G. Rizzoni, Principles and Applications of Electrical Engineering Problem solutions, Chapter 4

Chapter 4 Instructor Notes

The chapter starts by developing the dynamic equations for energy storage elements. The analogy
between electrical and hydraulic circuits (Make The Connection: Fluid (hydraulic) Capacitance, p. 138,
Make The Connection: Fluid (hydraulic)linertance, p. 150, Table 4.2) is introduced early to permit a
connection with ideas that may already be familiar to the student from a course in fluid mechanics, such as
mechanical, civil, chemical and aerospace engineers are likely to have already encountered. A Focus on
Measurements boxes. Capacitive displacement transducer and microphones, pp. 147-148, permits
approaching the subject of capacitance in a pragmatic fashion, if so desired. The instructor wishing to gain
a more in-depth understanding of such transducers will find a detailed analysis in'.

Next, signal sources are introduced, with special emphasis on sinusoids. The material in this
section can also accompany a laboratory experiment on signal sources. The emphasis placed on sinusoidal
signals is motivated by the desire to justify the concepts of phasors and impedance, which are introduced
next. The author has found that presenting the impedance concept early on is an efficient way of using the
(invariably too short) semester or quarter. The chapter is designed to permit a straightforward extension of
the resistive circuit analysis concepts developed in Chapter 3 to the case of dynamic circuits excited by
sinusoids. The ideas of nodal and mesh analysis, and of equivalent circuits, can thus be reinforced at this
stage. The treatment of AC circuit analysis methods is reinforced by the usual examples and drill exercises,
designed to avoid unnecessarily complicated circuits. Two Focus on Methodology boxes (pp. 165 and 180)
provide the student with a systematic approach to the solution of basic AC analysis problems using phasor
and impedance concepts.

The capacitive displacement transducer example is picked up again in Focus on Measurements:
Capacitive displacement transducer (pp.175-177) to illustrate the use of impedances in a bridge circuit.
This type of circuit is very common in mechanical measurements, and is likely to be encountered at some
later time by some of the students.

The homework problems in this chapter are mostly exercises aimed at mastery of the techniques.

Learning Objectives
1. Compute currents, voltages and energy stored in capacitors and inductors.
2. Calculate the average and root-mean-square value of an arbitrary (periodic) signal.
3. Write the differential equation(s) for circuits containing inductors and capacitors.
4. Convert time-domain sinusoidal voltages and currents to phasor notation, and vice-versa, and
represent circuits using impedances.
5. Apply the circuit analysis methods of Chapter 3 to AC circuits in phasor form.

'E. 0. Doebelin, Measurement Systems — Application and Design, 4t Edition, McGraw-Hill, New York,
1990.
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Section 4.1: Energy Storage Elements
Problem 4.1

Solution:
Known quantities:

Inductance value, L = 0.5 H ; the current through the inductor as a function of time.

Find:
The voltage across the inductor, (Eq. 4.9), as a function of time.

Assumptions:
i,(t<0)=0
Analysis:

Using the differential relationship for the inductor, we may obtain the voltage by differentiating the current:

v ()= % ) _ g5l _ 5 [— 377 2sin(377t + Ej}
dt dt 6

=377 sin(377t + %T - ﬂ] =377 sin(377t - %Tj A%

Problem 4.2

Solution:

Known quantities:
Capacitance value C =100 pF ; capacitor terminal voltage as a function of time.

Find:
The current through the capacitor as a function of time for each case:

a) (1) = 40cos(20¢ — 71/ 2)V
b) v.(¢) = 20sin(100£)/"

¢) v.(t) = —60sin(80¢ + 77/ 6)V’
d) v.(£) = 30cos(100¢ + 77/ 4)V .

Assumptions:
The capacitor is initially discharged: V. (t = 0) =0
Analysis:

Using the defining differential relationship for the capacitor, (Eq. 4.4), we may obtain the current by
differentiating the voltage:

ic(t) = CdL(t) =100x107° dvc(t) -10™* dvc(t)
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i(t) = 10‘4{— 20X4Osin(20t —gﬂ

= o.ossm(zox —’5T+ nj =0.08 sin(20t + gj A

~0.08 sin(20t - ’—2Tj

b)
i.(1)=107[100%20c0s1001] = 0.2cos100¢ A
)
io(t)= 10“{— 80 x 60 cos(SOt + gﬂ = —0.48(:0{80; + ’3
= 0.48 cos(SOt + %T - nj = 0.48 cos(SOt —%’Tj A
d)
io(t)= 10“{— 100 30sin(100t + ’fﬂ = —0.3sin(100t + ]ZTJ
= 0.3sin(100t + nj = O.3sin(100t —3—”] A
4 4
Problem 4.3
Solution:

Known quantities:
Inductance value, L = 250 mH ; the current through the inductor, as a function of time.

Find:
The voltage across the inductor as a function of time for each case

a) i,(t) =5sin25t4

b) i,(t) =—-10cos50t4

¢) i,(t)=25cos(100¢+71/3)A
d) i,(t) =20sin(10t —77/12)A4.
Assumptions:

i,(r<0)=0

Analysis:
Using the differential relationship for the inductor, (Eq. 4.9), we may obtain the voltage by differentiating
the current:

0 (0)= L4 - 25010 di;(t ) = 025 4)

d
a)
v, (£) = 0.25[25% 5cos 25t] =31.25c0s 25t V
b)
v, (£) = 0.25[- 50 x (10 5in.50¢)| = 125 5in 50¢ V
)
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v, ()= 0.25[— 10025 sin(lOOt " gﬂ = 625 sin(lOOt " %Tj

= 625 sin(lOOt + %T - nj = 625 sin(lOOt - %’Tj %

)
v, (1) =0.2510x20cos| 10 = "= | | = 50cos| 10 = - | v
12 12
Problem 4.4
Solution:

Known quantities:
Inductance value; resistance value; the current through the circuit shown in Figure P4.4 as a function of
time.

Find:
The energy stored in the inductor as a function of time.

Analysis:
The magnetic energy stored in an inductor may be
found from, (Eq. 4.16):

i
For —o0 <¢ <0,

WL(t)ZO ) /
For 0<¢<10s

w,(t)=¢> 1 -
For 10 s <t <+o0 ;
w, (£)=100 J

Emsgy |4

Problem 4.5

Solution:
Known quantities:
Inductance value; resistance value; the current through the circuit in Figure P4.4 as a function of time.

Find:
The energy delivered by the source as a function of time.

Analysis:
The energy delivered by the source is the sum of the energy absorbed by the resistance and the energy
stored in the inductor:

)= 0)+w, ()= R0+ L2()

44



G. Rizzoni, Principles and Applications of Electrical Engineering Problem solutions, Chapter 4

=()()+5 @) () =2:°()

: .

For —0 <t <0, I

W (f ) =0 '
For 0<t<10s . J,f.

2 - :

wg(t)=26% 1 i /
For 10 s <t < +o0 ,

wq(£)=200J i ,,f’/

| -

Problem 4.6

Solution:

Known quantities:
Inductance value; resistance value; the current through the circuit shown in Figure P4.4 as a function of

time.

Find:
The energy stored in the inductor and the energy delivered by the source as a function of time.

Analysis:
The magnetic energy stored in an inductor may be found from, (Eq. 4.16):

1. 1 . .
=10y = L)) =0 .
For —00 <t <0, /
wL(z‘):O _ [\
For 0<¢<10s /

w, (t) =t ] ) ,-"'lll "'-.,\

For 10<¢<20s J
i N

w, (t)=(20-¢)* =400-40¢ +¢> ]  —
For 20 s £t <+o0 —

w, (z‘) =01J
The energy delivered by the source is the sum of the energy absorbed by the resistance and the energy
stored in the inductor:

(1) = (), ()= R0+ Li%()

= ()i*()+5 () () =2()

For —00 <t <0, '

Fompgy ]
—
o

WL (t) = 0 . |Il II|
For 0<¢<10s . ) I."I I".I
w, (()=2:%1 F
) b
- III|' '|Ill

4.5 _,x’; \\-
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For 10<¢<20s
w, (t)=2(20-1)" =800-80¢ +2¢* ]
For 20 s £t <+o0

w,(1)=01
Problem 4.7
Solution:

Known quantities:

Capacitance value; resistance value; the voltage applied to the circuit shown in Figure P4.7 as a function of
time.

