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CHAPTER 5
Section 5-1

5-1. First, f(x,y) = 0. Let R denote the range of (X,Y).
Then, 3" f(x,y)=4+i+i+i+1=1
R

a) P(X <2.5,Y < 3) = f(1.5,2)+f(1,1) = 1/8+1/4=3/8

b) P(X < 2.5) = f (1.5, 2) + f (1.5, 3) +f(1,1)= 1/8 + 1/4+1/4 = 5/8

¢) P(Y <3) = f (L5, 2)+f(1,1) = 1/8+1/4=3/8

d)P(X>18,Y>47)=f(3,5 =18

e) E(X) = 1(1/4)+ 1.5(3/8) + 2.5(1/4) + 3(1/8) = 1.8125
E(Y) = 1(1/4)+2(1/8) + 3(1/4) + 4(1/4) + 5(1/8) = 2.875
V(X) = E(X))-[E(X)1P=[1%(1/4)+1.5%(3/8)+2.5°(1/4)+3%(1/8)]-1.8125?=0.4961
V(Y) = E(YD)-[E(Y)P=[12(L/4)+22(1/8)+32(L/4)+4(1/4)+5°(1/8)]-2.875%=1.8594

f) marginal distribution of X

X f(x)
1 Y
15 3/8
2.5 Y
3 1/8
., (2.5,
9) fvz.s(Y)Z% and f, (2.5) = 1/4. Then,
y fy\z,s(y)
4 (1/4)/(1/14)=1
fv (X,2)
hy fy,(X) == d f,(2) =1/8. Then,
) X\Z( ) fY(Z) an y( ) en
) fy2(¥)
15 (1/8)/(1/8)=1

i) E(Y|X=1.5) = 2(1/3)+3(2/3) =2 1/3
J) Since fy5(y)=fv(y), X and Y are not independent

5-2. Let R denote the range of (X,Y). Because
D f(xy)=c(2+3+4+3+4+5+4+5+6) =1, 36c=1,and c=1/36
R

) P(X =LY <3) = f,, WD)+ f,, L2) =2 (2+3)=5/36

b) P(X =1) is the same as part (a) = 1/4

) P(Y=2)=f,, (12)+ f,y, (22)+ f, (32) =% (3+4+5)=1/3

d) P(X<2,Y<2)=f, (1) =2(2)=1/18

e)

E(X) =1 fe 0D + f, (1.2) + fry (1L3)]+ 2[ f, 21) + f (2,2) + , (23)]
+ 3[f><Y B+ f,, (3.2)+ fy, (313)]
= (1x L)+ (2xL2)+(3x L) =13/6 = 2.167

36
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5-3.

V(X)=@-%)*5%+2-)° £+@-" £=0639

3

E(Y)=2.167
V(Y) =0.639
f) Marginal distribution of X
X f, () =y (XD + fy, (X,2)+ fy, (X,3)
1 1/4
2 1/3
3 5/12
fur 1Y)
f _ xy
9) Y|X (y) f. @)
y fy‘x(y)
1 (2/36)/(1/4)=2/9
2 (3/36)/(1/4)=1/3
3 (4/36)/(1/4)=4/9
fXY (sz)
h) fx\v (x) = f—(2) and f, (2) = f,, @)+ f, (22)+ ), (32) =
Y
X fX‘Y(X)
1 (3/36)/(1/3)=1/4
2 (4/36)/(1/3)=1/3
3 (5/36)/(1/3)=5/12
i) E(Y|X = 1) =1(2/9) + 2(1/3) + 3(4/9) = 20/9

J) Since fyxv(x,y) = fx(X)fv(y), X and Y are not independent.

f(x,y)=0and ) f(x,y)=1

a) P(X <05Y <15) = f,, (-1-2)+ f,, (-05-1) =1+1 =2
b) P(X <0.5) = f,, (-1-2) + f,, (-0.5,-1) =32

¢) P(Y <1.5) = f,, (-1-2) + f, (-0.5-1) + f, (0.50) =1

d) P(X >0.25,Y <4.5) = f, (0.51) + f,, (L2) =3

e) E(X)=-1(

1)-0.5(2)+0.5(2) +1(}) =

E(Y)=-2()-10)+1G)+2(G) =%

V(X) = (-1-1/8)%(1/8)+(-0.5-1/8)%(1/4)+(0.5-1/8)*(1/2)+(1-1/8)*(1/8)=0.4219
V(Y) = (-2-1/4)4(1/8)+(-1-1/4)4(1/4)+(1-1/14)*(1/2)+(2-1/4)*(1/8)=1.6875
f) marginal distribution of X
X fx (¥)
-1 1/8
0.5 Y
0.5 s
1 1/8
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f (0.5,Y)
g) f =
) f. (0.5)
y fy|x(Y)
1 1/2/(1/2)=1
) £ 00 = XD
fy @)
X fxjy ()
05 15/(1/2)=1
i) E(X|IY=1)= 05

j) No, X and Y are not independent

5-4., Because X and Y denote the number of printers in each category,
X>0,Y>0and X+Y =5

5-5. a) The range of (X,Y) is

e
Ne
we

X!y fXV(le)
0,0 0.857375
0,1 0.1083
0,2 0.00456
0,3 0.000064
1,0 0.027075
1,1 0.00228
1,2 0.000048
2,0  0.000285
2,1 0.000012
3,0  0.000001

b)

f(X)

0.970299
0.029403
0.000297
0.000001

WN - OIX

c) E(X) = 0(0.970299) + 1(0.029403) + 2(0.000297) + 3(0.000001) = 0.03
or np = 3(0.01) = 0.03
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f. (2,
d) f,(y) = % , £,(2) = 0.000297
X
y  fwu®X
0 0.959
1 0.0404

e) E(Y|X =1) =0(.920824) + 1(0.077543) + 2(0.001632) = 0.080807
g) No, X and Y are not independent because, for example, fy(0) # fy;1(0).

5-6. a) The range of (X,Y)is X >0, Y >0 and X +Y < 4. Here X is the number of pages with

moderate graphic content and Y is the number of pages with high graphic output among a sample
of 4 pages.

The following table is for sampling without replacement. Students would have to extend the
hypergeometric distribution to the case of three classes (low, moderate, and high).

For example, P(X =1, Y = 2) is calculated as

(60}(30}[10}
p(X =1y =)=~ T ATAZ) 60BOMAS) 4 5y064

100 ~100(99)(98)(97)
4 24
x=0 x=1 X=2 x=3 X=4
y=4 5.35x10™% 0 0 0 0
y=3 0.00184 0.00092 0 0 0
y=2 0.02031 0.02066 0.00499 0 0
y=1 0.08727 0.13542 0.06656 0.01035 0
y=0 0.12436 0.26181 0.19635 0.06212 0.00699
b)
f(y)
=4 0.0000535
=3 0.0027600
y=2 0.0459600
y=1 0.2996000
=0 0.6516300
c) E(Y)=

4
>y, f(y,) = 0(0.65163) +1(0.2996) + 2(0.04596) + 3(0.00276) + 4(0.0000535) = 0.400014
0

frr 3,Y)
d) f,.(y) =22 £(3)=0.0725
e f (3)
'y fey)
0 0.857
1 0143
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5-7.

5-8.

2 0
3 0
4 0

e) E(Y|X =3) = 0(0.857) + 1(0.143) = 0.143
f) V(Y|X = 3) = 0%(0.857) + 1%(0.143) - 0.143? = 0.123
g) No, X and Y are not independent

a) The range of (X,Y)is X >0, Y >0 and X +Y <4.

Here X and Y denote the number of defective items found with inspection device 1 and 2,

respectively.

f(x,y) = Hij (0.994) (0.006)‘“M;J(ogg?)y(o.oos)“-y}
Forx=0,1,2,3,4andy=0,1,2,3,4

Xx=0 x=1 X=2 Xx=3
1.05x 10" 6.96 x 10 1.73x10™ 1.91x10™*
1.4x10" 928x10™ 2305x10" 255x10°
6.96 x 10  4.61x10™ 1.15x10° 1.27x10”
154x 10" 1.02x10% 254x10° 2.81x10™

1.28 x 10 8.49 x 10”7 2.11x10%  0.0233

KKK K
o mmnn
A WDNPEFO

f(x,y) = Ki} (0.993)*(0.007)4*ij(o.ggny(o.oos)“y}
b) f(x)=Kij(O.994)x(0.006)4‘x}for x=12,34

x=0 x=1 X=2 X=3
f(x) 1.296x10° 859x107 2.134x10* 0.0236

c) Because X has a binomial distribution E(X) = n(p) = 4 x (0.994)=3.976
d) fy.(y) = T (2Y) f(y), f(2)=2.134x 10"
fx (2)

fyu(y)=f(y)
8.1x10™"!
1.08 x 107
5.37 x 10°
0.0119
0.988

A OwWN PP OK

e) E(Y|X=2) = E(Y)=n(p)= 4(0.997)=3.988
f) V(Y|X=2) = V(Y)=n(p)(1-p)=4(0.997)(0.003)=0.0120
g) Yes, X and Y are independent.

X=4
7.91x 10"
1.054 x 10"
5.24 x 10°
0.0116
0.965

Xx=4
0.9762

Q) P(X=2)="1,,2L1)+f,,(212)+ f,,, (22D + f,,,(2,22) =05

b) P(X =1Y =2) = f,,, (1L21) + f,, (1,2,2) = 0.35

&) P(Z <15) = f,p, L11) + Ty (L22) + oy (212) + Ty (2,2.1) = 0.44
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5-9.

d)
P(X=1o0r Z=2)=P(X =)+ P(Z =2)—P(X =1,Z =2)=0.5+0.56 - 0.3=0.76

e) E(X) = 1(0.5) + 2(0.5) = 1.5
P(X=1Y=1)  0.05+0.10

f) P(X =1]Y =1) = = =0.27
P(Y =1) 0.21+0.2+0.1+0.05
9 P(X =1Y =1z =2) = PX =Y =12=2) 01 _0.19
P(Z =2) 0.1+0.2+0.21+0.05

P(X=1Y=1Z=2) 010 _ .,
P(Y=1Z=2) 0.10+0.21

h P(X =1|Y =1,Z =2) =

fog (X12
) f vz (X) =% and f,,(L2) = frp (L1,2) + oy (21,2) =0.31
YZ \™
X fx\\(z (x)

1  0.10/0.31=0.32
2 0.21/0.31=0.68

(@) fxy(X,Y)= (10%)*(30%)" (60%)**Y , for X+Y<=4

fxv(X.y) X y
0.1296 0 0
0.0648 0 1
0.0324 0 2
0.0162 0 3
0.0081 0 4
0.0216 1 0
0.0108 1 1
0.0054 1 2
0.0027 1 3
0.0036 2 0
0.0018 2 1
0.0009 2 2
0.0006 3 0
0.0003 3 1
0.0001 4 0

() fxX)=PX=x)= Y fi (X,Y).
X+Y<4

fx(X) X
0.2511
0.0405
0.0063
0.0009
0.0001

AW NP O
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(©) E()=D_ X (X) =0*0.2511+1*0.0405+2%0.0063+3*0.0009+4*0.0001= 0.0562

(d) f(y|X=3) = P(Y=y, X=3)/P(X=3)
P(Y=0, X=3) = C*, C%/ C*%, P(Y=1, X=3) = C*, C%/ C*,
P(X=3) = C*, C%/ C*°,, from the hypergeometric distribution with N=50, n=4, k=4, x=3
Therefore

f(0]X=3) = [C¥; C%/ C™/[[ C*, C%/ C¥] =C*y/ C* = 8 =2
f(LX=3) = [C, C% CEJ[ C*, C%y €0 = S = =1
fyia(y) y X
2/3 0 3
1/3 1 3
0 2 3
0 3 3
0 4 3

(e) E(Y]|X=3)=0(0.6667)+1(0.3333)=0.3333

(f)  V(Y|X=3)=(0-0.3333)%(0.6667)+(1-0.3333)%(0.3333)=0.0741

(9) fx(0)=0.2511, fy(0)=0.1555, fx(0) * fy(0)=0.039046 # fxy(0,0) =0.1296
Xand Y are not independent.

