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Bisection method :

Step 1: Choose |lower x and upper x, guasses for the root such that the funclion changes sign
ower the interval. This can be checked by ensuring that Ax)flx) < O.
Step 2: An esiimate of the root x, is determined by

_mtx

% = —

Step 3: Make the following evaluations o delermine in which subinterval the root les:

{a) ¥ fix}fix) < O, the root lies in the lower subinterval. Therslora, set x, = x, ond refurn
o step 2.

|b} If fixifix) = O, the root lies in the upper subinterval. Therefore, set x = x, and elum
o step 2.

|d F Axiflx) = O, the roct equals x; terminate the computation.

o g
£, = 100% (3.2)

W
r

where x™" is the root for the present iteration and x2 is the root from the previous it-
eration. The absolute value is used because we are usually concerned with the magnitude
of g, rather than with its sign. When £, becomes less than a prespecified stopping cn-
terion &,, the computation is terminated.




False position method :

Procedure

1. Find a pair of values of x, x; and x, such that
f=f(x;) <0 and f=f(x,) >0.

2. Estimate the value of the root from the
following formula (Refer to Box 5.1)

‘xifu _‘xu-fi

x =——r il

L
and evaluate f(x,).

3. Use the new point to replace one of the
original points, keeping the two points on
opposite sides of the x axis.

If 1(x,)<0 then x=x, => fi=1(x,)
If 1(x,)>0 then x =X, => f,=f(x,)

If 1(x,)=0 then you have found the root and
need go no further!




Fixed point iteration :

Simple Fixed-point Iteration

*Rearrange the function so that X is on the
left side of the equation:

f)=0 = g)=x
X, =g(x, ) x, gven , k=1,2,..
*Bracketing methods are “convergent”.

*Fixed-point methods may sometime
“diverge”, depending on the stating point
“(initial guess) and how the function behaves.

Conclusion

» Fixed-point iteration converges if

g'(x)| <1 (slope of the line f(x) =x)

*When the method converges, the error is
roughly proportional to or less than the error of
the previous step, therefore it is called “linearly
convergent.”

% ! 900/4 €0 %




Newton Raphson method :

Step 1

Evaluate f'(Xx) symbolically.

Step 3

Find the absolute relative approximate error ‘Ea‘ as

X~ X

x 100

(S

a

Xin




Secant method :

Step 1

Calculate the next estimate of the root from two initial guesses

v S —x)

Xist i
l f(xi) o f(xi—l)

Find the absolute relative approximate error

X~ X

le.| = x 100

Xia
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What is Different About Partial
Pivoting?

At the beginning of the &h step of forward elimination,
find the maximum of

‘akk Aisrk

" mressssssssasanan

If the maximum of the values is ‘apk‘

in the pth row, & < p<n. then switch rows pand «.



Determinant of a Square Matrix

Using Naive Gauss Elimination
Example

Finding the Determinant

After forward elimination

25 5 1 25 5 1
64 8 1|—>| 0 —-48 -—-1.56
144 12 1 0 0 0.7

det(A) =, XUy XUs,
=25x(—4.8)x0.7
= —84.00



LU Decomposition :

AX=B

We can solve the system using LU Decomposition
Let A =@ and substitute intodX = B.

= B for X to solve the system.

1 0 O\u, wu, ug,
[LIU] = 21 L 0 0 wu, u,
_E 31 4 n 1 N 0 uy

[U] is the same as the coefficient matrix at the end of the forward elimination step.

[L] is obtained using the multipliers that were used in the forward elimination process




For solving z in calculator : inverse matrix L * matrix C

For solving b in calculator : inverse matrix U * matrix Z



Gauss-Seidel Method

Calculate the Absolute Relative Approximate Error

new old
X; = 3z
=|——x100
i new
i

So when has the answer been found?

The iterations are stopped when the absolute relative
approximate error is less than a prespecified tolerance for all
unknowns.

We solve iteration in calculator

Beliave



If a system of linear equations is not diagonally dominant,
check to see if rearranging the equations can form a diagonally
dominant matrix.



“Goodness” of our fit If
= Total sum of the squares around the mean for the
dependent variable, y, 1s S, Se=2(vi-y)
i=1
® Sum of the squares of residuals around the regression

‘ line 1s Sr S, = Z(J’i_ﬂ'n ~a;x; )}
i=1

ent or error reduction

due to describing data in terms of a straight line rather
than as an average value.

/ . L
<~ S 12-coefficient of determination

r=Sqrt(r?) — correlation coefficient

= For a perfect fit
S =0 and r=r*=1, signifying that the line
explains 100 percent of the variability of the
data.

= For r=r*=0, S,=S,, the fit represents no

improvement.
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Linear Regression (special case cont.)

Does this value of a, correspond to a local minima or local
maxima? "
>

Z

=1
® > ’)
d—=z 2y;x; + 2a;x;
=1

ay; =

L

ﬂrﬂz

Yes, it corresponds to a local minima.

n
Z XilJi

ﬂjz

i
i=1 21



Polynomial Model cont.