Find:

The energy stored in the capacitor as a function of time.

Analysis:
The energy stored in a capacitor may be found from:
W, @):%c‘;(t)z =%(o,1)v(t)2 = 0.05v()? A
i /
For —00 <t <0 z v
We (t) =0 J i
For 0<¢<10s ,*’f

We (t) =0.05¢J T
For 10s < ¢ <+o0 4
we(£)=0.05(10)* =51

Problem 4.8

Solution:

Known quantities:

Capacitance value; resistance value; the voltage applied to the circuit shown in Figure P4.7 as a function of
time.

Find:

The energy delivered by the source as a function of time.

Analysis:

The energy delivered by the source is the sum of the energy absorbed by the resistance and the energy
stored in the capacitor:

) 1
)=, 0+ wc)="s L) =
:%vz(t)+%(0 1)v? () =0.55i%(¢) ff
¥ Vi
For —00 <¢ <0, !
wy£)=0 /
For 0<7<10s I
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wg(t)=0.55¢* 1
For 10 s £t < +oo

wg(t)=551

Problem 4.9
Solution:
Solution:

Known quantities:
Capacitance value; resistance value; the voltage applied to the circuit shown in Figure P4.7 as a function of
time.

Find:
The energy stored in the capacitor and the energy delivered by the source as a function of time.

Analysis:
The energy stored in a capacitor may be found from:

wo(t) = %cV(t)z - %(o.l)v(t)z = 0.05v()?
For —00 <t <(

We (t) =0 _
For 0<¢<10s £\

we(t)=0.05¢2 1
For 10 <t <20s

we (£)=0.05 (20 —£)* =20 -2¢ +0.05¢> J 4 ol
For 10s <t <+o0 :

we()=0

[T ]
.
-

The energy delivered by the source is the sum of the energy absorbed by the resistance and the energy
stored in the capacitor:

()=, 0w ) =204 L)

skl |

For —0 <t <(
Wc(t):() / ""1
For 0<7<10s Vi “,
we(1)=0.55> 1 .
For 10 <¢ <20s e
we(r)=0.55(20 - ¢)* =220 - 221 +0.55¢* 1
For 10s <t <+o0
Wc(t):()
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Problem 4.10

Solution:

Known quantities:

Capacitance, resistance and inductance values; the source voltage vy = 6 V' applied to the circuit shown in
Figure P4.10.

Find:

The energy stored in each capacitor and inductor.

Analysis:
Under steady-state conditions, all the currents are constant, no current can flow through the capacitors, and
the voltage across any inductor is equal to zero.

6—v v v
Vo =V :T“Q=jTQ+?Q:v49 =343V
= w,, :%CZFVZZF :%(2 F)343V) =11.76 J
_ _1 , _ 1 2 _
Vip =V =0 = Wi _ECIFVIF _E(l F)(O) =0
iy =V4?Q =043 A = w,, =%L2Hi§,, =%(2 H)0.43 A =0.18 J
_ 2 _ 1 2 _
Vip SVq =343V = w, = =G0l -5(3 F)3.43 V) =17.65 J
Problem 4.11
Solution:

Known quantities:

Capacitance, resistance and inductance values; the voltage v, =12 V applied to the circuit shown in
Figure P4.11.

Find:

The energy stored in each capacitor and inductor.

Analysis:
Under steady-state conditions, all the currents are constant, no current can flow across the capacitors, and
the voltage across any inductor is equal to zero.

The voltage for the 1-F capacitor is equal to the i o
12-Volt input. JF W,

Since the voltage is the same on either end of the 474y —= Y TR :_:_'1. O Ty ey
3-Q resistor in parallel with the 2-F capacitor, - = - -
there is no voltage drop through either

component.

Finally, since there is no voltage drop through the 3-Q resistor in parallel with the 2-F capacitor, there is no
current flow through the resistor, and the current through the 1-H inductor is equal to the current through
the 2-H inductor.

Therefore,
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1 1
V=V, =12V = w, :Echva :5

Problem solutions, Chapter 4

(IF)12v)y=721J

(H)2A)Y=21J

Yov)=0J

CH)J2A) =41J

) 12V 1 .

Ly :a =2A Swy ZELIHZIZH =

.. ! 2 1

by =hy =2 A= wy, _§L2HZ2H _E
1 ) 1

Ve =0V w,,, ==C,,vy, =—(2 F
2 2

Problem 4.12

Solution:

Known quantities:

Capacitance value C = 80 UF ; the voltage applied to the capacitor as a function of time as shown in

Figure P4.12.

Find:

The current through the capacitor as a function of time.
Analysis:

Since the voltage waveform is piecewise continuous, the derivative must be evaluated over each continuous

segment.
For 0 <t <5 ms
Ve (t) =m,t+q,

where: [ ] [ V]
_[F1ov]-[+20V] _ v
Mhe = [5 ms]—[O] =0 ms
q,, =+20V
— dvc(t)_ d — — )(
T —Cdt[mth+qVC]—CmVC = (80 uF
For S ms <? <10 ms
ve(t)=-10 v

i :CdL(t):Ci[—lo v]=0
dt dt
For t >10 ms

Ve (t) =0

. dvc(t)_ di=
je =C—CH —Cdt[O] 0

A capacitor is fabricated from two conducting plates
separated by a dielectric constant. Dielectrics are also
isolators; therefore, current cannot really flow through
a capacitor. Positive charge, however, entering one
plate exerts a repulsive force on and forces positive
carriers to exit the other plate. Current then appears to

4.9
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flow through the capacitor. Such currents are called electric displacement currents.

Problem 4.13

Solution:

Known quantities:

Inductance value, L =35 mH ; the voltage applied to the inductor as shown in Figure P4.12; the initial
condition for the current i, (0) =0.

Find:
The current across the inductor as a function of time.

Analysis:
Since the voltage waveform is piecewise continuous, integration must be performed over each continuous
segment. Where not indicated ¢ is supposed to be expressed in seconds.

For 0 <t <5 ms

VL (t) = vat + qu

Where:[ ] [ V]
_[F1ov]-[+20v] _ v
" = [5ms]-[d ° ms
q, =120V
i, =i (0)+l£v (T)dT=O+l£(m T+gq }Ir:l{lm r’+gq TT =
L L L L L vy v, L 2 vy vy .
=L (n, 2 +q, z):;(% Vg +20 ij = (-85.7100%* +571.41) A
2L ©7 2035 mH ms

i,(t=5ms=0.005s)= (— 85.7100° [{0.005)* +571.4 [(D.oos)A =714.3 mA
For S ms <?<10 ms
vi(t)=c, =-10V

. 1 . 1 , 1
i, =i,(0.005)+— [ v(er=i, (0.005)+ [ (e, hr= i,0.005)+ e, i =
=714.3 mA - — [{—10 V)r{r —0.005 s) = (2.143 - 285.7¢) A
35 mH

i,(r=10 ms = 0.01s) = (2.143 -285.7(0.01)) A = -713.5 mA
For t >10 ms

vL(z‘):ch =0

. 1 . 1 , 1
i, =i, (0.01)+Z [ vi.(@)r=i, (0.01)+Z [ (pr=i, (0'01)+Z[O]3°°5 =
=i,(0.01)=-713.5 mA

4.10
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e | ol
e

T |

Problem 4.14

Solution:

Known quantities:

Inductance value L =0.75 mH ; the voltage applied to the inductor as a function of time as shown in
Figure P4.14.

Find:

The current through the inductor at the time # =15 us .

Assumptions:
i,(t<0)=0

Analysis:
Since the voltage waveform is a piecewise continuous function of time, integration must be performed over
each continuous segment. Where not indicated, ¢ is expressed in seconds.