5-10. (a) P(X <5)=0.44 +0.04 = 0.48
(b) E(X) = 0.43(23) + 0.44(4.2) + 0.04(11.4) + 0.05(130) + 0.04(0) = 18.694
(€) Pxjy=0(X) = P(X =x,Y = 0)/P(Y = 0) = 0.04/0.08 = 0.5 for x =0 and 11.4
(d) P(X>10]Y=0) = P(X=11.4]Y=0) =0.5
(e) E(X]Y =0)=11.4(0.5) + 0(0.5) =5.7
5_11 (a) fXYZ(vavZ)
fyvz(X,Y,2) Selects(X) | Updates(Y) Inserts(2)
0.43 23 11 12
0.44 4.2 3 1
0.04 114 0 0
0.05 130 120 0
0.04 0 0 0
(b) Pxziv=0
Pxzy=o(X,Y) Selects(X) | updates(Y) Inserts(Z2)
4/8=0.5 114 0 0
4/8=0.5 0 0 0
(c) P(X<6, Y<6|Z=0) =P(X =0, Y =0) =0.3077
(d) E(X]Y =0,Z=0) = 0.5(11.4) + 0.5(0) = 5.7 where this conditional distribuition for X was
determined in the previous exercise
5-12. Let X, Y, and Z denote the number of bits with high, moderate, and low distortion. Then, the joint

distribution of X, Y, and Z is multinomial with n =3 and
p,=0.02, p,=0.03, and p, =0.95.

a)
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P(X =2,Y =1)=P(X =2,Y =1,Z =0)
3
2ELO'

b) P(X =0,Y =0,Z=3) = 0l0|3| (o 02)°(0.03)°0.95° = 0.8574

¢) X has a binomial distribution with n =3 and p = 0.02. Then, E(X) = 3(0.02) = 0.06
and V(X) = 3(0.02)(0.98) = 0.0588.

d) First find P(X |Y =2)

P(Y=2)=P(X =1Y =2,Z=0)+P(X =0,Y =2,Z =1)

(o 02)°(0.03)'0.95° =3.6x10°°

|
-3 02(0.03)?0.95° + 3 —_(0.02)°(0.03)20.95" = 0.0026
112101 121!
= = |
P(X=0|Y =2)= P(X=0Y =2) :[ 3 (0.02)0(0.03)20.951j 0.0026 = 0.98654
P(Y =2) oM
—_ = I
P(X =1|Y =2) = P(X=1Y=2) ( 3 (0.02)/(0.03)°0.95° | /0.0026 = 0.02077
P(Y =2) a2n!

E(X |Y = 2) = 0(0.98654) +1(0.02077) = 0.02077

V(X |Y =2) = E(X?) - (E(X))? =0.02077 — (0.02077) = 0.02034

33 3
5-13.  Determine c such that CIJ xydxdy = Cj y%
00 0

3 2
dy = C(45y7
0

3
) =2c.

0

Therefore, ¢ = 4/81.
32 3

8) P(X <2,Y <3) =4 [ [ xydxdy = £ (2)[ ydy = (2)(3) = 0.4444
00 0

b) P(X <2.5) =P(X < 2.5, Y < 3) because the range of Y is from 0 to 3.

325

P(X <25, <3) = 81”xydxdy 81(3125)jyo|y £(3.125)2 = 0.6944

=0.5833

53 25
o PL<Y <2.5)= BAH xydxdy = 81(45)Iy0| =%
10

2.5

dP(X >1.91<Y <2.5) =Aj
1

81

3
j xydxdy =& (2.7) j ydy = £(2.7) 252 —0.35

I
©

&) E(X) ZSAHX ydxdy = glj'gydy =45 =
0

f) P(X <0,Y <4) =811nydxdy :ijdy =0
00 0

3 3
9) fx(x)zjfXY(x,y)dyzxsiljydyzgilx(4.5)=% for 0<x<3.
0 0
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f. .5, 2y(L.5)
h) fY\l,s(Y)Z X]Z ((1 5)y) - 812(1 5 =2y for0<y<3s,
X\ g \-=

i) E(Y[X=1.5)= Zyldy==|vidy=22 =2
i) E(Y|X=15) !y(gyjy gly V=7,

29 1 2 4 4
i P 2| X =15)=f —[Svady=2v? =Z2_0=2
i P(Y <2 )= fuus(Y) £9yy oV =570=3

4
oy (X,2) _ 812X(2) :%X for0<x<3.
fY (2) 5(2)

k) fx‘z(x) =

5-14.
3 x+2 3 X+2

CJ.J‘(x+y)dydx:_[xy+y72 dx
0 x 0 X

3

(x+2)° 2 2
J[x(x+2)+T—x —%}ix
0

cJ%(4x +2)x = [2x7 + 2x]Z = 24c
0

Therefore, ¢ = 1/24.
a) P(X < 1, Y < 2) equals the integral of f, (X,Y) over the following region.

y

Then,

1 12 1 1 , |2 1 3 ,
P(X <Y <2)=—||(x+y)dydx = — | xy+ L | dx=—|2x+2—-dx =
( ) 24££( y)ay 24£Xy 2 |4 24! 2

1 2 X3 1
—1| X +2x—7 =0.10417

0

b) P(1 < X < 2) equals the integral of f,, (X,Y) over the following region.
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0 1 2 x
0

2 x+2 2 5 [x+2

1 1
Pl<X<2)==—| | (x+y)dydx=—| xy+%
(1< <)24H( Vdydx =[x+ |

1

dx

1% 1
:—'[(4x+2)dx:— 2X% +2x
24 5 24

c) P(Y > 1) is the integral of Ty (X, Y) over the following region.

I
=
11 1 & yz 1
—1_ —1_1 -1___ Z
P(Y >1) =1-P(Y <1) =1 24“(x+y)o|ydx_1 24£(w+ Z)X
1L 1 3 1(x 1 1.,
=1-— | x+=-=x’dx=1-—| —+=-=x°
24372 2 24 2 2 2

=1-0.02083 =0.9792
d) P(X < 2,Y <2)is the integral of fxy(xy) over the following region.

Yy

2
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3 x+2 42

E(X)_2—14J‘ Jx(x+y)dydx_—Jx y+Xy dx
0 x X
3 3
:i'[(4x2+2x)dx=i 4i+x2 _
249 24| 3 o| 8
€)
1 3 x+2 42
E(X)_ﬂj Jx(x+y)dydx_—fx y+Xy dx
0 x X
3 3
:i'|.(4x2+2x)dx:i 4i+x2 _b
249 24| 3 o| 8
f)
1 3 x+2 5 2 1 3 ), [xi2 15
V(X)=—1 | x*(x+ y)dydx — X}y + 251 dx—
()24H (x+ y)dy [Sj !y | [Sj
2

3
:ij(3x +4x°? +4x——)dx (BJ
245 8

3 ‘(Ejz 31707
8 320
g) fy (X) istheintegral of f,, (X,Y) over the interval from x to x+2. That is,

f(x)——j(x y)dy == {xy 5

1 [3x 4x x5

+2x2
24 4 3 20

X+2

x 1
=—+4+—for0<x<3.
} 6 12

X

L @y 14y
fxr (LY) 24
h) fY‘:L(y)= [N = Zi T = 6 forl<y<3.

6 12
See the following graph,

y
2 < Y|1 (y) defined over this line segment
14
0 T12 X
0
. t (1+y 1% ) 1(y2 v\
i) E(Y|X=1) = Jl‘y(Tjdyng;(ery )dy =5(7+?]1 =2.111
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5-15.

3

j)P(Y>2|X=1)—I(1+yjdy— j(1+y)dy_ (y+y—2J ~0.5833

2

2

f 2
k) fx\z (x)= % . Here f, () is determined by integrating over x. There are three

regions of integration. For 0 <y < 2 the integration is fromOtoy. For 2 < y <3 the
integration is from y-2 to y. For 3 < y < 5 the integration is from y to 3. Because the condition is

y
=
T 16
0

1 1,
=2, only the first integration is needed. f =— [(x+Vy)dx=—| X +
y=2, only the first integration is needed. f, (y) 24'([( y) 24{2 Xy

for O<y<2.
y
, T lez (x) defined over this line segment
1.
0 T 12 «x
0
1
—(x+2)
Therefore, f,(2)=1/4 and fx‘z(x) = 241/4 = ng for0<x<3

X
2 4
X

3 X 3 y 3 X3 81
c”xydydx=c_[x— dx:cj—dx—:—c. Therefore, ¢ = 8/81
% 5 2 0 2 8 8

8t 8 ¢ x° 8(1) 1
P(X<1,Y<2)= — dydx = —dx==]=|==—.
B POLY<) 81;[!ny 81!2 81[8) 81
2 x 2 2 4)? 4
b)P(1<X<2)‘EIIXYd dx——j X—dx=(§)x— ( j(z D _>5
817) 19772 81)8| \81) 8 27
c)
8 ¢t 8% (x?-1 8 :x° x 8(x* x|
P(Y >1):—”xydydx:—_|-x dx=—|=- —-=d —_———
814) 81 2 8142 2 818 4
2 4 2
_8|(3 3| (11 1Y|_64_ 00
81{{ 8 4 8 4 8

8 ax° 8(2*) 16
dPX2Y2—— dydx=— | —dx=—| — |==—.
) P(X<2,Y<2) Hwy o1l 2 81()
e)
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[Txondydx =2 [ [x2yayax= 8 X xeax = 8 [X g
E(X) = _ _8 X ey, 8 X
(X)= M(Xy)yx 81!!”“ 81£2X X 81-([2 X
(51l )-
81
f)
83x 83X 83 X3
E =— dydx = — ddx_— X — dx
(Y) 81££y(xy)y 81!!xy vix =g
ETX_ _(_Ji _8
81) 3 15) 5
8X
f(x)=—|xydy = 0<x<3
9 f(X) 81!X.\/y <Xx<
f(, ()y
fypa (¥) = 15(1;/) 8:(1) =2y O<y<l
81

1
DE(Y X =1)=[2ydy=y?[ =1

0
HPY >2| X —l) =0 this isn’t possible since the values of y are 0<y < X.

kK f(y)= —I xydx = ?y therefore

8
Cfx2) g1 @ o
fyya (X) = Q) 4Q) iy 0<x<3
9

5-16.  Solve for c
X » -
c”e’ax"‘ydydx :%'([e“(l— e"‘x)dx = %'([e“ —e dx =

¢ 1o com
43 7 21
1 x 211 211
a) P(X <1Y <2)= 21”e‘3x‘4ydydx =—J'e‘3x(1—e4‘x)dx =—J.e‘3X —e *dx
00 4 0 4 0
_é e—7x e—3><
4\ 7 3
2

2 X
b PAL< X <2) =21 [e ™ “dydx = 241 [(e=—e™)
10

1

1

=0.9135

0
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_g_ e—7x e—3x
407 3 ),

0 909 -z e a2 e e e
33 3

X g 12g73 ®
3

3

2

=0.1821

_2

= =7.583x107%°
4

—3x —4x _21 __i _ i_i
e (T 55

2 X
d) P(X <2.Y <2) =21Jje’3x’4ydydx=%l
00

o'—.m

=0.9957
10

e) E(X) = 21_” Xe_3x_4ydydx =
0% 21

f) E(Y) = 21” ye ¥ *Ydydx :%
00

21e‘3X

° 21
9) f (X) = 21J- e‘3x‘4ydy (1 e_“) = T( e ¥ — e_YX) for0<x
0

fuy@y) 2m*”

fo@ 241(6_3 e

1
) E(Y | X =1)=4.075 ye*dy=0.2314
0

frxa(y) = =4.075¢" o0<y<1

f (X 2 ) 21e73x78
foyo(X) = 2=
X|Y—2( ) fY(2) 7e_14
where f(y) = 7e”” for0 <y

=307 for2 < x,

517. c||e e ¥dydx == e (e*)dx == [e dx=—c¢ c=15
JJere viayde =3 e (e Max =3 e ax =g
a)
12 1
P(X <1Y <2) :15jje-2X-3ydydx=5je—2X (e —e~®)dx
0
1 1 5
5.|.e‘5xdx—5e‘6.[e‘2xdx =1-¢° +Ee‘6 (e -1)=0.9879
0

