0,)s* + a,5+90,

Equating coefficients of like powers of s,

& 0 +0,=0
st as =12

L 9a;, =24

Solving simultaneously,

Y(s) =

8 8
0(125 , 0(2:? , a,=12
Y(s):§i+D 3 D
3s s?+9
Y(s) = (s+2)(s+3) _ O, O, . 0O
(st4)(st5)(s+6) s+4 s+5 s+6
_(s+2)(s+3) _
© (s+5)(s+6)|_,
_(s+2)(s+3) PN
° (s+4)(s+6)|_.,
_(s+2)(s+3) _6
P (s+4)(s+5)|
Y(s) = 1 6 N 6
s+4 s+5 s+6
1 1

asta, . ossta,

[s+1)2 +1(s+2) T (S +25+2)%(s+2)

a
45

242542 (2 +25+2)2

S+2



Multiplying both sides by (s* + 2s+2)*(s+2) gives

1= o4S" + 40;S° + 601 +401S + 0,S° +40,S° +60S +40, + 03 +203S +

04S + 2014 + 0sS* + 40sS® + 8055 + 801sS + 405

Equating coefficients of like power of s,
st ay+as =0

S*: 4oy+ 0y + 405=0

§: 601 + 40+ as +8as=0

s': 4oy + 60, + 203+ 04 + 805=0
S : 4o, + 204 + das= 1

Solving simultaneously:

o, =-1/4 a;=0 03=-1/2 04=0
Y(s) = 2—1/45 N 2—1/28 4 1/4
S°+2s+2 (s"+2s+2)° s+2
From Eq. 3-100
0. . .01
£ gf(t )at ==F(s)
0o S
N l
we know that £ e_TdT[|=l Y |_e‘TJ = 1
O s s(s+1)
U Laplace transforming yields
SX(S) + 3X(S) + 2X(s) =
S(s+1)
2

or ($+3s+1)X(s) =

s(s+1)

Os=1



b)

b)

92
s(s+1)“(s+2)
and x(t)=1-2te'-e?

Applying the final Vaue Theorem

limx(t) =lim sX(s) = Iim+ =2
t-oo -0 s-0 (S+1) (S+ 2)

[ Note that Final VValue Theorem is applicable here]

X(s) = 6(s+2) _ 6(s+2)
(s*+9s+20)(s+4) (s +4)(s+5)(s+4)
x(O):IimD 6s(s+2) D:
_boes(s+2) O
X(e0) =lim

=of{s+5)(s+4)°H

X(t) is converging (or bounded) because [sX(s)] does not have a limit at
s=-4, ands=-5o0nly, i.e, it hasalimit for al real values of s> 0.

X(t) is smooth because the denominator of [sX(s)] is a product of real
factorsonly. See Fig. S3.9a

X(8) = 10s* -3 _ 10s* -3
(s*-6s+10)(s+2) (s—3+2j) (s—3-2j)(s+2)
3 _
%(0) :”mD 10s’ - 3s [l

=10
s-o[{s? -65+10)(5+2)

Application of final value theorem is not valid because [sX(s)] does not
have alimit for somerea s> 0, i.e, at s= 3+2j. For the same reason, X(t)
is diverging (unbounded).

X(t) is oscillatory because the denominator of [sX(s)] includes complex
factors. See Fig. S3.9b.



_ 16s+5 _ 16s+5
(s°+9) (s+3)) (s—3j)
[16s® +5s0_

X(0) =limF—=———[F16
s-o[](s*+9) [

X(s)

Application of final value theorem is not valid because [sX(s)] does not
have a limit for real s = 0. This implies that x(t) is not diverging, since
divergence occurs only if [sX(s)] does not have a limit for some real value
of s>0.

X(t) is oscillatory because the denominator of [sX(s)] is a product of
complex factors. Since X(t) is oscillatory, it is not converging either. See
Fig. S3.9¢c
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Time

Figure S3.9a. Smulation of X(s) for case a)
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Figure S3.9b. Smulation of X(s) for case b)
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I I I I I I I I I
0.5 1 15 2 2.5 3 3.5 4 4.5 5
Time

Figure S3.9c. Smulation of X(s) for case c)

The Simulink block diagram is shown below. An impulse input should be
used to obtain the function’s behavior. In this case note that the impulse
input is simulated by a rectangular pulse input of very short duration. (At
time t = 0 and t =0.001 with changes of magnitude 1000 and —1000
respectively). The MATLAB command impulse might also be used.