For 0<t<5us
VL (t) = vat +qu

where:
= [3.5 V][0 V] —or v
t Sus|- us
g, =0V
For t > 5 us
v (t)=c¢, =-1.9V
Therefore:

Le=15m)= [ ehir =i, 00+ L [P, hre L[, Y=

\%

; 0.7 —
. l l 2 o l 15ps _ 1 ms 2 _
_ZL(O)JFL{ "t L +L[C”LTLHS SO s mH - 2 [6(5“5) O)+

1 -
+mtﬂ 1.9 V)15 ps -5 ps) = -13.67 mA
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Problem 4.15

Solution:

Known quantities:
Capacitance value C = 680 nF ; the periodic voltage applied to the capacitor as shown in Figure P4.15:

Vo, =20V, T =40 s .
Find:
The waveform and the plot for the current through the capacitor as a function of time.
Analysis:
Since the voltage waveform is not a continuous function of time, differentiation can be performed only over
each continuous segment. In the discontinuity points the derivative of the voltage will assume an infinite
value, the sign depending on the sign of the step. Where not indicated, # is expressed in seconds.
For each period 0 <t <T, T <t <2T, ... the behavior of the capacitor will be the same; thus, we
consider only the first period:
For 0<¢<T

VC (t) = mth + qu

where:

m - [VPeak] _[d - O 5 l

e |T | —| (i us

4, =0V
dv, (i
i.=C VC():Ci[mv,z]:Cmv :(480L“‘SJ(O.5 lj:340mA
dt dt °° ¢ Vv us
Fort=T,2T, ...

iC = CdL(t) = C[— oo]
dt
Figure P 4.15 shows the current waveform.
Note: For the voltage across the capacitor to decrease

instantaneously to zero at £ =1, 2T, ..., the charge

on the plates of the capacitor should be instantaneously
discharged. This requires an infinite current which is
not physically possible.

If this were a practical waveform, the slope at
t=T,2T, ..., would be finite, not infinite. A large

negative spike of current over a finite period of time
would result instead of the infinite spike over zero
time. These large spike of current (or voltage) degrade
the performance of many circuits. Tors

Problem 4.16

Solution:

Known quantities:
Inductance value, L =16 uH ; the voltage applied to the inductor as a function of time as shown in

Figure P4.16; the initial condition for the current i, (0) =0.

4.12
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Find:
The current through the inductor at # =30 us .

Analysis:
Since the voltage waveform is piecewise continuous, the integration can be performed over each
continuous segment. Where not indicated 7 is supposed to be expressed in seconds.

i (1=30ps )= % [ v, ez =i, (0)+% [, +% [ (e =

, 13, V"™ 1 s 1 \%
:lL(O)+Z|:§T3 S—2:|0 +z[127' nV];?)ts :0+m[‘l s—z[ﬁ(20 us )3 _0)+

1
16 uH

+ 1.2 nv) {30 ps —20 ps ) =1.250 nA

Problem 4.17

Solution:

Known quantities:

Resistance value R = 7 € ; inductance value L =7 mH ; capacitance value C = 0.5 puF ; the voltage
across the components as shown in Figure P4.17.

Find:

The current through each component.

Assumptions:
i (t<0)=i,(r<0)=i.(r<0)=0
Analysis:

Since the voltage waveform is piecewise continuous, integration and differentiation can only be performed
over each continuous segment. Where not indicated, # is expressed in seconds.

For t <0:
ip(6)=i,()=ic()=0

For 0<t<5ms:
v(i)=m+q,

where:
fsvd v
" [5 ms| - ms
qVC=OV
A\
3—104
iR(z):V(t):mVB: mS_ - 47860 A
R R 7Q
/ —l :l :ll 2I:L 2:
zL(t)—L‘[v(T)dT L‘[mvﬁdr L{zmvﬁl 2LmvB
:;Blmzzzm.mosz
200 mH ms

4.13
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i(t)= cdrel) i =cm, = (0.5 ﬁj{s i) =1.5 mA
dt dt A" ms

For £ =5 ms:
i,(5007)=428.60 A=42863007 A=2.143 A

i, (5007)=214300° 3> A=214300° {5007 A=5357 A
i.5007)=1.5 mA
For 5 ms <¢ <10 ms:

i,()=1,(500°)+ 2 [ vehir=i, s D0‘3)+% [ e dr=

=i, (5 D0‘3)+%[cv a., =4, (s EIO'3)+%E}:V fr-5007)=

1
7 mH

i.(t)= Cd%p = C%[cv] =0

=5357 A+——05 VI{r-5007 s)=-5.357+2.14300° G A

For t =10 ms:
i.(0.01)=2.143 A
i,(0.01)=-5.357+2.14300° G A = -5.357+2.14300° [0.01 A =16.07 A

i-(0.01)=0
For t >10 ms:
v(t):O
t)_0
) ="1=0 =

i,(1)=1, (10 [10'3)+% [ vrhr=i (0 [10'3)+% [ 0dr=
=4, (10 D0'3)+%[0]{0m03 =;,(10007)=16.07 A

i.(t)= CdVst(’) = C%[O] =0

4.14
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Problem 4.18
Solution:

Known quantities:

The voltage across and the current through an ideal capacitor as shown in Figure P4.18.
Find:

The capacitance of the capacitor.

Analysis:

Considering the period: —=2.5us <t <+2.5pus :

. dv Av
i =(C—= = (C—*, since the voltage has a linear waveform.

¢ dt At

Substituting:
+ N
12A=C[ 10 V] {-104] =AM 3y
5 us 20 V
Problem 4.19
Solution:

Known quantities:
The voltage across and the current through an ideal inductor as shown in Figure P4.19.

4.15



G. Rizzoni, Principles and Applications of Electrical Engineering Problem solutions, Chapter 4

Find:
The inductance of the inductor.
Analysis:
di, i, . )
Vv, = L —= = L—=, since the current has a linear waveform.
dt At
Substituting:

ZVZLM ~ L=2vE ™ 10 mH
10 ms =5 ms 1 A

Problem 4.20

Solution:

Known quantities:

The voltage across and the current through an ideal capacitor as shown in Figure P4.20.
Find:

The capacitance of the capacitor.

Analysis:
Considering the period: 0 <7 <5 ms:
) dv \ .
i, =C p < = (C —=, since the voltage has a linear waveform.
t
Substituting:
1 _
LsmazelSVIE oo mA - ™ = 05uF
5 ms 15 V
Problem 4.21
Solution:

Known quantities:

The voltage across and the current through an ideal capacitor as shown in Figure P4.21.
Find:

The capacitance of the capacitor.

Analysis:
Considering the period: 0 <7 <5 ms:
: dv, . .
i, =C = C —=, since the voltage has a linear waveform.
dt A
Substituting:

3mA:CM — C=3mAD S =2 14 yF
5 ms 7V

4.16
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Section 4.2: Time-Dependent Signals
Problem 4.22

Solution:
Known quantities:
The signal x(t) = ZCOS(aI) +2.5.

Find:
The average and rms value of the signal.

Analysis:
The average value is:

2m 2n

4 4 1 . 2 2
(v(1)) =% szcos (anydt+ [(2.5)dt =;T{—sm(u—.t)|0w +2.5t|0w}

0

= i[sin(O) —sin(27m)] +2.5 = i[o ~0]+2.5=25
27 2n

The rms value is:

w Z w “w,
X = {30 Oj (2c0s (et) +2.5)" dt = 6[[4[ﬂcos(a1)]2+10Ecos(a1)+6.25]dt=
2 2 2
— a) =
= Emmj[cos ]dz+1omjsm dt+6zsmjdr =

\/ﬂ ;54E11—GZLT+IOBD+6.25 Bzﬂ} = /825 =2.87
2 w w

2 |

Note: The integral of a sinusoid over an integer number of period is identically zero. This is a useful and
important result.

Problem 4.23

Solution:

Known quantities:

The sinusoidal voltage v(t) of 110 V rms shown in Figure P4.23.
Find:

The average and rms voltage.