2 2
b)P(L<X<2)= SJ' e > ¥dydx = 5Ie’5xdydx =(e™® —¢') =0.0067
1 1

c)
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P(Y >3) = 15(]3'Te‘zx‘3ydydx +TTe‘2X‘3ydydx] = 5ie‘9e‘zxdx + 5Te‘5xdx
03 3 x 0 3

_ 3¢5 949 _ 0000308
2 2

d)
22 2
P(X <2Y <2) =15”e-2X-3ydydx = 5je-2X(e-3X —e®)dx =
0 x 0
2 2

—5x - —2x _(1_a- EE - -4 1)\ _
= 5[ e ™dx —5e Gge dx = (1-e l°)+2e 5(e™ —1)=0.9939

0
e) E(X) = 15”xe‘2x‘3ydydx = SI xe~>*dx =5i2 =0.04
0 x 0

f)
E(Y)=15[| ye > *¥dydx = — [5ye >Ydy + = | 3ye ¥'d
(Y) !jy y Zly yzgy y

3 5 8
- —=—
10 6 15

g9 f(x)= 15J. e > ¥dy = % (e ) =5 forx>0
h f, 1) =5 f,, (Ly)=15""%
15 %

=3e*¥ for1<y
5e°

foxa(y) =

) E(Y | X =1) :J. 3ye*¥dy = —ye3‘3y‘io +J.lw e*¥dy =4/3
1

i) L23e3‘3ydy =1-e7°=0.9502 foro <y, f,(2) :%e6

-2x-3
k) Fory>0 fxwzl(y):lse—:Ze’zx for0<x<1
}Eie_3

2

5-18. &) fyx=x(y), forx=2,4,6,8
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5-19.

f(y2)

b) P(Y <2| X =2) = IOZZe’Zydy —0.9817
) E(Y|X=2)= I:Zye‘zydy =1/2 (using integration by parts)
d E(Y | X =Xx)= J:O xye ¥dy =1/X (using integration by parts)

1 _
e) Use fy(X) = —— fyx (X, ¥) = X677, and the relationship

b-a 10
o (X,Y)
fy (X, y) =—=2
vix (X, Y) £ (%)
_ fo (X,Y) xe ¥
Therefore, xe™¥ =22 agnd f,.(X,y)=
1/10 o (%Y 10
f) fr(y) roxe_xydx 1_10ye_10y_e_1oy(_ integration by parts)
= = using integration arts
W=} 5 10y? g integ yp
The graph of the range of (X, Y) is
y
5
4
3
2
1
0 1 2 3 4 X
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1 x+1 4 x+1

j I cdydx +I jcdydx 1

1 x-1
:cj(x+1)dx+2cjdx
0 1

=3c+6c=75c=1

Therefore, c = 1/7.5 = 2/15

0.51

a) P(X <05Y <1) = ”7_}5dydle_15

0.5x+1

b) P(X <05)—H dde—Asj x+Ddx=2(E) =21

c)

1 x+1 4 x+1

E(X) = H75dydx+jj75dydx

1x-1

%Jl.(x +x)dx+75j(x)dx_ 12(5) 4 2(7.5) =12

4 x+1

ydydx + 75J' I ydydx

1 x-1

O'—-+

4
2 2 2
(x+l) :|X+%J.(X+l) —(x-1) dx
1

15

1
=ij(x2 +2x+1)dx+%.[4xdx
0 1

—h
~
X
[
|
Il

X+1
= ! dy (X—H] for O<x<l,
7.5

X+1
f(x)= idyz(%(;_l)J:?—ZS for 1<x<4

fow@y) 1/75
f,@ 2/75
fyxa(y)=05 forO<y<2

2

=1

fyxa (Y) =

y2

2
y
QENY X =1)=|-dy=
!2 4

0
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5-20.

5-21.

5-22.

0.5

05
hP(Y <05]|X =1)= [0.5dy =05y =0.25
0
Let X, Y, and Z denote the time until a problem on line 1, 2, and 3, respectively.

a)
P(X >40,Y >40,Z > 40) =[P(X > 40)]3
because the random variables are independent with the same distribution. Now,

o0

P(X >40) = [ o™ “dx=—e "%
40 40

(') =e =0.0498

b) P(30< X <40,30<Y <40,30 < Z <40) =[P(30 < X <40)J® and

= e and the answer is

40
P(30< X <40)=—e*| =e®—e'=0.1045.

30

The answer is 0.1045° = 0.0011.

c) The joint density is not needed because the process is represented by three independent
exponential distributions. Therefore, the probabilities may be multiplied.

n=32 A=1/32

e XY x (5
P(X >5,Y >5)=(1/10.24)[ [ e 32 32dydx = 32je 3{ 3-2de
55

_5 _5
= (e 3.2 J{e 3.2 J =0.0439

X 10
P(X >10,Y >10) = (1/10. 24)He 32 32dydx 32je Sz(e 32]dx

1010

1o\ 10
:[e 32J(e 32J:O.0019

b) Let X denote the number of orders in a 5-minute interval. Then X is a Poisson random variable
with 4 =5/3.2 = 1.5625.

P(X =1) = =0.3275

e °%%(1.5625)"
|

For both systems, P(X =1)P(Y =1) =0.3275* =0.1073

c) The joint probability distribution is not necessary because the two processes are independent
and we can just multiply the probabilities.

(@) X: the life time of blade and Y: the life time of bearing
f(x) = (1/3)e™"? f(y) = (1/4)e"

P(X>6, Y>6)=P(X>6)P(Y>6)=e®?e"** = 0.0302
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(bYP(X >t Y >t)=ePe™=¢™2=0.95— t=-12 In(0.95)/7 = 0.0879 years

0.51 051

511 05 05
523 a) P(X <0.5)= [ [ [(10xyz)dzdydx = [ [(5xy)dydx = [(25x)dx =1.25x’| =0.3125
0
nee 05051 °° ’
b) P(X <05,Y <05) = [ [ [ (10xyz)dzdydx
000
0505

0.5 05
= | [ Gxy)dydx = [ (0.625x)dx = 2522 =00781
00 0

c) P(Z < 2) =1, because the range of Z is from 0 to 1.
d)P(X<050rZ<2)=P(X<05)+P(Z<2)-P(X<0.5,Z<2). Now,P(Z<2)=1and
P(X <0.5,Z < 2) =P(X <0.5). Therefore, the answer is 1.
111 1

&) E(X) = [ [ [ 10x*yz)dzdydx = [ (2.5x*)dx = 25

000 0
f) P(X < O.5|Y =0.5) is the integral of the conditional density fx‘Y (X) . Now,
fy (x,0.5)
f, (05)

1

=0.833
0

1
fyi05 () = and f,y (x,0.5) = [ (10x(0.5)z)dz = 5x0.5 = 2.5X for 0 <x <1
0

11
and 0 <y<1. Also, f,(y)= ”(10xyz)dzdx =25y for0<y<1;f,(0.5) =125
00

2.5X
Therefore, f X)=——=2x for0<x<1.
xjos () 1.25

0.5
Then, P(X <0.5Y =0.5) = j 2xdx =0.25.
0

g) P(X<05)Y < 0.5|Z =0.8) is the integral of the conditional density of X and Y. Now,

f,(z) =2.5z for0<z<1asin parta) and
fvz (X,Y,2) _ 10xy(0.8)
f,(2) 2.5(0.8)

0.50.5

0.5
Then, P(X < 0.5,Y <05Z = 0.8) = [ [(4xy)dydx = [(x/2)dx = = 0.0625
00 0

vz (% y) = =4xy for0<x<land0<y<1.

1
h f,,(y,z)= I(leyz)dx =5yz for0O<y<land0<z<1.
0

fuz (X, y,2) 10x(0.5)(0.8)
f,(y.z)  5(0.5)(0.8)

0.5
i) Therefore, P(X <0.5)Y =0.5,Z =0.8) = j 2xdx = 0.25
0

Then, fx\vz (x) = =2X for0<x<1.
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4
5-24. ﬂ L cdzdydx = the volume of a cylinder with a base of radius 2 and a height of 4 =

X“+y“<4

(72%)4 =167 . Therefore, C = 1
167

a) P(X? +Y? < 2) equals the volume of a cylinder of radius V2 anda height of 4 (= 8m)
8z

times c. Therefore, the answer is —— =1/ 2.
167

b) P(Z < 2) equals half the volume of the region where f,.. (X, Y, Z) is positive times 1/c.
Therefore, the answer is 0.5.

2 Ja-x* 4 2 a2 2
c) E(X)=I I J.gdzdydx=cj' Axy dx=c_|.(8x\/4—x2)dx.
S Ja2 0 ) a2 )

Using substitution, U = 4 — X2, du = -2x dx and

E(X) =c[4Judu==42(4—x ) —o

4
le(X)_% and f,, (X, Y)—CJAdZ=%=$ for X2+y2<4,
0

@
Also, f, (y)=¢ JA? idzdx =8c,/4—y? for2<y<2.
a7 o
Then, Fy (9= gc\/% evaluated at y = 1. That is, fx‘l(x) 775 for —J3<x<3
Therefore, P(X <1]Y <1) = j Ldx= 1433 _ (7887
5 23
Fan(Xy) = % and f,(z) = jz j cdydx = j 2c/4— X dx
Because f,(z) is a density over the range 0 < z < 4 th;tij;es not depend on Z, f, (z)=1/4 for
0<z<4.Then, fy, (X y)= 174 :i for x> +y® <4.
Then, P(X? +Y?2 <1]Z =1) = 2r€ain X;“L S

for (X,Y,2) 5 )
f o (2)=-"22"2"Land f, (X,y)=-1 for Xx°+y* <4. Therefore,
o frr (X, Y) . i

L

ZW(Z) t =1/4 for0<z<A4.
Az
5-25.  Determine c¢ such that f (Xyz) = Cis a joint density probability over the region x >0,y > 0 and z
>0withx+y+z<1
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1-x
dx
0
1 2 1 2 2 3
1-x 1-x 1 X X
:_[c (1—x)—x(1—x)—u dx:jc u dx=c¢c| =X——+—
0 2 0 2 2 2 6

=C % Therefore, c = 6.

f(xyz) = cI _[X _]ézdydx—j J.c(l X— y)dydx—'[ [c(y xy——z)

1

0

11-x1-x-y

a)P(X <0.25,Y <0.25,Z <0.25) =6 I I jdzdydx —> The conditions x<0.25, y<0.25,

2<0.25 and x+y+z<1 make a space that is a cube with a volume of 0.015625. Therefore the
probability of P(X < 0.25,Y <0.25,Z <0.25) =6(0.015625) = 0.09375

b)

0.50.5 0.5

P(X <05 <0.5) = [ [6(L-x - y)dydx = [(6y —6xy -3y "dx
00 0

0.5

[[5-oef- (33 <o
5 4 2 0
c)
0.51-x 1-x-y 0.511-x 2 I=x
P(X <0.5):6II jdzdydx—j J.6(1 X— y)dydx—IG(y xy——)
0 0
0.5
I (——x+—)dx (x3 -3x° +3le5 =0.875
0
d)
11-x1-X-y 11-x 05 y2 X
E(X)=6 = 1-x- = Xy~
(X) !! l'xdzdydx ££6x( X — y)dydx £6x(y Xy 2)
0
1 3 4 2 !
:J'6(X——x +—)dx— 3L—2X 32 =0.25
o 2 4 2
0
e)
1-x1-x-y y? X
f(x) = ej jdzdy j6(1 x—y)dy = G[y xy——]
0
XZ
:6(?—x+§):3(x—1)2for0<x<1
f)
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5-26.

5-27.

5-28.