These equations in matrix form are given by

( m b n
n . ZI,.M ‘aﬂ . ZJ;I_
hoi=l J i=1
{ (" m ( n ™ "
!Zx ‘ xf] 1> x ‘ |z > x, ¥,
\ =] 1 ; =l - i=1
_am -
{n n 4 (" n i "
Sar| (S| L (S S
o=l S W=l L=l /| L =1 _
The above equations are then solved for a,,a,,...,qa,,

For solving in calculator : inverse matrix 1 * matrix 3 ---> matrix 2



Transformation of Data

To find the constants of many nonlinear models, it results in solving
simultaneous nonlinear equations. For mathematical convenience,
some of the data for such models can be transformed. For example,
the data for an exponential model can be transformed.

As shown in the previous example, many chemical and physical processes
are governed by the equation,
y=ae™
Taking the natural log of both sides yields,
Iny=lIna+bx
Let z=ny and a, =ina
We now have a linear regression model where z=a,+a;x

(implying) a =e% with a, =b

Transformation of data cont.

Using linear model regression methods,

" n i
DRI IS
i=1 i=1

i=1

nzn: =
i=1

ik = e

a, = =

=
)

=l

7

Once a,,a, are found, the original constants of the model are found as
b=a,

d,

a=e"
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Interpolants

Polynomials are the most common
choice of interpolants because they
are easy to:

m Evaluate
m Differentiate, and
m Integrate

Direct Method

Given 'n+1" data points (Xq,Yo), (X1,Y1)s--cvveeeene (Xn,Yn),
pass a polynomial of order 'n’ through the data as given
below:

n

Y=0y+ QX+ ceceenecccsececnses +a,x".

n

where ag, @4, .eceeevieeiies a, are real constants.
= Set up ‘n+1" equations to find 'n+1’ constants.

= To find the value 'y’ at a given value of X', simply
substitute the value of 'x” in the above polynomial.
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Multiple Segment Trapezoidal Rule

The integral 7 can be broken into /Aintegrals as:

b a+h a+2h a+(n-1)h b
[f(x)dx = j f(x)dx+ [f(x)de+ ..+ [f(x)dx+ [ f(x)dx
a a+h a+(n-2)h a+(n-1)h

Applying Trapezoidal rule on each segment gives:

If( Udrbz_ [fl’a)+2{nzlf(a+rhj} f(b)}

n—rf
— %[f('a )+ 2{§ f(a~+ ih)} + f('b):|




Basis of Simpson’s 1/3"d Rule

Substituting values of a,, a,, a, give

b
h b
[ £20xax = E[f(a )+4f(“; )+ f(b.)}
Since for Simpson’s 1/3rd Rule, the interval [a, b] is broken
into 2 segments, the segment width:
b—a
2

k:

Multiple Segment Simpson’s
1/3rd Rule

b
j'f( X )dx = %[ff. xo )+ 4{f(x; )+ f(x3)++ f(x, )}+---]

w A 2{f (X, )+ f(x, )+t f(x, 5 )+ [(x,

n—I n-2
h
=3/ f(x0)+4 ;f”" )+2 ;jffxl- )+ f(x,)
i=odd i=even
n—1 n-2

b—a
= f(xg)+4 ;ffri)+2 ;f(x;)+f{x,,)

i=odd i=even
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Improvements of Euler’s method

m A fundamental source of error in Euler’s
method is that the derivative at the
beginning of the interval is assumed to

apply across the entire interval.
= Two simple modifications are available to
circumvent this shortcoming:

. Heun’s Method
- The Midpoint (or Improved Polygon) Method



Runge-Kutta 2@ Order Method

d!
For & _ f(x,y), y0)=y,
dx

Runge Kutta 2nd order method is given by

Vi = Vi +ak, +ask, b

where
ki = flxi.y;)

ky = f(x; + pih, y; + gy kyh)

Heun’'s Method

Heun'’s method
¥ S:UP‘?=f(r;+flsJ’;+f(Ii,J’;)Jl}=f(I; +h,_}3,- +k,h}
Here a,=1/2 is chosen L
_ _Visy predicted
i Slope = f(x,.y,) o
r=1
(]] ] = l i Aremge SEUPE = %[ EIJ e h' .vl' _k]h}—i_ f{.-tr'a }. }]
resulting in
I 1,)
Yied =¥ “{Ekr +5*1J h
where : :
k= f(eye) Figure 1 Runge-Kutta 2nd order method (Heun’s method)
[y = J X ¥i

ky=f(X; 0 Yier )= Fx; +h, y; k)= f(x; +h, y; + f(x;,y; 0h)



Runge-Kutta 4t" Order
Method

For o £ 1 y(0) =,
dx

Runge Kutta 4t order method is given by
Vi =Y.+ %(k, + 2k, + 2k, +k, )h

o

where
k= f(xfsyf)
i 1 1
k, = fo!. - 2h, +Ekth

{ 1 1 b
k, = f|l\ X+ hy 4 koh J

k, = f(x. +h, v, +kh)