Analysis:
The rms value of a sinusoidal is equal to 0.707 times the peak value:

Vo =11042

The average value is:

4.17
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((n) = %Tﬁl 102 sin(¢)dz + 2_’[71 IO\ESin(t)dt} _

216

9 m
:L[—llox/zcos(t)‘ —110\/5005(0‘2 }:
27 0 2m-6

=- 50;2/5 [cos(@)—l +cos(277) - cos(271-8)| = 0
The rms value is:
1 6 ) 2m ) 12
Ve —{—[ j(no\/i sin(t)) dt + j(noﬁ sin(t)) dt]} =
2 0 2m-6
12
1210001 sin)+1)] + L cos(sing)+) | |L =
T 2 0 2 2m-6
_ (6050 . . "
= T(—cos(@)sm(@)+9+27T—(—cos(27T—9)sm(27T—9)+27T—9)) =
1/2
:{@(20)} :110\/E
s s
Problem 4.24
Solution:

Known quantities:
The sinusoidal voltage v(t ) of 110 V rms shown in Figure P4.23.
Find:

The angle & that correspond to delivering exactly one-half of the total available power in the waveform to
a resistive load.

Analysis:
o
From v, =110,/—  we obtain:
T
6 110° n
v:i =110 == 0=—
rms 7_[. 2 : 2
Problem 4.25
Solution:

Known quantities:
The signal v(t) shown in Figure P4.25.

Find:
The ratio between average and rms value of the signal.
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Analysis:
The average value is:

_ 1 .002 .004 _ _ - _
<v>—m[ f (-=9)ar + ﬁ002(1)dt} =250(-0.018+0.002) =—4 V

The rms value is:

8
1 .002 .004

y = X/M[ f (-9)ar+ f ) dt} = /250 [[81[0.002 +0.004 —0.002] = 6.40 V
Therefor,

ﬂ = 4 =-0.625

Vo 6.40

Problem 4.26
Solution:

Known quantities:

The signal i(t) shown in Figure P4.26.
Find:

The power dissipated by a 1-Q resistor.

Analysis:
The rms value is:

1 ) 1 1
= L Phozim? () ar = |L 100 Gint (e = | -00022 =6.12 A
o= % 050 (OFar= 2 Tro0mm (= 20

Therefore, the power dissipated by a 1-Q resistor is:

P, =Ri*, =(1)6.12) W=375W

Problem 4.27

Solution:

Known quantities:
The signal x(t ) shown in Figure P4.27.

Find:
The average and rms value of the signal.

Analysis:
The average value is:

1 ot t
y=—["vd==v,
T T
where t is the left-hand side of the pulse.

The rms value is:
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Vo =\ [V =\/ZV,"
T % T
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Therefore,
v [r
I/;WIS T
Problem 4.28
Solution:

Known quantities:

The signal I (t) shown in Figure P4.28.
Find:

The rms value of the signal.

Analysis:
The rms value is:

rms

N -
O::JA
N | oo
o~
~
[\S}
S
+
e
|
~N| oo
~
+
o
N
(3]
S
+
3 ~
’ﬂ'—lg
~
|
(0 ¢]
~
(3]
S

L 4 4
7 3T
1|64 ). “64 , 64 PoT64 128 ?
= | |5t jae+ [| 50 ——ce+16| die+ | 2 ——=e+64 | e | =
T|;\T A\ T T S\ T T
L 4 4
1[1 1 64
= ? —T+9T—18T+12T—§T+2T—4T+?T—64T+64T—9T+36T—48T
= l iT:| :i:L]SA
7|3 3
Problem 4.29
Solution:
Known quantities:
The signal v(t).
Find:
The rms value of the signal.
Analysis:
The rms value is:
o fiyate)
s = Al— |Wle)) d\ax
2m s

4.20
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1 2m
Viims = ZT I(VDC +V, cos(al)) =

0

2m

LIT ,[( pc + 2V, V, COS(&I)+V02 cosz(a)‘))d((d) =
0
:LG Vi +2V,.V, cos(al)+V—°2+V—Ozcosz(aI) d(az):

2]_[ DC DC” 0 2 2

0

53 [az]z”+0+V—°2[ax]2”+O S (271—O)+0+V—°2(271—0)+0
DC 0 2 0 272_ DC 2

1/V;C \/sov —(70.7 V) =707V
Note:

1. T =period in units of time and G = period in angular units, i.e., 271 radians. Considering Gt as a
single variable is useful when dealing with sinusoids.
2. A sinusoid integrated over one or more whole periods gives 0 which is very useful.

1
21T
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Section 4.4: Phasor Solution of Circuits with Sinusoidal
Excitation

| Focus on Methodology: Phasors |

1. Any sinusoidal signal may be mathematically represented in one of two ways: a time
domain form: v(¢) Acos( ¢t ), and a frequency domain form:

V(j ) Ae’ A . Notethe jwinthe notation V(j ), indicating the e’
dependence of the phasor. In the remainder of this chapter, bold uppercase quantities
indicate phasor voltages and currents.

2. A phasor is a complex number, expressed in polar form, consisting of a magnitude equal
to the peak amplitude of the sinusoidal signal and a phase angle equalto the phase shift
of the sinusoidal signal referenced to a cosine signal.

3. when one is using phaso notation, it is important tonote the specific frequency w of the
sinusoidal signal,since this is not explicitly apparent in the phasor expression.

Problem 4.30

Solution:
Known quantities:
The current through and the voltage across a component.

Find:
a)  Whether the component is a resistor, capacitor, inductor
b) The value of the component in ohms, farads, or henrys.

Analysis:
a) The current and the voltage can be expressed in phasor form:

[=170-15" mA V =3.5075° V

The impedance has a positive imaginary or reactive component and a positive angle of 90 degree indicating
that this is an inductor (see Fig. 4.39).

205.9Q
b Z,=jX, =L =;012059Q = L:&:327.7 mE:327.7 mH
rad A
628.3 —
S
Problem 4.31
Solution:

Known quantities:
The waveform of a signal shown in Figure P4.31.

Find:
The sinusoidal description of the signal.

Analysis:
From the graph of Figure P4.31:

4.22



G. Rizzoni, Principles and Applications of Electrical Engineering Problem solutions, Chapter 4

T180° Y 27T
¢:+§ =060°, 7, =170 V,w:27fz7 ... not given.
v, (1) =V, cos(ax + @) =170 cos(at +60° ) \Y%
Phasor form:

V =V,0¢=170060° V=170 V &’*"

Problem 4.32

Solution:
Known quantities:
The waveform of a signal shown in Figure P4.32.

Find:
The sinusoidal description of the signal.

Analysis:
From graph:
=380 1350 1 =8 mA, w=2m = 2T =157 T
4 m T s
. rad Y
i() =1, cos(ax + ) = 800s(1571 = 1-135 j mA
S

Phasor form:

1=7,0¢p=80-135" mA =8 mAL"/"

Problem 4.33
Solution:
Known quantities:
The waveform of a signal shown in Figure P4.33.
Find:
The sinusoidal description of the signal.
Analysis:
From graph:

=380 1350 1 =8 mA, w=2 = 2 =157 T
4 m T s
. rad Y
i() =1, cos(ax + ) = 800s(1571 = 1-135 j mA
S

Phasor form:

1=7,0¢p=80-135" mA =8 mALe/"
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Problem 4.34

Solution:

Known quantities:

The current through i(r) = 7, cos(ar +45°), 7, =3 mA, w= 6.283 "4

, and the voltage across

v(t) =V, cos(ar), ¥, =700 mV, w= 6.283 rad
S

an electrical component.

Find:
a) Whether the component is inductive or capacitive.

b) The waveform of the instantaneous power p(t) as a function of & over the range 0 < it < 271.

c) The average power dissipated as heat in the component.
d) The same as b. and c. with the phase of the current equal to zero.