1-x-y

f(x,y)=6 jdz:ﬁ(l—x—y)

forx>0,y>0and x+y<1

9)
f(x|y=052=05)=1%Yy=052=05_6_,

f(y=052=05) 6

h) The marginal f, () issimilarto f, (X) and f, (y) =3(@1-y)® foro<y<1.
f(x,0.5) 6(0.5-x)
f, (0.5)  3(0.25)

fyy (x]0.5) = =4(1-2x) forx<0.5

Let X denote the production yield on a day. Then,
P(X >635)=P(Z > 6352—5680) =P(Z >-1)=0.84134.
a) Let Y denote the number of days out of five such that the yield exceeds 635. Then, by

independence, Y has a binomial distribution with n =5 and p = 0.8413. Therefore, the answer is
P(Y =5) = (2)0.8413°(1-0.8413)° = 0.4215.
b) As in part (a), the answer is

P(Y >4)=P(Y =4)+P(Y =5)

= ()0.8413" (1 0.8413)" + 0.4215 = 0.8190

a) Let X denote the weight of a brick. Then,
P(X >2.75)=P(Z > %) =P(Z >-1)=0.84134.
Let Y denote the number of bricks in the sample of 20 that exceed 1.2 kg Then, by independence,

Y has a binomial distribution with n = 20 and p = 0.84134. Therefore, the answer is
P(Y = 20) = (2 )0.84134%° = 0.032.

b) Let A denote the event that the heaviest brick in the sample exceeds 1.8 kg. Then, P(A) =1 -
P(A") and A'is the event that all bricks weigh less than 1.8 kg. As in parta., P(X<1.8) =P(Z < 1)

and P(A)=1-[P(Z <1)]*° =1-0.84135%° =0.9684 .

a) Let X denote the grams of luminescent ink. Then,
P(X <1.14) = P(Z < 1412) = p(Z < -2) = 0.022750

0.3
Let Y denote the number of bulbs in the sample of 25 that have less than 1.14 grams. Then, by
independence, Y has a binomial distribution with n = 25 and p = 0.022750. Therefore, the answer

is P(Y 1) =1—P(Y =0) =(%°)0.02275° (0.97725)%° =1—0.5625 = 0.4375,

b)
P(Y <5) = P(Y =0)+ P(Y =1)+ P(Y = 2)+ (P(Y =3)+ P(Y = 4)+ P(Y =5)
= (2)0.02275° 0.97725)% +(?* 0.02275" (0.97725)** + (2 0.022757 (0.97725)*®

+(2°)0.02275°(0.97725)%2 + (2 0.02275* (0.97725)* + (% 0.02275° (0.97725) %
— 0.5625 +0.3274+ 0.09146 + 0.01632 + 0.002090 + 0.0002043 = 0.99997 = 1

¢) P(Y = 0) = (2)0.02275° (0.97725)* =0.5625
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d) The lamps are normally and independently distributed. Therefore, the probabilities can
be multiplied.

Section 5-2

5-20.  E(X) = 2(1/8)+1(1/4)+2(1/2)+4(1/8) = 2
E(Y) = 3(L/8)+4(L1/4)+5(1/2)+6(1/8)=37/8 = 4.625

E(XY) =[2x3x (1/8)] +[1x 4 x (1/4)] +[2x5x (1/2)] +[4x 6 x (1/8)]
=39/4=9.75
oy =E(XY)—E(X)E(Y)=9.75—-(2)(4.625) = 0.5
V(X) = 2%(1/8) + 13(1/4) + 2°(1/2) + 4%(1/8) — 2°
=05+025+2+2-22=475-4=0.75
V(Y) = 3%(1/8) + 4%(1/4) + 5%(1/2) + 6%(1/8) — (37/8)?= 0.7344

Oyy 0.5
Pxy = = =0.
oxoy  +/(0.75)(0.7344)

5-30. E(X)=-1(1/8)+ (-0.5)(1/5)+0.5(1/2) +1(7/40)=0.2
E(Y)=-21/8)+(-D(@/5)+1(/2)+2(7/40)=0.4
E(XY) =[-1x—2x(1/8)] + [-0.5x—1x(1/5)] + [0.5x1x (1/2)] + [1x 2x (7/40)] =0.95

V(X) = 0.435

V(Y) = 1.74

o, =0.95-(0.2)(0.4)=0.87
o 0.87

Pxy = =

oo~ J0.435V1.75

5-3L.

ZBZZZIC(XJF y) =21c, c=1/21

=1 y:l

) =20 gwy= gy a:ﬁ_(“_Gj(Ej:—_Zz_o_OBG
21 7 7 =7 20\ 7 ) 147

<

114 57

E(X?) =" E(Y)) =2

(X9) o1 (Y%) o1

V(X)=EX2—(EX)?=0.63  V(Y)=0.24
00136 _ oo

5-32.  The marginal distribution of X is
X f(x)
0 0.75
1 0.2
2 0.05

E(X) =0(0.75) +1(0.2) + 2(0.05) = 0.3
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5-33.

5-34.

E(Y) = 0(0.3) +1(0.28) + 2(0.25) +3(0.17) =1.29
E(X?)=0(0.75) +1(0.2) + 4(0.05) = 0.4
E(Y?) = 0(0.3) +1(0.28) + 4(0.25) + 9(0.17) =1.146

V(X)=04-0.3=0.31
V(Y)=281-1.146*=1.16

E(XY) =[0x0x (0.225)] + [0x1x (0.21)] +[0x 2% (0.1875)] +... + [2 x 3% (0.0085)] = 0.387

oy =0.387 —(0.3)(1.29) = 0

— Oxv
Pxy Oy Oy

Let X and Y denote the number of patients who improve or degrade, respectively, and let Z denote
the number of patients that remain the same. If X = 0, then Y can equal 0,1,2,3, or 4. However, if X

=4 then Y = 0. Consequently, the range of the joint distribution of X and Y is not rectangular.
Therefore, X and Y are not independent.

Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y).
Therefore,
Cov(X,Y) = 0.5[Var(X +Y) - Var(X) - Var(Y)]

Here X and Y are binomially distributed when considered individually. Therefore,

4l X 4-x
fX (X)ZWOL‘- (1—04)

41
f,(y)=———0.1"(1-0.0)*""
(0)= iy 0 0D
And

Var(X) = 4(0.4)(0.6) = 0.96
Var(Y) = 4(0.1)(0.9) = 0.36

Also, W =X + Y is binomial withn =4, and p =0.4 + 0.1 = 0.5. Therefore,
Var(X +Y)=4(0.5)(05)=1

Therefore, Cov(X,Y) =0.5[1 - 0.96 — 0.36] = -0.16
Cov(X,Y) = -0.16

= = =-0.272
P NXV(Y)  J0.96x0.36
Transaction Frequency | Selects(X) | Updates(Y) | Inserts(Z)
New Order 43 23 11 12
Payment 44 4.2 3 1
Order Status 4 114 0 0
Delivery 5 130 120 0
Stock Level 4 0 0 0
Mean Value 18.694 12.05 5.6

(a) COV(X,Y) = E(XY)-E(X)E(Y) = 23*11*0.43 + 4.2%3*0.44 + 11.4*0*0.04 + 130%120*0.05 +
0*0*0.04 - 18.694*12.05=669.0713
(b) V(X)=735.9644, V(Y)=630.7875; Corr(X,Y)=cov(X,Y)/(V(X)*V(Y) )*® = 0.9820
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(c) COV(Y,2)=11*12*0.43+3*1*0.44+0-12.05*5.6 = -9.4
(d) v(2)=31; Corr(X,2)=-0.067

5-35.

Oy

X 2
j cxydydx = ¢ j % x3dx = (%)(24) =1, c=1/2, E(X) = 8/5, and E(Y) = 16/15
0 0

B0 =1 fxy(xy)dydx%

o, = (Sj(mj 0.071
9 (515

E(X) =2 E()=3

V(x)=0.107,  V(Y)=0.196
0.071

J0.107/0.196

1 x+1 4 x+1

5-36. Hcdde+H0dde o ,) e 2)‘_C L CZ%
1x-1

E(X)= —.lijtlxdydx +—jx.|tlxdydx 2111

lx -1
1 x+1 4 x+1

E(Y)——_[ Iydydx +—I Iydydx 2.156

1>< 1
1 x+1 4 x+1

Now, E(XY)——I Ixydydx +—_[ jxydydx 5.694

1><1

o, =5.694 - (2.111)(2.156) ~1.143

E(X?)=5678  E(Y2)=6.033

V(x)=1.222,  V(Y)=1.385
1143
- J1.222\1.385

5-37.  a)E(X)=0 E(Y)=0

E(XY)= ]ET xye Ydxdy
11

879

= T xexde ye ’dy
1 1

= E(X)E(Y)

Therefore, oxy =pxy =0.

5-38.  E(X) = 333.33, E(Y)= 833.33
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E(X?) =222,222.2
V(X) = 222222.2-(333.33)?=111,113.31
E(Y?) = 1,055,556
V(Y) =361,117.11

E(XY)=6x10"° j j xye ~00%-0% qydy — 388,888.9
0 x

o,, =388,888.9 - (333.33)(833.33) = 111115.01

111115.01

D= —0.5547
V111113.314/361117.11

5-39. E(X)=-11/6)+1(1/6)=0
E(Y)=-11/3)+1(1/3)=0
E(XY) =[-1x0x (1/6)] +[-1x0x (1/3)] +[1x0x (1/3)] +[0x1x (1/6)]=0
V(X) = 1/3
V(Y) =213
oy =0-(0)(0)=0
— Oxy _ 0 =0
SN YENFTE

The correlation is zero, but X and Y are not independent, since, for example, if y = 0, X must be -1
or 1.

5-40.  If X and Y are independent, then f,, (X, y) = f, (X) f, (Y) and the range of
(X, Y) is rectangular. Therefore,

E(XY) = [[xf, 00 f, (y)dxdy = [ xf, (x)dx | ¥F, (y)dy = E(X)E(Y)

hence oxy=0

5-41.  Suppose the correlation between X and Y is p. For constants a, b, ¢, and d, what is the correlation
between the random variables U = aX+b and V = cY+d?

Now, E(U) =aE(X) +b and E(V)=cE(Y) +d.
Also, U-EU)=a[X-E(X)]and V - E(V) =c[Y - E(Y) ]. Then,

ow = HU -EWU)IV -E(V)]} = acE{[X = E(X)I[Y —E(Y)I} = acoyy

Also, o) = E[U —E(U))* =a°E[X —E(X)J =a’c% and o =C’or. Then,

aco Py If aand care of thesamesign
Puv = = : e
Jalol \c’o? |- py if aand cdiffer in sign
Section 5-3

5-42.  a) board failures caused by assembly defects = p, = 0.5
board failures caused by electrical components = p, =0.4
board failures caused by mechanical defects = p; = 0.1

I
P(X =5Y =3,Z =2) =% 0,5%.4%.12 = 0.0504
513121

b) Because X is binomial, P(X =8) = (éob.580.52 =0.0439
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c) P(X =8|Y =1) = P()I<3(:Y&Yl): Y . Now, because x +y + z = 10,
10!