3.9 a)

& o+
ERN ]
2+ 2405+ 20

Stepd Transfer Fen2 Transfer Fon3 Seoped

h

Stepi0 3 9 b]
| . 1052'--3 I I:l
Iy
_| + Ul sasZ 2ee20 "
Stepi2 Scoped

Transfer Fend

3.9 ¢}
16z+5 > |:|
s2+0

Step14 Transfer Fonb Scoped

N

Stepi2

Figure S3.9d. Smulink block diagramfor casesa), b) and c).
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3.10

b)

i)

i)

i)

1v)

O

2 2 A B C
Y(S): 5 =— :_2+_+—
s(s“+4s) s°(s+4) s° s s+4
O y(t) will contain terms of form: constant, t, €
Vo= 2 - 2 _A/B,C
S(s”+4s+3) sS(s+D(s+3) s s+l s+3
O y(t) will contain terms of form: constant, €', &
Y(S): 22 = 2 2:é+ BZ+C
S(s“+4s+4) s(s+2) S (s+2)° s+2
0 y(t) will contain terms of form: constant, € , te*
(CEE—

S(s* +4s+8)

S°+4s+8=(s*+4s+4)+(8-4) =(s+2)* + 22

O T —
q(s+2)° +27]

y(t) will contain terms of form: constant, € sin2t, e%cos2t

_ 2(s+) _ 2(s+) _§+ Bs N C

Y(s) = = =
(s S(s®+4) S(s°+2°) s s°+2° $P+2°
A=lim Zs*D _1

s-0 (s°+4) 2

2(s+1) = A(S™+4) + Bs(s) + Cs
2s+2 = AS” + 4A + B + Cs

Equating coefficients on like powers of s
&  0=A+B _ B:—A:—%
s- 2=C ~ C=2
s 2=4A -~ A=

N
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b)

C)

Y2 -@1/2s, 2
0 Y()===+ +
R v

—ECOSZI +gsin2t
2 2

N| -

y(t) =

y(t) = %(1— cos2t) +sin2t

Since convergent and oscillatory behavior does not depend on initial
2
dx (20) _adx(0) _ %(0) =0
dt dt
Laplace transform of the equation gives

conditions, assume

X (5) +25°X (5) +25X (8) + X () :2

X(s) = 3 = 3
(' #2525+ s(s+1)(s+;+\/2§ J)(S+;—\/2§ i)

Denominator of [sX(s)] contains complex factors so that x(t) is oscillatory,
and denominator vanishes at real values of s= -1 and -/2 which are all <0
so that X(t) is convergent. See Fig. S3.11a.
s?X(s) - X(s) = 2
s-1
2 2

T(s-D($-1)  (s-DP(s+])

X(s)

The denominator contains no complex factors; X(t) is not oscillatory.
The denominator vanishes at S=1 20; X(t) is divergent. See Fig. S3.11b.

3 1
s°X(s)+ X(s) = 741
1 1
X(s) = 2 3 =
EED (o jys- srns- 2+ B -2 03 )

The denominator contains complex factors; X(t) is oscillatory.

The denominator vanishes at real s= 0, ¥2; X(t) is not convergent. See Fig.
S3.11c.
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d)

s?X(s) +sX(s) =

X(s) = 4 = 4
s(s*+s) s°(s+))

n |

The denominator of [sX(s)] contains no complex factors;, x(t) is not
oscillatory.
The denominator of [sX(s)] vanishes at s = 0; x(t) is not convergent. See
Fig. S3.11d.

3.5

I I I I I I I I I
1 2 3 4 5 6 7 8 9 10
time

Figure S3.11a. Smulation of X(s) for case a)
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Figure S3.11b. Smulation of X(s) for case b)
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3.12

80

x(t)

-40 L L I I L L I I L
0 1 2 3 4 5 6 7 8 9 10
time

Figure S3.11c. Smulation of X(s) for case c)

18

16

141

12-

10

x(t)

{ I I I I I I I I
0 0.5 1 15 2 25 3 3.5 4 4.5 5
time

Figure S3.11d. Smulation of X(s) for case d)

Since the time function in the solution is not a function of initial

conditions, we Laplace Transform with

M:O

X0==4

TTSX(S) + (T14+T2)sX(S) + X(5) = KU(s)
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K

X(s) = 5
T,1,8° +(1,+1,)s+1

U(s)

Factoring denominator

X(s) = K U(s)

(TS +D)(1,5+])

a  Ifu(t) = aSt) then U(s):%

Xa(s) = Ka Tl % T2
S(T;s+D(1,8+1)

X() = (S, €™ &)

b)  If u(t) = be” then U(s) = br
T, +1
Xy () = Kbr T£T, %1,
(t1s+)(t,s+Y(1,5+])

() = fu(e” , €’ &™)

c) If u(t) =ce” wheret = 1, , then U(s) = —
T,5+1
X (9=
(t,s+D)7(T,5+D)