Analysis:
a) Phasor notation:

I=3045" mA, V=7000J0° mV

7 =Y 0000 MV _ 3330450 @ =165.0- /165.0 @

I  3090° mA

The component is inductive because it is lagging.
b)

p(t) = v(t)i(t) =V, cos(at +45° )cos(at) ==V, (cos(2a.t + 45”)+ cos(45”)) =

N |~

= L(700 mV)3 mA )(cos(2ar +45°)+0.707) = (1050 cos(2aur +45°) + 742.4)aW

(1050 W cos(2ar +45° )+ 742.4)da =

(1050 uW) [sin(2a1 +45° ] +$74z.4(a1)|§” =

d)
p(t) = v(t)i(t) = %VOIO cos(al)cos(al) = %VOIO (cos(2&1) + cos(O" )) =

=—(700 mV)(3 mA )(cos(2ax)+1) =1050(cos(2cx) +1) pW
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(1050 uW(cos(2ar) +1))dar =

O!—,E

i
(1050 HW)G [sin(2ca)];™ +[ 3”] =

(1050 MW)G (0-0)+ (27~ o)j =1050 uW

51— §[- QF

Problem 4.35

Solution:

Known quantities:

The values of the impedance, R, =2.3 kQ, R, =1.1kQ, L =190 mH, C =55 nF and the
voltage applied to the circuit shown in Figure P4.35, v, (t) =7 cos (3000t + 300) V.

Find:
The equivalent impedance of the circuit.

Analysis:

X, =al = (3 k@J(wo mH)=0.57 kQ = Z, =+, =+, 0.57 kQ
S

X, == ! =6.061kQ = Z, =—jX, =-;6.061 kQ

W (3 krsz(ss nF)

Zoy =2y +Z, =R +jX, =23+ .57 kQ=2.37013.92° kQ
Zop =2y +Zc =R = jXo =1.1- /(6,061 kQ=6.160-79.71° kQ
7, = Lon P _(237013.92° k@)df6.160-79.71° KO _

“ Z +Zeq2 (2.3+,0.57 kQ)+(1.1- j[6.061 kQ)

_14.6000 - 65.79" kQ? _ 14.6000 - 65.79" kQ?
3.4-;05.491 kQ 6.45801-58.23% kQ

=2.2610-7.56" kQ

Problem 4.36

Solution:

Known quantities:

The values of the impedance, R, =3.3 kQ, R, =22 kQ, L =1.90 H, C = 6.8 nF and the voltage
applied to the circuit shown in Figure P4.35, v, (t) =636 COS(3000t + 150) V.

Find:
The equivalent impedance of the circuit.
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Analysis:
X, :@:(3 k@j(wo H)=57kQ = Z, =+;[X, =+, 3.7 kQ
S
Xczajcz dl =49.02kQ = Z,. =—j X, = -, [49.02 kQ
(3 kra](as nF)
S

Zoy =Zp+Z, =R +jX, =33+ 3.7 kQ=6.59059.93" kQ
Zpp =Zp +Zc =R — jXo =22- j[39.02 kQ=53.730 - 65.83° kQ
_Z, ., _(6.59059.93° kQ)53.730 - 65.83° kQ) _
 Z,*+Z., (33+/3B.7kQ)+(22-;39.02kQ)

_354.080-5.9° KQ® _ 354.0800-5.9° kQ?
253-;@332kQ  50.170-59.71° kQ

eql

=7.05053.81” kQ

Problem 4.37

Solution:

Known quantities:
. R rad
The current in the circuit, (t) =1, COS(C(I +30 ), I, =13 mA, w=1000 —, and the value of
S
the capacitance present in the circuit shown in Figure P4.37C = 0.5 uF .
Find:
a) The phasor notation for the source current.

b) The impedance of the capacitor.
c) The voltage across the capacitor, showing all the passages and using phasor notation only.

Analysis:
a) Phasor notation:

1. =1, Dp=13030° mA
b)

) 1 1
Ze==jXc—J

=-j
we (1000 mldj(o.s uF )
S

=0-;2kQ=200-90° kQ

Ve =1, Z, = (13030° mA)f20-90° kQ) = 260 -60° v
ve (t) = 26 cos(1000s = 60°) v

Note that conversion from phasor notation to time notation or vice versa can be done at any time.
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Problem 4.38

Solution:

Known quantities:
The values of two currents in the circuit shown in Figure P4.38: i, (t) =141.4 COS(&I + 1350) mA ,
rad

i, (1) = 50cos(ar +53.13° ) mA, @=377 ==
S

Find:
The current I, (t) .

Analysis:

A solution using trigonometric identities is possible but inefficient, cumbersome, and takes a lot of time.
Phasors are better! Note that one current is described with a sine and the other with a cosine function.
When using phasors, all currents and voltages must be described with either sine functions or cosine
functions. Which does not matter, but it is a good idea to adopt one and use it consistently. Therefore, first
converts to cosines.

KCL: —il(t)+i2(t)+i3(t)=0 = +i3(t):i1(t)_i2(t)
i,(¢) = 141.4cos(ar +135°) mA = 50 sin{er - 53.13°) mA =
= 141.4cos(ar +135°) mA - 50cos(ar - 53.13° =90°) mA

I, =141.4 mA 0135° =50 mA 0 -143.13° =
=(~99.98 + j [99.98) mA — (- 40.00 — j 30.00) mA =
= (-59.98 + j[129.98) mA =143.2 mA [1114.8°

i (c) = 143.2cos(axr +114.8) mA

If sine functions were used, the result in phasor notation would differ in phase by 90 degrees.

Problem 4.39

Solution:

Known quantities:

The values of the impedance, Z, =5.907° kQ, Z, =2.300° Q, Z, =17011° Q and the
voltages applied to the circuit shown in Figure P4.39, v, (t) =v, (Z‘) =170 COS(377Z‘) V.

Find:
The current through Z; .

Analysis:
v, =V, =17000° V =(170+ j0) V
KvL: —V, -V, +LZ, =0
_V,+V, _17000° V+17000° V _34000° V
-z, 17011° Q C17011° Q

1 =200-11° A
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i,(t) = 20003(377 rad —11") A

S
Note also:
\4 A\
kvL: -V, +1,Z,=0=>1,=— -V -1,Z,=0 = 1,=-—2
Z Z,
Problem 4.40
Solution:

Known quantities:
The values of the impedance in the circuit shown in Figure P4.40, Z - (13000 +j a)3) Q,

R=120Q, L =19 mH, C =220 pF.

Find:

The frequency such that the current I, and the voltage V, are in phase.

Analysis:

Z  is not a factor in this solution. Only R, L, and C will determine if the voltage across this combination

is in phase with the current through it. If the voltage and current are in phase, then, the equivalent
impedance must have an "imaginary" or reactive part which is zero!

X, (w)=0

» 0o° =R, +jX,,.

\%

7 :I_?:‘Zeq
:(ZR+ZL)|IC (R+jXL)[G_jXC): X, X —JRX R_j(XL_XC)
“ ZptZ, +Z, R+ jX, - jX, R+j(XL_Xc)R_j(XL_Xc)

:[XLXCR_RXC(XL_XC)]_j[RzXC-'-XLXC(XL_XC)]

Rz"'(XL_Xc)2

At the resonant frequency the reactive component of this impedance must equal zero:

RZXC+XLXC(XL_XC)
R2+(XL_XC)2

R? +wL(azL—L]:0 = W’ :£—R2
wWC C

X, (w)= =0 = R*+X,(x,-x_.)=0

/1 R*_ 1 (120Q) _
w = —_ = _ =
Lc 2\ (19 mH)220 pF) (19 mH)*
:\/293.3 G124 3989 M4 = 45911 12¢
S S S

Notes:
1. To separate the equivalent impedance into real (resistive) and "imaginary" (reactive) components, the
denominator had to be "rationalized". This was done by multiplying numerator and denominator by the

complex conjugate of the denominator, and multiplying term by term. Remember that j ? = -1, etc.

2. The term with R had a negligible effect on the resonant frequency in this case. If R is sufficiently
large, however, it will significantly affect the answer.
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Problem 4.41

Solution:

Known quantities:

The circuit shown in Figure P4.40

Find:

The frequency such that the current I, and the voltage V, are in phase.

Analysis:
If the voltage and current are in phase, then, the equivalent impedance must have an "imaginary" or
reactive part which is zero!

