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!es Solutions

Many differential equations can’t be solved explicitly in
terms of finite combinations of simple familiar functions.

This Is true even for a simple-looking equation like

1 yn_zxyr_l_y:O

But it is important to be able to solve equations such as
Equation 1 because they arise from physical problems and,
In particular, in connection with the Schrédinger equation in
guantum mechanics.



!es Solutions

In such a case we use the method of power series; that is,
we look for a solution of the form

y:f(x):gocnx”:co+c1x+czx2+c3x3+---

The method is to substitute this expression into the
differential equation and determine the values of the
coefficients c,, ¢4, C,, . . . . This technique resembles the
method of undetermined coefficients.



!es Solutions

Before using power series to solve Equation 1, we illustrate
the method on the simpler equation y” + y = 0 in Examplel.

But it's easier to understand the power series method when
it Is applied to this simpler equation.



qmple 1

Use power series to solve the equation y” +y = 0.

Solution:
We assume there is a solution of the form

2 y:CO+C1X+02X2+CSX3+: gOCrl-x”

We can differentiate power series term by term, so

y'=C; +2C, X +3Cyx2+ =) nc,x"1

n=I



!mple 1 — Solution o

3 y”:2(:2+2-3c:3x+---:§2n(n—1)cnx”—2

In order to compare the expressions for y and y” more
easily, we rewrite y” as follows:

1y = S+ 2)(n+1)c,, X0

n=0

Substituting the expressions in Equations 2 and 4 into the
differential equation, we obtain

>(+2)(n+1c,,,x"+ 2 cx"=0

n=0 n=>0



qmple 1 — Solution

cont’d

or

; S [(n+ 2)(n + 1)c, .  + ¢,Jx"= 0

n=0

If two power series are equal, then the corresponding
coefficients must be equal. Therefore the coefficients of x"
In Equation 5 must be O:

(n+2)(n+ ]-)Cn+2+cn:O

Cn
6 Cﬂ+2__(n+1)(n+2) n=0,1,2,3,...




!mple 1 — Solution .

Equation 6 is called a recursion relation. If c,and c, are
known, this equation allows us to determine the remaining

coefficients recursively by puttingn =0, 1,2, 3,...1n
succession.
Co
—_N- Chr — —
Putn =0: 2 1.2
Ci
=1: Cy3 — —
Put n = 1. 3 W
Put n = 2: = ——2 0 0



qmple 1 — Solution

cont’d

Putn = 3 < ‘l ‘l
’ 45 2-3-4-5 5

Put n = 4: SO . B
56 415+ 6 6!

Cs Ci C

Putn=>5: 7 6.7 516 7 oy
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!mple 1 — Solution

cont’d

By now we see the pattern:

c
For the even coefficients, c,, = (=1)" (2,3)!
Cl
For the odd coefficients, Cyqyy = (=1)"
or the odd coefficients, ¢, = (1) 2n 1 1)!

Putting these values back into Equation 2, we write the
solution as

Y=CptCiX+CoX2+CyX3+CyXt+CsX°+ -+
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!mple 1 — Solution

cont’'d
1 x + x x7 -+ + (—1)" x +
Y 2 L. _ ..
’ 21 41 6l (2n)!
x’% xS )C7 x2n+l
+olx ——+ — + + (—1)"
51 7! 2n + 1)!
o0 x2n o0 xZiH-l
— _1 n + _1 n
€0 ,ZO( ) en) ,ZO( ) 2n + 1)!

Notice that there are two arbitrary constants, c, and c;.
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!es Solutions

Note 1.
We recognize the series obtained in Example 1 as being

the Maclaurin series for cos x and sin X. Therefore we
could write the solution as

y(X) = c,C0S X + €, SIn X

But we are not usually able to express power series
solutions of differential equations in terms of known

functions.

13



!mple 2

Solve y”" —2xy’' +y =0.

Solution:
We assume there is a solution of the form
y =2 CXx"
n=>0
Then
y'=> ncx"1
n=1
and " .
y" = 2 n(n—1)c, x"~2 = 2 (n+2)(n+ 1)c,, X"

n=2 n=>0

as in Example 1.
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qmple 2 — Solution

cont’d

Substituting in the differential equation, we get

E (n + 2)(!’] + :I-)Cn+2Xn — 2X E nCan_1+ E Can: 0

n=0 n=1 n=0

S (0 20+ ey 0= 3 2000+ S =0

n=0 n=1 n=>0

i [(n+2)(n+1)c,,,—(2n-1)c]x" =0

n=>0
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qmple 2 — Solution

cont’d

This equation is true if the coefficient of x"is O:

(n+2)(n+1)c,.,—(2n—-1)c,=0

2n — 1
Cn
(n+ 1)(n + 2)

n=0,1,2,3,...

7 Cn+2 —

We solve this recursion relation by puttingn =0, 1, 2, 3, . ..
successively in Equation 7:

Putn =0: Cr =
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qmple 2 — Solution

cont’d

Putn = 1:
Put n = 2:
Put n = 3:
Put n = 4:

o
C3 2.301

3 B 3 3
4T3 @ 1-2-3-4" 41

5 15 -5
Cs =— C3 = (O Ci

4-5 2-3-4-5 51
7 3.7 3.7
TS5 e 456" e
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qmple 2 — Solution

cont’d

. 9 159  1-5-9
Putn=0>5;: 07_6-705_5!6-7C1_ ) C
o 1 o 3-7-11
Put n = 6: Cg 7.8C6 Q1 Co
o _ 7. 13 ~1+5-9-13
utn=7/7r; Co 8'967 o1 Cl
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qmple 2 — Solution

cont’d

In general, the even coefficients are given by

3711+ -« (4n —5)
(2n)!

Co

and the odd coefficients are given by

1+59« -+« (4n —3)
2n + 1)!

Con+1 — Ci

The solution Is

— 2 3 4 4 ...
Y= Cu+tC X+CyX2+CyaX3+CyX*+
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qmple 2 — Solution

cont’d

1 3 37 3711
2! 4! 6! 8!

1, 15 . 1+5-9 _ 1:5:9-13
—I—clx—l-?x‘—l-—x—l- X'+ Dt R

or

20



!es Solutions

Note 2.

In Example 2 we had to assume that the differential
equation had a series solution. But now we could verify
directly that the function given by Equation 8 is indeed a

solution.

Note 3.
Unlike the situation of Example 1, the power series that
arise in the solution of Example 2 do not define elementary

functions.
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!es Solutions

The functions

and

are perfectly good functions but they can’'t be expressed in
terms of familiar functions.

We can use these power series expressions for y, and y, to
compute approximate values of the functions and even to
graph them.
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!es Solutions

Figure 1 shows the first few partial sums T,, T,, T,, . ..

(Taylor polynomials) for y,(x), and we see how they
converge to y;.

Figure 1
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!es Solutions

In this way we can graph both y, and y, in Figure 2.

=15

Figure 2

Note 4.
If we were asked to solve the initial-value problem

y'—2xy'+y=0 y(0)=1 y'(0)=1

24



!es Solutions

5| Theorem If f has a power series representation (expansion) at a, that is, if

flx) = icn(x—a)” lx—a| <R

n=0

then its coefficients are given by the formula

@

n!

Cn

we would observe from this Theorem that

Co=Y(0)=0 c,=y'(0)=1
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!es Solutions

This would simplify the calculations in Example 2, since all
of the even coefficients would be 0. The solution to the
Initial-value problem is

”1.5.9.....(4,1_3)
X
n=1 (2l’l+1)'

2n+1
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