X =f(e" te™, e

dw
s? +?

d  Ifuft)=dsinwt thenU(s) =

Kd
(s* +w)(1,8+ D (1,5+1)

Xq(8) =

Xa(t) = f(e”", e sinut, cos )
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3.13

3 2
a) d—X3+4x =¢ with d x(20) - KO =x(0) =0
dt dt dt
Laplace transform of the equation,
3 1
SX(S) +4X(s) =——
s-1
X () = 1 _ 1
(s—1(s’+4) (s—1)(s+1.59)(s—0.79+1.37j)(s—0.79-1.37j)
- a, + a, + G3+j83 + as_jﬁs
s-1 s+159 s-0.79+137] s-0.79-1.37j
a= L] -2
to(s+4), 5
o - 1 1
2 (s-1(s-0.79+137j)(s-0.79-1.37j)| _,., 19.6
Oy + jBs = L _ =-0.74-0.59]
(s=1)(s+1.59)(s~0.79~1.37})| o1,
i1
X(§=_5 + 196 , ~0074-0059]  ~0.074+0.059]
s-1 s+159 s-0.79+1.37] s-0.79-1.37]
x(t) = 1o 1 gusa_peom (0.074 cos1.37t + 0.059 sin1.37t)
5 19.6
dx : .
b) E—le =sin3t with x(0) =0
3
sX(s) —12X(s) = —
s+
3 3

X(s)=— = . :
(s"+9)(s -12) (s+3))(s—3j)(s-12)

:a1+j81+a1_j81+ a,
S+ 3] s-3) s-12

3-17



d)

3 . 3 _ 1 4.

(s-3j)(s-12)|_,, -18+72j 102 102’

oy + jB, =

3 1

A =———
($+9)_ 51

s=12

1 4 j - 1 N 4 j 1
X(s) = 102 1_02 4+ 102 1_02 +.51
s+3]j s—-3j s—-12

x(t) = —i(cosf:’t +4sin3t) + L g
51 51

d’x _dx dxt(O) - X(0) =0

'Ei-zr 4'(5'EEE"F 25x = EE with

1
(s+1)(s® +6s+25)

&X(5)+BX(S) +25X(S) + X(8) _il or X(s)=

1 = % +a2+sz +02—B2j
(stD(s+3+4j)(s+3-4]) s+1 s+3+4j] s+3-4]j
1 1 -1
(s*+6s+25)| _, 20

X(s) =
a, =

1 | 1 1
(s+1)(s+3-4j)|_,, 40 80

—-3-4]

a,+jB, = — ]

1 1 1. 1 1

X () = 20 , %_%J 40 80
s+1 S+3+4] S+3-4]

=

X(t) = ie (— cos4t + is n4t)
20 20 40

Laplace transforming (assuming initial conditions = 0, since they do not
affect results)

sY1(S) + Yz(s) =Xu(s) 1)

SY2(S) — 2Y1(S) + 3 Y2(S) = Xx(9) 2)
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From (2),
(S+3) Yz(S) = Xz(S) + 2Y1(S)

1 2
V(9= 5 X9 %0

Substitute in Eq.1

X,(9+ X9 (9

sYi(s) + e

We neglect Xx(s) sinceit isequal to zero.
[s(s+3)+2¥,(5) = (s+3X,(9)
(s* +3s+2)Y,(9) =(s+3X,(9)

s+3 s+3

Yi(s) = X1(9) =mx

S +35+2

()

Now if x;(t) = €' then Xy(s) = L
s+1

s+3 A B C
= + +

O Yi(s) = > = >
(s+D)°(s+2) (s+1) (s+1)° s+2

Ut &2 functions of time.

so that yi(t) will contain €'" | te
For Y;(s)

2 A B C
+ +

Y,(s) = ) = 3
(s+D)“(s+2) (st (s+])° s+2

so that y,(t) will contain the same functions of time as y;(t) (although
different coefficients).
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3.14

d2y() , 5y(0)
dt

d(x-2)
dt? dt

+yt)=4 X(t-2)

Taking the Laplace transform and assuming zero initia conditions,

S2Y(s) + 3sY(s) + Y(3) = 4 €°sX(s) —€2°X(9)

Rearranging,
Y(s) _ _—-(1-49)e™
@_G(S)_ s®+3s+1 @)

a) The standard form of the denominator is: 1°s*+ 2¢ts + 1
From(1),1=1,(=15
Thus the system will exhibit overdamped and non-oscillatory response.
b) Steady-state gain

K= Isip;lG(s) =-1 (from (1))