A :&:
I

eq

X, (w)=0

Z,

00° =R, + jX

eq’

:(ZR +ZL)|IC :(R+jXL)[G_jXC): X, X —JRX, R_j(XL_XC)
“ ZptZ, +Z, R+ jX, - jX, R+j(XL _XC)R_j(XL_XC)
:[XLXCR_RXC(XL_XC)]_j[RzXC+XLXC(XL_XC)]
Rz"'(XL_Xc)2
At the resonant frequency the reactive component of this impedance must equal zero:
X (w):RZXC-'-XLXC(XL_XC)
B R +(X, - X.)

=0 = R*+X,(x, -x.)=0

R? +aL(aL——]:O = W’ :£—R2
wC C

1 R’
C(): __—2
LC L
Problem 4.42

Solution:

Known quantities:
The values of the impedance, R, =50Q, R, =40Q, L =20 uH , C =1.25 nF, and the voltage

applied to the circuit shown in Figure P4.42, v, (t) =V, COS(&I +0° ), V,=10V,w=6 M@
S

Find:
The current supplied by the source.
Analysis:
Assume clockwise currents:

X, =al= (6 M@j(zo uH)=1203Q = Z, =0+ 120 Q=120090° Q

S
Xe =a1C= dl =1333Q = Z,.=0-,133.3Q=133.310-90° Q
(6 Mra](l.ZS nF)
S
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Z, =40-;Q=4000"Q, Z, =50-;Q=50000" Q
Equivalent impedances:

Zyy =Zy +Z, =40+ j120Q=126.5071.56" Q

Z ‘I —_ o 4
z. =2, +£:50+].OQ+(133.3D 90° )df126.5071.56° Q) _
" Zot+Z,, 133.30-90° Q+126.50071.56° Q

_ o 2
=50+ ,;0Q+ 168701 1844 ka2 =5000% Q+400000° Q=45010° Q

42.16100 -18.44° Q

Vv, _1000” v
OL: [ =—=
S Z 450010° Q

eq

=22.2200° mA = i (f)=22.22cos(wr +0°) mA

Note:
The equivalent impedance of the parallel combination is purely resistive; therefore, the frequency given is
the resonant frequency of this network.

Problem 4.43

Solution:

Known quantities:

The values of the impedance and the voltage applied to the circuit shown in Figure P4.43.
Find:

The current in the circuit.

Analysis:

Assume clockwise currents:

w=3"2 p 0o v
S

Zo==-jQ.2,=j@=/9Q = Z,, =3+9-j=3+8 0
12 . o
I= =0.4932-,1.3151 A =1.404500-69.44° A,
3+ 8

i(t)=1.4cos(ar-69.4°) A

Problem 4.44

Solution:

Known quantities:

The values of the impedance and the current source shown in Figure P4.44.
Find:

The voltage.

Analysis:

Assume clockwise currents:

w=2" 1 Z1000° A, Z, = jal = j6Q, Z. =——=—j150
S jaC
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1 _ 1 1

= = ——=0.9231- j1.3846 Q
LT 1,2 033405

Z

eq

B
Rz, z. 376 73
V=1,2, =10 AT{0.9231- j1.3846) Q =9.231- /13.846 a*10 V =16.6410-56.31° V

+

Problem 4.45

Solution:

Known quantities:

The values of the impedance and the current source for the circuit shown in Figure P4.45.
Find:

The current I;.

Analysis:
Specifying the positive directions of the currents as in figure P4.45:

-1 - 1.790026.56° Q

VA
‘4 1

o

2 \-j4

v, =1,2, =(100-225) Atf1.79026.56°) @ =17.904.06" V

I, =&=8.95D4.06” A
R
Problem 4.46
Solution:

Known quantities:
The values of the impedance and the voltage source for circuit shown in Figure P4.46.
Find:
The voltage V..
Analysis:
Specifying the positive directions as in figure P4.46:
Z, = jal=j12 Q
v, R V= _69 2500° V=MV=6.93D—33.7” \%
Ry +Z, +Ro  (12+j12+6)Q 18+ /12 Q

Problem 4.47

Solution:

Known quantities:
The values of the impedance and the current source of circuit shown in Figure P4.44.

Find:
The value of Wfor which the current through the resistor is maximum.
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Analysis:
Assume clockwise currents:
1 3
I.=1000° A, Z, =jadl=j3wQ,Z. =——=—-j—-Q
s L —J J c 7% ]0.)
1 1
_ R 3 0 10w
I, = 1. = 1000
T 10 2R P
—_t—+ —]—+J—
R Z, Z, 3 73w 73

Cauima IF: whrcigh thia resestborn &)
——

JLN
The maximum of [, is obtained for & =1. , therefore i, (¢) = IOCOS(I).

Problem 4.48

Solution:

Known quantities:

The values of the impedance and the current source for circuit shown in Figure P4.48.
Find:

The current through the resistor.

Analysis:

Specifying the positive directions as in figure P4.48:

By current division:

1
lRl Ds:_ lR E[s:_ 1 Ds__l_JaRC; s:
1.1 T I+jaRC 1+(aRC)

R Z, jaC
= —(0.0247 - j0.1552) AODO° A =157007°099.04° A
i, () =157 cos(20072 +99.04° ) mA

I, =-
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Problem 4.49

Solution:

Known quantities:

The values of the reactance X, =1kQ, X . =10 kQ, and the current source I =100J45° mA for
circuit shown in Figure P4.49.

Find:

The voltage v, .

Analysis:
Specifying the positive directions of the currents as in figure P4.49:

V,, =2Z,1=(2,+Z )1 =(0+ X, +0- jx )l = (jl k@ - j10 kQ) 10145’ mA =
= (- j9 kQ)T0045° mA =90 -90° kQ T0045° mA =900 —45° V
v, =90cos(ar —45°) V

Problem 4.50

Solution:

Known quantities:
The circuit shown in Figure P4.50, the values of the resistance, R = 2 €, capacitance, C = 1/ 8 F,

inductance, L = 1/ 4 H, and the frequency w = 4 @
S
Find:
The impedance Z .
Analysis:
Z_'al_'4lQ_'QZ_ r_ . _ .1 -0
L —J J4 J’Cjaﬂ ]CLC J4[m/8) J
Z=Z,*Z|R=Z,+ llszr 11 1:j+—ﬁ':j+(—(ﬁ)')g:i:]g
L 4 J J J
Z. R -j2 2
I~ o ) B
= jt———t = j-j+1=1Q
J 1+1 J~J
Problem 4.51

Solution:

Known quantities:

Circuit shown in Figure P4.51, the values of the resistance, R = 3 £, capacitance, C = 1/ 10 F,
rad

inductance, L = 4/ 5 H, and the frequency w =5 —.
S
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Find:

The admittance Y .

Analysis:
Z. = L ! _—'2QZ_'5[—IAE_'4Q
<" ec  jsdyre)” T

1 1 _ 1 1 11 1
Y=—1= = =+ = +
z z.|r+z,) 1 Z. R+Z, -j2 3+j4
Ly
Z. R+Z,
Ly 1) (3—j4):j1+3—j4
2 (3+j4)(3-j4) "2 9+16
1. 3-j4_ 1, 3 .
=j— = j—+——j—=0.12+,0.34 S
12 T s i
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Section 4.5: AC Circuit Analysis methods

| Focus on Methodology: AC Circuit Analysis

1. Identify the sinusoidal source(s) and note the excitation frequency.
2. Convert the source(s) tophasor form.
3. Represent each circuit element by ots impedance.
4. Splve the resulting phasor circuit, using appropriate circuit analysis tools.
5. Convert the (phasor-form) answer to its time-domain equivalent, using equation 4.50.
Problem 4.52
Solution:

Known quantities:
Circuit shown in Figure P4.52, the values of the resistance, R = 9 ), capacitance, C = 1/ 18 F,

inductance, L, =3 H, L, =3 H, L, =3 H, and the voltage source Vv, (t) =36 COS(3t —%Tj V.