P(X=8Y=1)=P(X=8Y=12=1)= mo.sso.&o.f =0.0141

P(Y =1)=(1")0.4'0.6° =0.0403

P(X =8 =1) 0.0141
P(Y=1)  0.0403

P(X=8Y=1) P(X=9Y-=1)

P(X =8]Y =1) = = 0.3499

d P(X>8|Y =1)= . Now, because x +y + z = 10,

P(Y =1 P(Y =1
|
P(X=8Y=1)=P(X=8Y=12=1)= %0.580.410.11 =0.0141
|
P(X=9,Y=1)=P(X=9,Y=1,2=0)= %0.590.410.10 =0.0078

P(Y =1) =(;")0.4'0.6° = 0.0403
P(X=8Y=1) P(X=9Y=1)_00141 0.0078

P(X28]Y =1)= = =0.5434
P(Y =1) P(Y =1) 0.0403  0.0403
e) P(X =7Y :1|Z :2): P(X =7Y =17 :2)
P(Z=2)
P(X=7,Y=12=2)= 10 570,400 = 0.0113
711121

P(Z =2)=(})0.1°0.9° =0.1937
P(X=7,Y=1Z=2) 00113

P(X=7Y=1|Z=2)= -
P(Z=2) 0.1937

=0.0583

5-43.  a) percentage of slabs classified as high = p, = 0.05
percentage of slabs classified as medium = p, = 0.9
percentage of slabs classified as low = p; = 0.05

b) X is the number of voids independently classified as high X >0
Y is the number of voids independently classified as medium Y >0
Z is the number of voids classified as lowand Z>0and X +Y + Z=20

c) p; is the percentage of slabs classified as high.

d) E(X) = np; = 20(0.05) = 1
V(X) = np; (1 - ps) = 20(0.05)(0.95) = 0.95
e) P(X =1Y =17,Z =3) =0 Because the point (1,17,3) # 20 is not in the range of

X,Y,2).
f) P(X <1Y =17,Z =3)=P(X =0,Y =17,Z =3) + P(X =LY =17,Z =3)
1
_ 29" 05°0.970.05° + 0= 0.02376
011713!

Because the point (1,17,3) # 20 is not in the range of (X, Y, Z).

g) Because X is binomial, P(X <1) = ((2)0 b.0500.9520 +(120 )).0510.9519 =0.7358
h) Because X is binomial E(Y) = np =20(0.9) = 18
i) The probability is 0 because x +y + z > 20
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P(X =2,Y =17)

i P(X=2]Y=17)= . Now, because x +y + z = 20,
P(Y =17)
P(X=2,Y =17)=P(X=2,Y =17, Z=1) = —22'_0.05%0.970.05" = 0.0713
211711

P(X =2,Y =17)  0.0713
P(Y=17)  0.1901
0 E(X|Y =17)=0 P(X=0Y=17)), ,(P(X =1Y =17)
P(Y =17) P(Y =17)
Lo PX=2Y=17)) (P(X=3Y=17)
P(Y =17) P(Y =17)
0.02376) (o.omgj (o.omj (0.02376}
+1 +2 +3
0.1901 0.1901 0.1901 0.1901

P(X =2|Y =17) = =0.3751

E(X|Y:17):O(
=2

5-44.  a) probability for the first landing page =p; =0.25
probability for the second landing page = p, = 0.25
probability for the third landing page = p; = 0.25
probability for the fourth landing page = p, = 0.25

|
PW =6,X =6,Y =6,Z=6)= i0.2560.2560.2560.256 =0.0082
6!61616!
b) Because w+x+y+z =24 P(\W =6, X =6,Y =6)=P(W =6, X =6,Y =6,Z =6)
I
PW =6,X =6,Y =6) = A0.2560.2560.2560.256 =0.0082
6161616!
¢c) PW=7,X=7Y =6|Z =23) =0 Because the point (7,7,6,3) # 24 is not in the range
of (W,X,Y,2).
0PW =8 X =8,y 5|z =3) = FW =8 X=8Y=52=3)

P(Z=3)

I
P(W=8,X=8, Y=5, Z=3) = 4 0.25°0.25%0.25°0.25° = 0.0019
81815131

P(Z =3) = (2*)0.25°0.75* = 0.0752
PW=8X=8Y=52=3) 0.0019

P(W =8,X =8,Y =5|Z=3) = = =0.0253

P(Z =3) 0.0752
e) Because W is binomial,
P(W < 2) = (2*)0.25°0.75% + (2*0.25'0.75% + (2*)0.25%0.75% = 0.0398
f) E(W)=np, = 24(0.25) = 6

|
g P(W =6,X =6)=P(W =6,X =6,Y +Z =12) = %0.2560.2560.512 =0.0364
hyPW =6|X =6)= PW =6,X =6)
P(X =6)

from part g) P(W =6, X =6) =0.0364
P(X =6)=(2*)0.25°.75'® = 0.1853
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5-45.

5-46.

PW =6,X =6) 0.0364

W=6] ) P(X =6) 0.1853

=0.1964

a) The probability distribution is multinomial because the result of each trial (a dropped
oven) results in either a major, minor or no defect with probability 0.5, 0.4 and 0.1
respectively. Also, the trials are independent

b) Let X, Y, and Z denote the number of ovens in the sample of four with major, minor, and no
defects, respectively.

4
P(X =2,Y =2,Z =0) = 0.5%0.4%0.1° =0.24
21201
4' 0 0 4
¢) P(X =0,Y =0,Z =4) =——0.5°0.4°0.1* = 0.0001
010141

d) fxy (x,y) = Sfxyz(X.y,2) where R is the set of values for z such that x+y+z = 4. Thatis, R
R

consists of the single value z = 4-x-y and
4
fo(Xy)= 0.5°0.40.1**Y for x+y<A4.
o () Xyl(4—x—y)! y

e) E(X)=np, =4(0.5)=2
f) E(Y)=np,=4(0.4)=1.6

P(X=2Y=2) 024
P(Y=2)  0.3456

g P(X=2|Y=2)= =0.694

4
P(Y=2)= (ZJOAZO.GZ = 0.3456 from the binomial marginal distribution of Y

h) Not possible, x+y+z = 4, the probability is zero.

i) P(X|Y =2)=P(X =0]Y =2),P(X =1|Y =2),P(X =2|Y =2)
P(X =0,Y =2):( 4

P(X=0|Y=2)= P(Y =2) 012121

0.5°0.4°0.1% )/0.3456 =0.0278

= = '
P(X =1|Y =2)= P(X=1Y=2) :( 4 0.510.420.11J /0.3456=0.2778
P(Y =2) 1121
= = I
P(X=2|Y=2)= P(X=2Y=2) =( 4 0.520.420.1") 0.3456 = 0.6944
P(Y =2) 212101

i) E(X|Y=2) = 0(0.0278)+1(0.2778)+2(0.6944) = 1.6666

a)
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0.04

0.03

Z(O) 0.

0.01

0.00

b)
0.07 ~'¢'w‘\>
g it
0.04 A . ‘ ‘ “\\\\\\‘
.00 ;O
y s
c)
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0.07 |
0.06 |
0.05
0.04
Z(-. 8) 0.03
0.02

02

0.01

0.00

5-47.  Because p =0 and X and Y are normally distributed, X and Y are independent. Therefore,
(a) P(2.95 < X < 3.05) = P(223 < Z < 3953) = 0,7887

0.04 0.04
(b) P(7.60 <Y <7.80) = P(£&22 < Z < 158:80)=0.00621

(c) P(2.95 < X < 3.05, 7.60 < Y < 7.80) = P(2.95 < X < 3.05) P(7.60 < Y < 7.80) =
P(252 < 7 < 305-3)p (180800 « 7  780-800) _ (), 7887)(0.00621) = 0.0049

0.04 0.08

5-48.  (a) p=cov(X,Y)/oxoy=0.6; cov(X,Y)=0.6*3*5=9
(b) The marginal probability distribution of X is normal with mean L, c,.
(c) P(X < 116) =P(X-120 < -4)=P((X-120)/5 < -0.8)=P(Z < -0.8) = 0.21
(d) The conditional probability distribution of X given Y=102 is bivariate normal distribution with
mean and variance
Hxy=102 = 120 — 100*0.6*(5/3) +(5/3)*0.6(102) =122
6 xiy=102 = 25(1-0.36) =16
(e) P(X < 116|Y=102)=P(Z < (116-122)/4)=0.0668

5-49. Because p=0 and X and Y are normally distributed, X and Y are independent. Therefore, pyx =
0.1 mm, 6x=0.00031 mm, py=0.23 mm, 6y=0.00017 mm
Probability X is within specification limits is

P(0.099535 < X < 0.100465) = p| 2999935-0.1 - 0.100465-0.1
0.00031 0.00031

=P(-1.5<Z <1.5) = P(Z <1.5) - P(Z < -1.5) = 0.8664

Probability that Y is within specification limits is

P(0.22966 < X < 0.23034) = P(0'22966 —0.23 <Z< 0.23034 — 023)
0.00017 0.00017

=P(-2<Z<2)=P(Z<2)-P(Z <-2)=0.9545
Probability that a randomly selected lamp is within specification limits is (0.8664)(0.9594) =
0.8270
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5-50.  a) By completing the square in the numerator of the exponent of the bivariate normal PDF, the
joint PDF can be written as

Y X

2 2
{l{(Y—(/twpUY(X—m))} +(1—p2)[xij }
o oy o

1 _ e 2(1-p%)
f _ fXY (X’ y) _ 27Z'UX(7y 1_'0
Y|X=x — f - 2
x (X) [X"‘X}
1 %
Nero,
X—Hyx :
Also, f(x)= __L 5 Bydefinition,
2rno,
1 Oy ’ 2y[ X~Hx ’
| =iy +p 2 (k) | +A-p?) T
Gy Gx Oy
. 201-p?)
f _ B (xy) 2T“’xc’y\fl_pz
Y|IX=x ~ = 2
fx (X) X—Hy
—_ GX
B ST
J2no,
2
%{(y*(uwpi(xﬂlx»}
Oy Oy
1 2(1-p?)

e

\/gcy\ll— p2

Now fyjx= is in the form of a normal distribution.

b) E(Y[X=X) = n, +p&(x—ux) . This answer can be seen from part a). Because the PDF is in the
Oy

form of a normal distribution, then the mean can be obtained from the exponent.

c) V(Y|X=x) = csi(l—pz) . This answer can be seen from part a). Because the PDF is in the form
of a normal distribution, then the variance can be obtained from the exponent.

5-51.
© © 0 _l{(x_ﬂx)2+(y_l—‘Y)2}
2l O,2 0,2
[ [t oyaxdy=[[|sgse ™t @ @ ldxdy =
o 7;[0‘*/&)1 e 7{()’*/1‘«)2}
1 2 O'XZ 1 2 GYZ
J 72207, © dx | 770, © dy
and each of the last two integrals is recognized as the integral of a normal probability density
function from —o to co. That is, each integral equals one. Because f (X, y)= f(X)f(y), X
and Y are independent.
5-52.
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{[ X—py ]Z 2p(X—py )(Y—px )Jquy JZ}

Ox OxOy Oy

Let fyy (X,y) = 1 . 20-p%)
ZRGXGy\“.— p2

Completing the square in the numerator of the exponent we get:

2 2
HX—#X ]2 2p(X=pax XY =px) (Y =ty T} _ KY—#\( jip(X—ﬂx ﬂ +(17p2)[X—#x]
Ox OOy L Oy Oy Ox oy
But,

— - 1 1
[Yi] - ,{M] - G—{(quy)fp”—y(xfux)} - 7{(Y7(ﬂv +pﬂ(x7ux»}
oy oy Y oy % ox

Substituting into fxy(X,y), we get

2 2
{ﬂ{y—(ww‘”(x—#x»} +(1—p2)[xl] }
Oy Ox Oy

Y

© o 1 _ 52
IR e 200" dydlx
o 2ro,0,\1-p

O'y 2
y_(/—‘y +P:(X_/1x )
205 (1-p%)

e dy

1 Xopy
= w#e 2[ UfjdXxJ'_w !

~2ro, * 2o J1-p?