C) For a step change in x
—(1-4s)e™ 15

X(S):% and Y(s)= (s*+3s+1) s

Therefore §(t)=-1.5 + 1.5¢™* cosh(1.11t) + 7.38e™*sinh(1.11t)
Using MATLAB-Simulink, y(t)= §(t —2) isshowninFig. S3.14

15

L L L L
0 5 10 15 20 25 30

Figure S3.14. Output variable for a step change in x of magnitude 1.5
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f (t) = hS(t) - hS(t -1/ h)

X4 ax = h[S(t) - S(t -1/ h)] . x(0)=0

Take Laplace transform,

X (5) +4X(s) = h% e E

_ _ a, 0O
X(s) =h@-e™'" h(1-e "
(9 =h-e ") = =ha-e g S
1 1 1 1
al: = — , az_— - —-_—
s+4|_, 4 Sle=y 4
h _ O
X(s):—(l—es’h)
4 5 s E
B h m_e—s/h ~ 1 N e—s/h D
4% S s+4 s+4%
0 t<0
X(t) = E(1—e““) 0<t<lh
< 4
h[ —4(t-1/h) _ -4t t>1/h
Ze e
\
08 \

Figure S3.15. Solution for values h= 1, 10 and 100

321



b)

Laplace transforming

[¥(9-90-yO+dsv9 -yl +ovi9 = 5>
($+65+ V(S ~ () ~2-(O)1)= 552
(P+65+9)Y(9) = ——+5+8

s +1

s+s®+s+8s*+8
s®+1

(S + 65+ 9)Y(s) =

3 2
Y(s) = S +8sz+225+8
(s+3)°(s” +1)

To find y(t) we have to expand Y(S) into its partial fractions

_ A + B + Cs 4 D
(s+3)* s+3 s°+1 s°+1

Y(s)

y(t) = Ate® + Be™ + C cost + D sint

s+1

Vo= S(s® +4s+8)

2
Since " <8 we know we will have complex factors.

U complete square in denominator
S+4s+8=5+4s+4+8—4
=S +4s+4 +4 = (s+2)°+ (2)° {b=2, w=2}

U Partial fraction expansion gives
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B(s+2) C s+1

Y(s) =
s s +4s+8 S +4s+8 S(s* +4s+8)

Multiply by sand let s— 0
A=1/8
Multiply by s(s*+4s+8)
A(S*+4s+8) + B(s+2)s + Cs=s+1

AS + 4As+ 8A + B + 2Bs+ Cs=s+ 1

& A+B=0 - B:—A:—é

st 4A+2B+C=1 - C=1+ 2545—454&3

BO BO 4

s 8A=1 A= (This checks with above result)

ol

U8, (-U8)s+2),  3/4
S  (S+2)7+2° (s+2)%+2°

— _ -2t ]
y(t)—%g %Ee c052t+£§e sin 2t

Y(s) =

dC
V—+qC=qC,
ot qt =q.,

Since V and g are constant, we can Laplace Transform
sVC(s) +aC(s) = q Ci(s)
Notethat c(t=0)=0

Also, c(t)=0 , t <0
c(t)=¢ , t>0
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Laplace transforming the input function, a constant,

ol

C(s)=—
so that
SVC(s) + qC(s) = qc—ci o C(g=

m|

ac,
(sV+q)s
Dividing numerator and denominator by q

ce=—3

e

Use Transform pair #3 in Table 3.1 to invert (1 =V/q)

c(t) = ¢ %—e_qt H
H

Using MATLAB, the concentration response is shown in Fig. S3.17.
(Consider V=2m?® C=50 Kg/m® and q = 0.4 m*min)
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Figure S3.17. Concentration response of the reactor effluent stream.
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3.18

KA®
a If Y(§)= ————
) (9 (& +)
. Aw .
andinput U(s) = —— =2 {Asnwt
PULU(S) = 75 o = LA SN}

then the differential equation had to be

% =Ku(t) with  y(0)=0

KA o, a,s o,W
— = ="1y +
S(s®* +w’) s sf+w® sP+w’

b)  Y(9=

KAw | KA

a,=——— —-
s +wl,, W

Find a; and a3 by equating coefficients
KAW= 01 (S+0) + 0,87+0508

KAW = 04 + 06F + 0,5 + 01308
- KA
f: 0=a;+0, —0Op=—-0;= ——
)

S O=0z3w - 03=0

KAw _ KA/« (KA/w)s

U Y(s= =
© s(s® +w?) s s? +@?

y(t) = K—A(l— coswt)
W
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2KA/@ I — T - ‘

|
y() |
|
|

) We see that y(t) follows behind u(t) by 1/4 cycle = 2174= 172 rad.
which is constant for all w

i) The amplitudes of the two sinusoidal quantities are:

y: KA/w
u A

Thustheir ratio is K/w, which is afunction of frequency.
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