Find:
The voltage across the capacitance V using phasor 0 3 H 1H
tehcniques. . A e g
Analysis: 5 :
|'+.":|._-\-.-..|—|'l. o -::_!_ g 118 F
w=3" vy =360-60° v < 3*" "
s 7 ]
Z, =jel,=j3B=,9Q -
1 1
Z. = = =-j6Q
<~ ec jais)
Z, =jel,=j33=/9Q
Zeq = 1 = 1 ! 1 = 1 ! 1 ﬁ =2.25090° Q
Z, (ZL2 "'Zc) 4 LI

ZL3 (ZL2+ZC) J79 J3

Z,=Zy+Z, +Z, =9+ 3B+ ,225=9+/11.25=14.407051.34° Q
Ve _ 360-60°V

[=25 —=2.49901-111.34° A

Z,  1440705134° Q
v, =12, =(2.4990-111.34°)(2.250090°) = 5.6230 -21.34° V
V= Z v, = = 2J05 62301 -21.34° =11.2501158.66° V

(2, +z.) " 3
v =11.25cos(3t—158.66") \
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Problem 4.53

Solution:

Known quantities:
Circuit shown in Figure P4.53, the values of the resistance, R =5 Q, capacitance, C = 1/ 2F,

inductance, L, =0.5 H, L, =1 H, L, =10 H, and the current source i_ (t) = 6COS(2t) A.
Find:
The current through the inductance 7, .

Analysis:

) ZL3‘+Z,C v = Jj20-j

\Z, +Zc ]+ R+2Z, ) (j20-j)+(5+2)

j19
5+ ;21

i=528cos(2r +13.4°) A

1= 6010°

60J0% =5.280013.4° A

Problem 4.54

Solution:

Known quantities:
Circuit shown in Figure P4.54 the values of the resistance, Ry = R, =500Q, R =1 kQ and the

inductance, L =10 mH.

Find:

a) The Thévenin equivalent circuit if the voltage applied to the circuit is Vg (t) =10 cos(l,()()()t).

b) The Thevenin equivalent circuit if the voltage applied to the circuit is v (t) =10cos (l,OO0,000t) )

Analysis:
. . rad )
a) Z, = jal = j1000 —00 mH = j10Q,
S

The equivalent impedance is:
j10°

’ Z, R g (Jlo)ﬂ+500:500+—:500.1+j9.999§2
(z, +R) j10+1000 100+

The equivalent Thévenin voltage is:

V, =V, =1000° V
b Z, = jal = j10° ™00 mH = j10* 0,
S

The equivalent impedance is:
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N4 N4
A Sy 11? 000 4 500=500+-/1"_ =1490.1+ j99.01 0
(z, +R) 710* +1000 1+ /10

The equivalent Thévenin voltage is:

V, =V, =1000° V

Problem 4.55

Solution:

Circuit shown in Figure P4.55 the values of the impedance, L = 0.1 H, capacitance, C =100 puF , and
the voltage source V,, (l‘ ) =12 COS(l 07 ) V.

Find:

The Thévenin equivalent of the circuit as seen by the load resistor R, .

Analysis:
z,=—1 = dl = -1000 Q
JeC 10 00 uF
S

7, =jal =100 iH= 10
S

The equivalent impedance is:
Z,=7,|Z. = 2,2 _ j{-j1000) _ 1000 =1.001090° Q = j1.001 Q
Z,+Z. j=—j1000 - ;999

The Thévenin voltage is:
= Ze p 2 21000 hh60 1000 4o m00 12012000 v
Z, +Z. ™ j=j1000 999

T

Problem 4.56

Solution:

Known quantities:

Circuit shown in Figure P4.56 the values of the resistance, R, =4 Q, R, =4 Q, capacitance,
C= 1/4 F, inductance, L =2 H , and the voltage source V_ (t) =2 COS(ZI) V.

Find:

The current in the circuit i, (Z‘ ) using phasor techniques.

Analysis:
Vi()=200" v
ZC _L:L:—jz Q
joC .41
J2 4

Z, = jol=j22=j4Q

Applying the voltage divider rule:
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_ (z(z.+2) oo 40368
L N o o
Z,+(z, 1(z.+2,) ° 400°+4036.8
Therefore, the current is:

p, =t JLOSUI8AT o 63st-71.60 A

Z, 4090°
i,(£)=0.2635c0s(2: - 71.6°) A

20007 =1.05018.4° v

Problem 4.57

Solution:

Known quantities:
Circuit shown in Figure P4.57, the values of the resistance, R, =75 Q, R, =100 Q, capacitance,

C =1pF ,inductance, L = 0.5 H, and the voltage source v, (l‘ ) =15 COS(I,SOOZ‘ ) V.
Find:
The currents in the circuit 7 (t) and I, (t)

Analysis:
In the phasor domain:

_ -J _.2000 _ . . .
= =- =-j666.7Q, Z, = jl1500)(0.5)= ;750 Q
1500(1X10‘6) J 3 J L J( )( ) J
By applying KVL in the first loop, we have
Vs =R/, +Zc(]1 _]2)
By applying KVL in the second loop, we have
0= (Zc)(lz _]1)+(ZL +R2)]2

C

That is:

1500° = (75 _j_20300j11 472000,

3
0 q@zl +(100+j23i0J12

By solving above equations, we have
1,=3.800°046.6° A
1,=19.6007°0-832° A
i, (£) =3.8cos(1,500 +46.6°) mA
i,(1)=19.6c0s(1,500 -83.2°) mA

Problem 4.58

Solution:

Known quantities:
Circuit shown in Figure P4.58, the values of the resistance, R, =40 Q, R, =10 Q,

capacitance, C = 500 pF , inductance, L = 0.2 H, and the current source i, (t) = 4OCOS(1 OOI) A.
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Find:
The voltages in the circuit v, (t ) and v, (l‘ )
Analysis:
1 -J . . . .
Z. = = =-j20Q ,7Z, = jal = j10000.2 = j20 Q
T wC 10030000° 7 Lo /
Applying KCL at node 1, we have:
S :£+M = ]S = L+L Vl —LVZ = 4000° :(L+LJV; —LVz
R Z  Z. ) Z, 40 20) ' 20
Applying KCL at node 2, we have

Wty Vo,V K:(L+L+LJVZ - jﬂz(L_jLﬂ-Lsz

Z. R Z,  Z. \R, Z, Z, 20 10 20 “20
Therefore:
1. J J
4000° =| —+-L v =Ly e, .
(40 20]‘ 20 ° 40D0“:(—+LJ(—J'2V2)—LV2
_— = 40 20 20 F =
—L=|—. V,=-j2V.
J20 (10) 2 1 J4Vs
g000° ==Ly, + Ly Sy o[ L_J)
2007 10 % 20 10 10
Vi=-j2v,
v, = 000" _ 58 84m1as5° v, V, == j2V, =565.680 - 45° V

(1
10 10

v, (£)=282.84cos(100s +45°) V, v, (1) = 568.68 cos(100s =45 ) V

Problem 4.59

Solution:

Known quantities:
The circuit called Wheatstone bridge shown in Figure P4.59.

a) The balanced status for the bridge: v, =0.

b) The values of the resistance, R, =100 €, R, =1€), the capacitance, C; = 4.7 uF , the
inductance, L; =0.098 H , that are necessary to balance the bridge: v, = 0, and the voltage
applied to the bridge, v, = 24 Sin(Z,OOOI) V.

Find:

a) The unknown reactance X, in terms of the circuit elements.

b) The value of the unknown reactance X, .

¢) The source frequency that should be avoided in this circuit.
Analysis:

a) Assuming a balanced circuit, we have v, = 0, that is, v, =V,
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RZ JX4 RZ

_ X,
jXL3_jXC3+R2 R, +jX,

R] +jX4

From the voltage divider:

. J
Jad; 'I"‘Rz

3
( 5" SJ
oC,
o0

X, = =-1.116Q

( 1 —- 2000 [(l).098]
2000 4.700°°

Negative reactance implies that the component is a capacitor.

L=1.116Q = C=;=448HF
awC wl.116

Inverting both sides and equating imaginary parts:

1
RR, :(_GLS-'-EJX“ = X, =

3

b)

¢)

If the reactances of L3 and C3 cancel, the bridge can not measure X4. Thus, the condition to be avoided is:

oL, - =0 = 1,c,= - = w=—_"! 1 = 1473 124

wC, o) VL:Cy  0.098#.700 S
f =234.5 Hz

Problem 4.60

Solution:

Known quantities:
Circuit shown in Figure P4.56, the values of the resistance, R, =4 Q, R, =4 Q, capacitance,

C= 1/4 F, inductance, L =2 H , and the voltage source V_ (t) =2 COS(ZI) V.
Find:
The Thévenin impedance seen by resistor R, .