The integrand in the second integral above is in the form of a normally distributed random
variable. By definition of the integral over this function, the second integral is equal to 1:

p 2
[yf(,uy*’piy(x*,ux))]
—_ O-X
1 xp 207 (1)
1 2o © 1
dx x J e dy

L7t B

(oL e_;[xaij dxx1
~N2ro,

The remaining integral is also the integral of a normally distributed random variable and therefore,
it also integrates to 1, by definition. Therefore,

L o=

5-53.
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o 0.5[<X—ux>2 Zp(xuxxymuyuwz}
1-p2? 02 OO ' 02
f,(x)= J' 1 _e p Z xOvy Y
2710 Oy 1-p*
—00|

—0.5(X—4x)* —0.5[[()/—#\() P(X—/lx)Tf[P(X—/lx)T
_ 1 1-p? O-i I 1 el_pzl Ov Ox Ox dy
V2z0y V270, 1-p?
—o0
2
—0.5| (Y=Hy) p(X=ux)
(X—pax )2 e S
05 1’4 o, ]
— 1 e X .[ 1 e Y dy
J2rOy V270, \1-p?
—o0

The last integral is recognized as the integral of a normal probability density with mean
Oy p(x—pix)
1y + va—xx

requested result is obtained.

and variance O'Yz(l— pz) . Therefore, the last integral equals one and the

Section 5-4

5-54.  a) E(2X +3Y) =2(0) + 3(10) = 30
b) V(2X +3Y) =4V (X) + 9V(Y) = 101
c) 2X + 3Y is normally distributed with mean 30 and variance 101. Therefore,
P(2X +3Y <30)=P(Z <3%’1°) =P(Z<0)=05

d) P(2X +3Y <40) = P(Z < £2) = P(Z < 0.995) = 0.8389

5-55.  (a) E(3X+2Y) = 3*2+2*6=18
(b) V(3X+2Y) = 9*5+4*9 =81
(c) 3X+2Y ~ N(18, 81)
P(3X+2Y < 18) = P(Z < (18-18)/81%%)=0.5
(d) P(3X+2Y < 28) = P(Z < (28-18)/81°%)=P(Z < 1.1111) =0.8665

5-56. Y = 10X and E(Y) =10E(X) = 90mm.
V(Y) = 10°V(X)=40mm?

5-57.  a) Let T denote the total thickness. Then, T =X + Y and E(T) = 6 mm,
V(T) = 0.1° + 0.1 =0.02mm?, and o1 = 0.1414 mm.

b)
P(T >6.3) = P[Z il
0.1414

=1-P(Z < 2.12) =1-0.983=0.0170

): P(Z >2.12)

5-58.  (a) X:time of wheel throwing. X~N(40,4)
Y: time of wheel firing. Y~N(60,9)
X + Y ~ N(100, 13)
P(X + Y <90) = P(Z < (90 — 100)/13%°) = P(Z < —2.774) = 0.0028
(b) P(X + Y >110) = 1 — P(Z < (110 — 100)/ 13*%) =1 — P(Z < 2.774) = 1 — 0.9972 = 0.0028

5-59. a) X~N(0.1, 0.00031) and Y~N(0.23, 0.00017) Let T denote the total thickness.
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5-60.

5-61.

5-62.

5-63.

Then, T=X+Y and E(T) =0.33 mm,
V(T) = 0.00031% +0.00017% =1.25x10"mm?, and o; = 0.000354 mm.
Z< w} =P(Z <-271.2)=0
0.000354
0.2405-0.33
Z>———
0.000354

P(T <0.2340) = P[

b) P(T >0.2405) = P[ j =P(Z >-253)=1-P(Z <253) =1

Let D denote the width of the casing minus the width of the door. Then, D is normally distributed.
a)E(D)=04 V(D)= (04)’+(0.2)*=0.2 0y = \0.2 =0.4472

b) P(D>0.8)=P(Z > %) =P(Z >0.89) =0.187

c) P(D<0)=P(Z < OTJ%‘) =P(Z <-0.89) =0.187

X = time of ACL reconstruction surgery for high-volume hospitals.

X ~N(129,196)

E(X1+X2+.. .+X10) =8*129=1032
V(X +Xo+...+X30) = 64*196 =8256

a) Let X denote the average fill-volume of 100 cans. oy = /%545 =1.5.

b) E( X ) =358 and P(X < 355) = P[Z < @] =P(Z <-2)=0.023
¢) P(X < 355) = 0.005 implies that P(Z < 355_“) — 0.005.
Then S22 =4 — 258 and 1= 358.87.
d) P( X < 355) = 0.005 implies that P[Z < M} =0.005.
o1/100
Then S2°=3%8 _ > sgand o =11.628.
o /100
e) P( X < 355) =0.01 implies that P[Z < M} =0.01.
15/n
Then 327358 _ 5 33and N =135.722136.
15/n

Let X denote the average thickness of 10 wafers. Then, E(X) = 10 and V(X ) = 0.1.
a)P(8< X <12) = P(% <Z< %) =P(-6.32<Z <6.32) ~1.

The answer is ~ 0
b) P(X >11) =0.05 and o = ¥-..

Therefore, P(X >11) = P(Z > 119) =0.05, 11510 = 1 65 and n = 2.72 which is rounded up
Yo Vi

to 3.

¢) P(X >11)=0.0005 and oy = %;;.

Therefore, P(X >11) = P(Z > 1£1%) = 0,0005, 22 =329
o YA
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o =+/10/3.29 = 0.9612

5-64.  X~N(75, 225)
Q) Let Y = Xy + X, + ... + Xo5, E(Y) = 25E(X) = 1875, V(Y) = 254(225) = 140625

> M} =P(Z >0.2) =1- P(Z < 0.2) =1-0.5793 = 0.4207
J140625

b) P(Y >x)=0.0002 implies that P[Z >

P(Y > 1950) = P(Z

X_1875] —0.0002.

140625

X—1875 _ 3 54and x = 32025

Then

5-65.  W: weights of parts E: measurement error.
W~ N(Hw, GWZ) , E~N(0, Gez) W+E ~ N(Hw, c5w2+692) .
W, = weights of the specification P
(8) P(W > Py, + 30,,) + P(W < py — 364) = P(Z > 3) + P(Z < -3) = 0.0027
(b) P(WHE > py +30y) + P(W+E <, —3oy)
=P (Z>30y/ (0w'+0¢")") + P (Z < -30u/ (0u*+0¢")"?)
Because o, = 0.256,° the probability is
=P (Z> 306w/ (1.256,°)Y%) + P (Z < -364 / (1.256,2)"%)
=P (Z2>2.68) +P (Z<-2.68) = 2(0.003681) = 0.0074
No.
(c) P(E + Uy + 26y > Hy + 30,) = P(E > 6) = P(Z > 6,/(0.256,,°)%) = P(Z > 2) = 0.0228
Also, P(E + Py + 26w < Hw — 36w) = P(E < — 50y) = P(Z < -56,,/(0.256,2)%) =P(Z <-10)= 0

5-66. D=A-B-C
a)E(D)=10-2-2=6mm
V(D) =0.1> + 0.1> + 0.1> = 0.03mm?
op =0.1732mm
5.9-6

b) P(D <5.9) =P(Z <
YR )=H 0.1732

)=P(Z < -0.58) = 0.281.

Section 5-5

5-67.  f,(y) =% aty=5,8,11, 14

5-68. Because X >0, the transformation is one-to-one; thatis Yy = x> and Xx=3 Y . From equation 5-30,

L= H&Y = )" Q- p* Y fory=o18,27
1fp=0.25 f (y)= (ﬁﬁ)(O.ZS)W(OJS)*W fory=0,1,8,27.

y—loj[lj y-10
5-69. a) f =f (— —|= for10<y <22
) Y(y) X 2 2 9% y
22)/2—10)/ /g 1oy 2
b) E(Y) = dy = —( L = =135
) EC) JO % 96(3 2)10
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_y - -y -y
5-70. Becausey=-2Inx, € 2 = =se? for0<e? <1or
y >0, which is an exponential distribution with A = 1/2 (which equals a chi-square distribution
with k = 2 degrees of freedom).
_1 e“N
571. a)If y=X? then X=,/y for x>0 and y>0.Thus, f, (y)= fx(\/?)gy 2 = for
2y
y>0.
by If y=x"% then X=y° for x>0 and y>0.Thus, f,(y)=f, (y°)3y=3ye ™’ fory
>0.
0) Ify=Inx, then x=eY for x> 0. Thus, f, (y)=f, (e¥)e’ =e’e™ =&’ for
—o <Yy <0,
bvd _ 2 —u dU a i g U
572.  a)Now, |av®e ™ dV mustequal one. Letu = bv, then 1=a ( )°e ——3 du.
0
o . . 2a
From the definition of the gamma function the last expression is b_3 Q)= b_3 . Therefore,
b3
a=—.
2
mv? 2w
b) If w= ,thenv=_— forv>0, w>0.
2 m
dv  b®2w e
fu () = 1, (25 =2 26 0% (amu -
dw  2m
b3m—3/2 L [w
_ wh2e by
V2
for w>0.
573, If y=e*" thenx=Iny-1for1<x<2 and e’ <y<e® Thus,
1 1 : 1 2 3
f,(y)=f,(Iny-1)—=— for 2<Iny<3. Thatis, f,(y)=— fore“<y<e’.
y 'y y
5-74.  Ify= (X—2)%, thenx = 2—\/§ for 0<X<2 andx= 2+\/§ for 2< X <4, Thus,
f () = fe @Y1 -3y [+ F @) 13y
_2-\y 244y
24f 24.fy
=(%)y™* for 0<y<4
Section 5-6
5-75.
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_ Xy _ C tx__m (x+l)_e_m e(l etm)
9 MO=EE) =D e =5 et =T e e

x1 x=0
dM, (t m+1
b) E(X)=p=p'= dxt()I =
t=0

V(X)=0" =E(X*) - [E(X))* = -4’ =

(m+D(2m+1) _(m +1j2 - m’-1
2 ) 12

5-76.

0 e—ilx & /1et X - o o
a) Mx(t):E(etX):Zem - —e AZ( Xl) —e l(ei ):el( 1)
x=0 : x=0 .

. dM (t et
b) E(X)=ﬂ=ﬂl=—dxt() =/1e‘(e“ 1’]t_0=/1
t=0 =

V(X) =0 =E(X*)~[E(X) = "~ 1"

PR d2|(\j/|t)2( (9] B _ I:/let (e,l(e‘ 71))_’_ (/»let)z(ei(e‘ 1) )LO L

== A+ =2

577. M, (t)=E(¥) =ie“ p—p)** :ﬁi(e‘(l— p))”

e'(l-p) pe
T1- p 1-e'(l-p)) 1-(1-p)e
dM, (1) _ pe'll—(1- p)e')- pe'(- - p)e')
dt |t:0 (1— a- p)et)z L:o

p 1

E(X) = ==

__pe | _p_
(-a-pefl, P P

V(X)=0" =E(X*)-[E(X)I = &,

MO pel-@- pef — pe' @l pe)-a- pe)
i dt’ |t:0 (1_(1_ p)et)4

_ pe‘(1+(1— p)e‘)| _2-p
L-a-pef |, P

t=0

578. M, (t) =M, ()M, (1) = ((1_ 2t)_k1/2X(1— ot) ke /2): (1 2t) (ka2
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As aresult, Y is a chi-squared random variable with K, + K, degrees of freedom.

5-79
) M (D) =E(*)= [e"(4xe™)dx =4 [ xe"?"dx
x=0 x=0
Using integration by parts, we have:
(t-2)x (t-2)x ° c
M, @) =4lim| X & _ggim| [ XL e | o4
e t—2 (t—2) 0 cool | §—2 (t—Z) 0 (t_Z)
dM, ()| -8 |
dt o (-2,
d*M, (t 24
t=0 (t_ ) t=0
V(X)=0? = E(X?)—[E(X)P = p,'-p* =1.5-1=05
5-80.

x=p
1 (etﬁ eta] etﬁ . eta

Tt ) Wp-a)

B tx
a) Mx(t):E(etX)zje‘Xﬂiadxz ﬂia(e_J

b) E(><>=u=ﬂl-:%
M, (O _ (ﬂew ‘“et“)(t(ﬂ - a))_(etﬂ —e“ Xﬂ—a) _ t(ﬁetﬂ _aeta)—etﬂ + e
o Ep-ay B (- a)

dM, (t) . . o . . .
—2—~= jsundefined at t =0 since there is t* in the denominator. Indeed, it has an

indeterminate form of % when it is evaluated at t = 0. As a result, we need to use

L'Hopital's rule and differentiate the numerator and denominator.