Analysis:
z, =Rz, )+ (z.) = [j4)+ (2) = 20)52 =2+ j2 + (52) =20

Problem 4.61

Solution:

Known quantities:

Circuit shown in Figure P4.58, the values of the resistance, R, =10 €Q, R, =40 Q, capacitance,
C =500 pF , inductance, L = 0.2 H, and the current source i_ (Z‘) =40 COS(l OOt) A.

Find:

The Thévenin voltage seen by inductance L .

Analysis:
The Thévenin equivalent voltage source is the open-circuit voltage at the load terminals:
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V, = R,1, = 40I,
From the current division, we have
R, _ 10 o _ R
I, =———————4000° = 7.430021.8° A
(R, +Z.)+R, * (40-20)+10
V, =R,1, =40[7.430021.8° =2970121.8° V

v, (£) = 297 cos(100¢ +21.8°) V

I, =

Problem 4.62

Solution:

Known quantities:

Circuit shown in Figure P4.62, the values of the impedance, R =8 Q, Z. =—j8Q, Z, = j8Q, and
the voltage source V, =500 -30" V.

Find:
The Thévenin equivalent circuit seen from the terminals a-b.

Analysis:
The Thévenin equivalent circuit is given by:

Y
Vo :(&JSD ~30°=(1+7)50-30° =7.07015 V

8+ j8—j8

(8+,/8)(-/8) .
L, =—= 0 2 1 =(8—78)=8y20—-45° Q
TH 8+ /8- /8 ( ]) V2
Problem 4.63

Solution:

Known quantities:

Circuit shown in Figure P4.56, the values of the resistance, R, =4 €, R, =4 Q, capacitance,
C= 1/4 F, inductance, L =2 H , and the voltage source V_ (t) =2 COS(ZI) V.

Find:

The Thévenin equivalent voltage seen by the resistor R, .

Analysis:
The Thévenin equivalent circuit is given by:
v, =44 oppe = (1+/)=+2045° =1.414045° V
4+j4

v, (£) = 1.414cos(2t +45°) v
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Problem 4.64

Solution:

Known quantities:

Circuit shown in Figure P4.56, the values of the resistance, R, =4 Q, R, =4 Q, capacitance,
C= 1/4 F, inductance, L =2 H , and the voltage source V_ (t) =2 COS(ZI) V.

Find:

The Norton equivalent circuit seen by the resistor R, .

Analysis:
From the result of Problem 4.60, we have Z, =2 €. From the current divider:
i4
1, =—"1=21
j4j2

and

4 2 :(-Ll(ﬂ) .

The current is:

210 -£D45” =0.353045° A
44 4

I=

Therefore:

I, =21=0.7070045° A

Problem 4.65

Solution:

Known quantities:

Circuit shown in Figure P4.66.

Find:

The equations required to solve for the loop currents in the circuit in:
a. Integral-differential form;

b. Phasor form.

Analysis:
KVL: —vs+i1RS+vc(0)+—.[( —lz)dt+( —12) =0

o 1
KvL: (i, =i, )R, —v (o)+EI(z2 zl)dt+Ld +i,R, =0

Note: The initial voltage across the capacitor must, in general, be considered. It is modeled as an ideal
voltage source in series with the capacitor.

KVL: =V +1 R, +(I, -1,)Z. +(I, -1,)R, =0

KvL: (L, =L)R, +(I, -1,)Z. ++1,Z, +L,R, =0

Note:

1. The i-v characteristics of the inductor and capacitor, i.e. the integral and derivative, have been replaced
here by the impedance.

2. This form of the equation is applicable only when the waveforms of the currents and voltages are
sinusoids!
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Problem 4.66

Solution:
Known quantities:
Circuit shown in Figure P4.65.

Find:
The node equations required to solve for all currents and voltages in the circuit.

Analysis:
I, =1,+I,
Vs _Ile = Iz(Zc +Rl)+IS(ZL +R2)

Problem 4.67

Solution:

Known quantities:
The voltages at the nodes of the circuit shown in Figure P4.67, V, =45000° V, V, =440030° V,

V., =4200-200° V, V, =779.505.621° V, V., =153.90168.93° V,
V,, =230.600107.4° V, and the voltage sources, v,, = 450cos(ar) V, v,, =450 cos(ax) V .

Find:
The new values of V, and V,_, if the ground is moved from Node ¢ to Node d.

S

Analysis:
A node voltage is defined as the voltage between a node and the ground node. If the ground node is
changed, then all node voltages in the circuit will change. With the ground at Node d:

V,=V,, =V, +V,, =V, +V,, =440030° V +45000° V =
= (381.1+220.0) V + (450 + jO) V =831.1+ j220.0 V = 859.6[114.83° V

The voltages between any two nodes in a circuit do not depend on which is the ground node; therefore, the
voltage between Node b and Node ¢ remains the same when the ground is moved from Node e to Node d:

Vv, =779.505.621° V

Problem 4.68

Solution:

Known quantities:
Circuit shown in Figure P4.68, the values of the resistance, R, =120 €2, the capacitance,

C =12.5 uF , and the inductance, L = 60 mH , and the voltage source,
v, = 4cos(L,000 +30°) V|

Find:
The new value of V.

Analysis:
The circuit has 3 unknown mesh currents but only 1 unknown node voltage.

443



G. Rizzoni, Principles and Applications of Electrical Engineering Problem solutions, Chapter 4

1 : 1

Ze=—jXc=7] =] rad
(1,000 kJ(IZ.S uF )
S

=—;80Q =800 -90" Q

Z, = jX, = jal = j(l,OOO k@j(m mH) = j60 Q = 60190° Q)
S

Reference phasor: V, =4030° V
VO—0+V0—O+V0—V1. _

KCL: 0
ZRL ZC ZL
Vi
v = Z, _ v, _ 4030° V _
0 - - o o -
Ly, Z 2, 60090 Q 60090°Q
Zy Zo Z, Zp Z. 12000° Q 800 -90° Q
_ 4030° V _ 4030° V _
0.50090° +0.750180° +1  (0+ 0.5)+(-0.75+ j0)+ (1 + 0)
S A0V BV g ssn-33430 v
0.25+ ;0.5 0.5590063.43°
v, () =7.155 coslar —33.43°) v
Problem 4.69
Solution:

Known quantities:
Circuit shown in Figure P4.69, the mesh currents and node voltages,

i, (£)=3.127 coslaxr -47.28°) A . i, () =3.914 cos{ar —102.0°) A .
iy() =1.900 cos|ax +37.50°) A, v, (t) =130.0cos(axr +10.08°) V.
v, () = 130.0cos(ar = 25.00°) V. where w0 =377.0 4.
S
Find:
One of the following: L,, C,, R;, L,.
Analysis:
KCL: =1, +1, +1, =0
1, =1, -1, =(2.121-;2.297) A -(1.507 + j1.157) A =3.50800 - 79.92° A

vV, _ 130010.08° V

oL Z =-l= =37.05090° Q = e, [190°
I,  3.5080-79.92" A
L= 37'0“; =98.29 mH
377 12¢

KeL: 1, +I, -1, =0
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OL:

KVL:

OL:

I, =1,-1, =(1.507 - j1.157) A - (- 0.8138 - j3.828) A =5.499165.03° A
V, _ 130024.97° V 1
L,

= =23.640-90° Q=
5.4990165.03” A aC,

[0 -90°

Z,

0y =112.2 yF
(377 raj 23.64 Q)

V Z
V, =V, -V, = (128.0+j22.75)V—(117.8—j54.88) V =78.290082.56° V
V o
7, =2 T8OBISC NV _ s 1045067 0=29.11+ j29.17Q = R, + jed.,
I 1.90037.5° A
R, =29.11Q R, =2 17? =77.37 mH
377 ==

S
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