(ﬂetﬁ _ aeta)_ o 4 gte

£(X) = lim IMx O _ i ¢
t—0 dt

0 t(B-a)
_lim (,Be‘/’ - aet“)+ t(ﬂzetﬁ - azet“)— £e? + o'
s 2(f - )

_ _mﬂZetﬂ_aZeta _ £ —a? :Ot+ﬁ
w0 2f-a)  2f-a) 2

. d°M, (1)
Hy = dtZ

t=0
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d*M, (t) t3(ﬁ2e‘ﬁ —a’e"” Xﬂ -~ a)(t(ﬂetﬁ — e )— e’ + e‘“)
dt? t (,6’ —a)?
t?(p%" — a%e)- 2t(ﬂe‘ﬂ )4 20 — e
t*(B-a)
tX ( ) has the same indefinite form of / when it is evaluated at t = 0. We need to

use L'Hopital's rule again.

(,Bzetﬂ 2 ta) 2t(,Bet/’ ta)+ 2t _ 2pte

2—I|m

20 (o)
2t(ﬂ2€tﬂ 2 ta)+t (ﬂ3etﬂ 3 ta) (ﬁetﬁ ta)_ Zt(ﬂZetﬂ _a2€ta)+ 256 — 20"
=lim
0 3 (f-a)
m (ﬂsetﬁ' 3 ta) i [ — ol B £ B o’ +af+
o0 3 (f-a) =0 3(f-a)  3(B-a) 3
2 2 2 2
V(X e o = & +af+ [ _(a+ﬂj :(ﬂ—a)
(X)=1t,"—p 3 5 12
5-81.
a) M, (t)=E@€™)= j e"le dx = ije“‘“xdx
0 0
p(t-A)x “
:/1( ] which is finite only if t < 4.
t-4 .
(t-2)x
M, (1) = 4| & :z(o—ijzi fort<i.
t—-4 . t—-1) A-t
. dM (1)] A
b) E(X)=p=p'=—1 = ==
dt |, (A-0°
_AIML (@) 24 2
e dt’ t=0 (l_t)s t=0 78
, 2 (1) 1
V(X) = p'-p* ?_(Ij =7
5-82.

< /1 r-1__— /II’ < _ —
M, (t) = E(e") = [e* ——(Ax) e *dx = —— [ x""e"*d
) My (0= B = [e" rialan) e = X
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J.X"le(t’l)xdx is finite only if t < A . Besides, we need to use integration by substitution by

0

letting Z = (A —t)X . Note that the limits of the integration stay the same because z — 0 as

X—>0,and Z—> o0 as X —> 0. So, we have

and dx = dz
(A-1) (A-1)

X T oy A [ z j iy X
M, (t)=——|x""e dx = e
«(®) r(r)£ F(r)-! A—t

X X A-t)" t)"
RG] ””‘(Hy‘( 7 j ‘(“1)

As aresult, Mx(t)=(1—%j fort<A.

A—t T(n(A-t)

|

z

Also note that I'(r) = er_le_zdz for r > Qby the definition of the gamma function.
0

_dM,

b) E(X)=u=u it

=)
t=0 A _

=r(r+ DA (A-t)"7

_r(r+1
-0 22

_d°M, ()
2 dtZ

t=0

, r(r+1) ryY r
V(X)= '~ = 7 —(z} Z?

5-83.

A A A A
2) MY(t)zMxl(t).sz(t)...Mxr(t):l_m_t...ﬂ_t:(;L tj

A

r -r
t
by M, t) = (—j = (1— zj is the moment-generating function of a gamma

A—-t

r-1

e ‘dz

distribution. As a result, the random variable Y has a gamma distribution with parameters r

and A.

5-84.

242 2,2
K MY(t):Mxl(t)sz(t)ﬂXp(“iHalzt leXp[ﬂzwmzt j
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242
1

o
:exp(ult+

2

2 2
7)o ek o )

+ it +

tZ
b) M, (t)=exp ((,ul + ,uz)[ + (612 + 0'22 )EJ is the moment-generating function of a normal

distribution with mean z4 + £, and variance o} + o . As a result, the random variable Y

has a normal distribution with parameters ¢4 + 44, and 0'12 + 0'22.

Supplemental Exercises

5-85.  The sum of ZX:; f(x,y)=1, ( 4)+ %)+ %)+ (%)+ (}2):1

and f, (X,y)=0

a) P(X <0.5,Y <1) = f,,(0,0)=1/4.

b) P(X <1) = f,, (0,0)+ f,, 0.+ f,, LO)+ f,, (L) =3/4
¢) P(Y <15) = f,,(0,0)+ f,, (0D + f,, (L,0)+ f,, (L1) =3/4
d) P(X >05,Y <15) = f,, (1,0)+ f,, (1,1) =3/8

e) E(X) = 0(3/8) + 1(3/8) + 2(1/4) = 7/8

V(X) = 0%(3/8) + 1%(3/8) + 22(1/4) - 7/8%= 39/64

E(Y) = 1(3/8) + 0(3/8) + 2(1/4) = 7/8
V(Y) = 1%(3/8) + 0%(3/8) + 2%(1/4) - 7/8* = 39/64

f f (0= fy (xy) and f,(0)=3/8, f,(1)=3/8, f,(2)=1/4.

f (@
9 f,.(y) = XfY((l)y) and f,,(0) =42 =1/3, f,,(0) =¥+ =2/3.
X

) E(Y [ X =1)=> yf,x,(y) =01/3)+1(2/3)=2/3

i) As is discussed in the chapter, because the range of (X, Y) is not rectangular, X and Y are not
independent.

i) E(XY) = 1.25, E(X) = E(Y) = 0.875, V(X) = V(Y) = 0.6094
COV(X,Y) = E(XY) - E(X)E(Y) = 1.25 - 0.875%= 0.4844
0.4844

- —0.7949
/0.6094/0.6094

Pxy

20!
2141141
b) P(X =0) =0.05°0.95% = 0.3585
¢) E(X) = np, = 20(0.05) =1
V(X) = np,(1— p,) = 20(0.05)(0.95) = 0.95

f, (X,2)
f, (2)

0.05°0.25%0.70" = 0.0385

5-86. P(X=2Y=4,Z=14)=

d) Ty, (X2 =19)
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fy, (x2) = LO 05*0.25°7770.7°
x1z1(20 — x — 2)!
f,(z) = _ 20 g gwg g
z21(20-2)!
X 20-x-z X 20-x-z
foa(X|Z =19) fyy (X, 2) _ (20-2)! 0.05 0.30532 _ (20-2)! [1] [§]
f,(2) x1(20-x—2)! 0.3 x1(20—-x—-2z)I\6/ \6

Therefore, X is a binomial random variable with n=20-z and p=1/6. When z=19,

xug ©0)= and f><|19 ®=

e) E(X |Z =19) = o@ +1@ :%

5-87. Let X, Y, and Z denote the number of bolts rated high, moderate, and low. Then, X, Y, and Z have
a multinomial distribution.
a) P(X=12)Y =6,Z=2) = ﬂ0.6120.2560.152 =0.0422
121612!
b) Because X, Y, and Z are multinomial, the marginal distribution of Z is binomial with
n=20and p=0.15
c) E(Z) =np =20(0.15) =3
d) P(Iow>2)—1-P(Iow:0)-P(Iow-1) P(low=2)=
20!

1- 20101 (0.15)°(0.85)* — (0 15)*(0.85)" — (O 15)%(0.85)"
=1-0.0388-0.1368—-0.2293 = 0.5951
f., (16, z I
e) fzua(Z) = M and fy, (x,2)= LO 6°0.25®*"90.15" for
f, (16) x1z1(20—x—1z)!

X+2<20 and 0<x,0<z. Then,
200 6'°0.25(+"20.15°

_ 61z1(4-2)! A 025\47% (0.15)?
2\16( )= 20! - z!(4—2)'( ) (0-4)

210,6'°0.4°

for 0 < z < 4. That is the distribution of Z given X = 16 is binomial with n = 4 and
p=0.375
f) From part (a), E(Z) =4 (0.375) =15
g) Because the conditional distribution of Z given X = 16 does not equal the marginal distribution
of Z, X and Z are not independent.

5-88. Let X, Y, and Z denote the number of calls answered in two rings or less, three or
four rings, and five rings or more, respectively.

a) P(X=8Y=12Z= 1)—£o 7°0.20'0.10" =0.1038

b) Let W denote the number of calls answered in four rings or less. Then, W is a binomial random
variable with n =10 and p = 0.90.

Therefore, P(W = 10) = (1)0.90°0.10° = 0.3487 .
¢) E(W) = 10(0.90) = 9.

f.,(8,z I
d) fz‘g(z) = M and f,, (x2) :L0.70x0.2(m*)(72)0.lZ for

f. (8) ’ x121(10 - x—2z)!
X+2z<10 and 0< x,0< z. Then,
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]
1ot 0.70°0.2%%0.1*

P R
zi8 170|07030302 Z|(2—Z)| 0.3 0.3

812!
for 0<z <2. Thatis Z is binomial with n =2 and p = 0.1/0.3 = 1/3.
e) E(Z) given X = 8is 2(1/3) = 2/3.
f) Because the conditional distribution of Z given X = 8 does not equal the marginal distribution of
Z, X and Z are not independent.

dX 20 =18c. Therefore, ¢ = 1/18.

0

5-89. ﬁ cx?ydydx = I X’
00

11 1 L1 \ 1
a) P(X <1Y <l):”l—18x2ydydx= Lyl =12 L
00 0 0 0
2.52 25 |2 |2
b) P(X <2.5) = ”lsx ydydx_j— 2X | dx=1%| =0.5787
o 0 0
2 3
c) P(1<Y<2)=”%3x2ydydx=J'l—18x2yT dX:%X; =3
01 0 1 0
d)
3 15 3 . [15 3
P(X >2,1<Y<1.5)=j l—lsxzyolyolx:jl_lgxzyT dx =5 %
2 1 2 1 2
= %5 - 0.2199
32 3 \ 3
e) E(X)z”l—gx3ydydx j%xszdx:%% =2
0 0
3 , 3
D EM)= JLs yidydx= [ 5t Sk = 4| =4
0

18

2
9 f,(X) :J'ixzydy:%x2 for0<x<3
0

foy @ =
fv\x( ) = X]Z((l)y)=181y:%for0<y<2.
X 9
2

: (XD X ey
) fep(X)= XfYY(l) = ;i(l) and fY(y)—'([l—lgx ydx =2 for0<y<2.

1 2

1/2

Therefore, fx‘l(X) = 1x* foro<x<3.

5-90.  The region x° +y? <1 and 0 < z < 4 is a cylinder of radius 1 (and base area 7t) and height 4.

Therefore, the volume of the cylinder is 47t and fyyz(x,Y,2) = for X2 + y <land0<z<4.
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a) The region X2+Y2<05 isa cylinder of radius Jo5 and height 4. Therefore,
P(X?+Y?<05) =" =1/2.

b) The region X2 +Y2 <05 and 0 <z < 1 isa cylinder of radius ¥/0.5 and height 1. Therefore,
P(X*+Y?<05,Z<1)="%"-1/8

o) frn(X, y):M and f,(z)= J.J.ﬁdde=1/4

fz(l) x2+y251
for 0 <z < 4. Then, fXY‘l(X, y):llll_t:[:% for x2 +y? <1.
4 J1-x? 4
d) fx(x):_[ I idydz:_[ixll—xzdz:f 1-x? for-1<x<1
0 12 0

4
&) f100(2) = % and f, (X,y)= Iidz =1/7 for X* +y? <1. Then,
XY ’

0

1/4rx
f1100(2) = T 14 foro<z<dand fi,,= 2.
f) fz‘ (2) = frvz (XY, 2) _ 1/ 4z =1/4 for0<z<4.Then, E(Z) given X=xand Y =y is
N fXY (X! y) 1
4
Hdz =2.
0

11
591. f,,(X,y)=C for0O<x<land0<y<1 Then, I ICdXdy =landc=1.
0 0

Because f,, (X, Y) is constant, P(|X —Y| < 0.5) is the area of the shaded region below

Thatis, P(|X —Y|<0.5) =3/4.

5-92. a) Let Xq,X5,...,Xg denote the lifetimes of the six components, respectively. Because of

independence,
P(X, >5000, X, >5000.,..., X, >5000) = P(X, >5000)P(X, >5000)...P(X, >5000)
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If X is exponentially distributed with mean 0, then A :% and

et = —e V% =e 'Y Therefore, the answer is
X

1
0

P(X >x):T

e 125 1a1a 050050704 _ o465 _ ) 0096 .

b) The probability that at least one component lifetime exceeds 25,000 hours is the same as 1
minus the probability that none of the component lifetimes exceed 25,000 hours. Thus,

1 - P(X,< 25,000, X, < 25,000, ..., Xg< 25,000) = 1 - P(X; < 25,000)...P(Xs < 25,000)
=1-(1-e®®)1-e?5)(1-e2)(1-e®)(1-e®)(1-eh)=1-0.2592 = 0.7408

5-93. Let X, Y, and Z denote the number of problems that result in functional, minor, and no defects,
respectively.
|
a) P(X=2Y=5)=P(X=2Y=52Z=3) =%0.120.650.33 =0.053
b) Z is binomial withn=10and p =0.3.
c) E(Z) =10(0.3) = 3.

5-94. a) Let X denote the mean weight of the 25 bricks in the sample. Then, E( X )=15and
oy = % =0.02. Then, P( X <1.48)=P(Z < 15)=p (Z<-1)=0.159.

X 0.02

b) P(X >x)=P(Z > Xo_—@ ~099. o, X2 — 533 and x = 2.9534.
1825 5.25
5-95.  a) Because I I cdydx = 0.25¢c, ¢ =4. The area of a panel is XY and P(XY > 90) is the
1775 4.75
shaded area times 4 below,
5.25 77, f
4.75 Bt
17.25 18.25
1825 525 1825 1825
That s, j j 4dydx = 4 j 5.25— %0 dx =4(5.25x —90In x| ) =0.499
1775 90/x 1775 1775
b) The perimeter of a panel is 2X + 2Y and we want P(2X + 2Y > 46)
1825 525 1825
j j 4dydx = 4 j5.25 — (23— x)dx
1775 23-x 17.75
18.25 X2 18.25
=4 [(-17.75+ X)dx =4(-17.75x+—-| ) =05
17.75 17.75
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5-96.

5-97.

5-98.

5-99.

5-100.

a) Let X denote the weight of a piece of candy and X~N(3, 0.3). Each package has 16 candies,
then P is the total weight of the package with 16 pieces and E(P) = 16(3)=48 g and V/(P) = 162 x
(0.3)=23.04 ¢*

b) P(P < 48) = P(Z < %%) = P(Z <0)=0.5.

c) Let Y equal the total weight of the package with 17 pieces, E(Y) =17 x (3) =51 gand V(Y) =
17% x (0.3)?= 26.01 ¢*

P(Y <1.6) = P(Z < “£%) = P(Z < -0.59) = 0.2776.

Let X denote the average time to locate 15 parts. Then, E( )?) =45and og = 3—05

Ji5
a) P(X >60)=P(Z > 2-£) = P(Z >1.94) = 0.026

b) Let Y denote the total time to locate 15 parts. Then, Y > 600 if and only if X > 60. Therefore,
the answer is the same as part a.

a) Let Y denote the weight of an assembly. Then, E(Y) =4 +5.5+ 10+ 8 =27.5and
V(Y)= 0.4%+0.5% +0.22 +0.5? =0.7.
P(Y >29.5) =P(Z > %) = P(Z > 2.39) = 0.0084

b) Let X denote the mean weight of 8 independent assemblies. Then, E( X ) =27.5and V( X )=

_ v _ 29-275Y\ __ _
0.7/8 = 0.0875. Also, P(X >29) = P(Z > 2XZ%) = P(Z > 5.07) = 0.

) 4)[,‘\.
1

1
1)“10\’

1
000

t

t s
00001«

0.72

1 [iﬂxfl)%m(xfl)(y72)+(y72)2}}
e

foo(X,y)=—
s (X, Y) Lon

-1 2 2
1 {H(X—l) =-1.6(x-1)(y-2)+(y-2) }}
fXY (X, y) — e 2(0.36)

27+/.36

1 [%(xl)zzcsxxl)( y2)+(y2)2}}
e

f (X, y) _ 2(1-0.8?)
XY 271- .87
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E(X)=1 E(Y)=2V(X)=1V(Y)=1andp=0.8
5-101. Let T denote the total thickness. Then, T = X; + X, and

a)E(M)=05+1=15 mm
V(T )= V(Xy) +V(Xy) + 2Cov(X;X,) = 0.01 + 0.04 + 2(0.014) = 0.078mm?
where Cov(XY) = poxoy =0.7(0.1)(0.2) = 0.014

1.2-15

~0.078

c) Let P denote the total thickness. Then, P = 2X; +3X, and
E(P)=2(0.5) +3(1) =4 mm

V(P) = 4V(Xy) + 9V(Xy) + 2(2)(3)Cov(X1X>)

= 4(0.01) + 9(0.04) + 2(2)(3)(0.014) = 0.568mm?

where Cov(XY)=poxoy=0.7(0.1)(0.2)=0.014

b) P(T <1.2) = P(Z < ): P(Z <-1.07) =0.1423

5-102. Let T denote the total thickness. Then, T = X; + X, + X3 and
a) E(T)=0.5+1+1.5=3 mm
V(T):V(Xl) +V(X2) +V(X3)+2COV(X1XZ)+ 2COV(XZX3)+
2C0ov(X1X3)=0.01+0.04+0.09+2(0.014)+2(0.03)+ 2(0.009)=0.246mm?
where Cov(XY)=poxcy

1.4-3

b) P(T <1.4) = P(Z < 0.246) =P(Z<-65)=0

5-103. Let X and Y denote the percentage returns for security one and two respectively.
If half of the total dollars is invested in each then ¥2X+ %2Y is the percentage return.
E(*2X + 1Y) =0.05
V(¥2X+ %LY) = 1/4 V(X)+1/4V(Y)+2(1/2)(1/2)Cov(X,Y)
where Cov(XY)=poxoy=-0.5(2)(3) = -3
V(YeX+ 1Y) = 1/4(4)+1/4(9)-1.5 = 1.75
Also, E(X) =5 and V(X) = 4.
Therefore, the strategy that splits between the securities has a lower standard deviation of
percentage return than investing $2 million in the first security.

5-104. a) The range consists of nonnegative integers withx +y +z = 4.
b) Because the samples are selected without replacement, the trials are not independent and the
joint distribution is not multinomial.

_ _ _ fXY(X’Z)
0 P(X =x|Y =2) =22

0

P(Y =2) = (£)E)(E) + (LE)E) + E)E)(E) =0.05779+0.11558 + 0.04334 = 0.21671

) )

P(X =0andY =2) = (2)E)E) =0.05779

P(X =1andY:2):—(l)

7 5 8
P(X =2andY =2) = GIG)E) =0.04334
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fo (X,2)
0.05779/0.21671 = 0.267
0.11558/0.21671 = 0.535
0.04334/0.21671 = 0.19999

NP O X

d)

P(X=x, Y=y, Z=z) is the number of subsets of size 4 that contain x printers with graphics
enhancements, y printers with extra memory, and z printers with both features divided by the
number of subsets of size 4.

7\(5 8
P(X:x,Yzy,Zzz)zw forx+y+z=4.
4

7\(5)\(8
P(X=LY=22=1)= % =0.11558
4
L)E)E)
1 1 2
e) P(X=1Y =)=P(X=1Y=,Z2=2) :W: 0.2023
f) The marginal distribution of X is hypergeometric with N = 20, n = 4, K = 4. Therefore, E(X) =
nK/N = 4/5 and V(X) = 4(4/20)(16/20)(16/19) = 0.5389.

o P(X=1Y =2|Z=1)=P(X =1Y =2,Z =1)/ P(Z =1)

h P(X=2|Y=2)=P(X =2Y =2)/P(Y =2)

oo

i) Because X + Y + Z=4,if Y =0and Z = 3, then X = 1. Because X must equal 1, fx\Yz @ =1

5-105. a) Let X, Y, and Z denote the risk of new competitors as no risk, moderate risk,
and very high risk. Then, the joint distribution of X, Y, and Z is multinomial with n =12 and

p, =0.15, p, =0.70, and p, =0.15. X,YandZ>0and x +y + z=12
b) P(X =1Y =3,Z =1) =0, not possible since x +y + z # 12

12 12 12
¢) P(Z<2)=|"" |0.15°0.85% +|  |0.15'0.85" +| - |0.15%0.85"
0 1 2

=0.1422+0.3012+0.2924 =0.7358
d P(Z=2]Y=1,X=10)=0

e) P(X =10)=P(X =10,Y =2,Z =0)+P(X =10,Y =1,Z =1)+P(X =10,Y =0,Z =2)
| I |
_ 12! 0.15“’0.7020.150+1—2'0.15“’0.7010.151+1—2'0.15100.70"0.152
101210! 1011! 10!012!

=1.86x10" +7.99x10°° +8.56x10™° = 2.745x10”"
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P(Z=0Y=2X=10) P(Z=1Y =1X =10)

P(Z <1| X =10) = N
P(X =10) P(X =10)
12! 10 2 0 -7 12! 10 1 1 -7
- 0.151°0.700.15° /2.745x 10" + 0.151°0.70°0.15! /2.745x10
1012101 1011111
— 0.9687
f) P(Y <17 <1| X =10) = P& =1Y =1 X =10)
P(X =10)
12' 10 1, 1 -8
- 0.15°0.70'0.15 /6.89x10
1011111
02912

g) E(Z| X =10) = (0(1.86x107) +1(7.99x10®) + 2(8.56 x10°)/ 2.745x10™7)
=0.353

Mind-Expanding Exercises

5-106. By the independence,

PXpe AL X, Ay, Xy e A= [ ] £ () F, 06)Fy (X, )dxdx, .dx,

A A A

:{j fxl(xl)dxl}@' fxz(xz)dszj fxp(xp)dxp]
A A, A

P

=P(X; € A)P(X; € A,).P(X, € Ay)

5-107. E(Y) = Cyy +Copty +... +C, pa,,. Also,
V(Y) = I [clxl +CyXy + e+ Co X, — (Copyy + Copty + .o+ cp,up)]2 fxl(xl) fy, (xz)...fxp (X,)dx,dX,...dx

= [ fo0x = ) o0, 06, — 1) £, (0) B, (). T (%, ) clx, .,
Now, the cross-term
Jee, 00— m)06 = 1) i, (%) i, (). T, (X )dxdx, ..dx,
= 0, [ 06— ), ) ][ 06 = 1) . (), | = 0

from the definition of the mean. Therefore, each cross-term in the last integral for V(Y) is zero
and

VY) = ([ 6706 — )7 f, Odabe )| €26, — 1) B, (x, ),
=V (X)) +...+CV(X,).

a b a b b
5-108. j j f. (X, y)dydx = j j cdydx = cab . Therefore, ¢ = 1/ab. Then, f, (X) = j cdy =2
0 O 0 O 0

a
for0<x<a,and fy(y)=| cdx :% for 0 <y <h. Therefore, T, (X,y)=f, (X)f,(y) forall x
0

and y and X and Y are independent.
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5-109. The marginal density of X is
b b b
f, (x)= j g(x)h(u)du = g(x) j h(u)du = kg(x) where k = j h(u)du. Also,
0 0 0

f, (y) =Ih(y) where | = I g(v)dv.Because f,, (X,y) isa probability density function,

0

T j‘ g(x)h(y)dydx = ﬁ g(v)dv}ﬁ h(u)du} =1. Therefore, kl = 1 and

5-110. The probability function for X is P(X =x)= (
N

The number of ways to select x; items from N; is (NJJ .

f o GY)=F (X)f, (y) forall xandy.

X]
Therefore, from the multiplication rule the total number of ways to select items to meet the

conditions is NN, Ni
Xl X2 Xk

The total number of subsets of n items selected from N is (
Nl N 2 N k
Xl X2 Xk

N

n

NJ . Therefore
n

P(X,=X,..X, = xk)=(
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