
Chemical Engineering Department | University of Jordan | Amman 11942, Jordan

Tel. +962 6 535 5000 | 22888 

1

Parallel Flow Over Flat Plates, Flow across cylinder and 
spheres, Flow Across Tube Bank

Process Heat Transfer

Lec 8: External Forced Convection

Dr. Zayed Al-Hamamre

Chemical Engineering Department | University of Jordan | Amman 11942, Jordan

Tel. +962 6 535 5000 | 22888 

2

 Parallel Flow Over Flat Plates: laminar and turbulent flow,

 The average heat transfer coefficient with flow across

cylinders and spheres , and

 The average heat transfer coefficient associated with flow

across a tube bank

Content



Chemical Engineering Department | University of Jordan | Amman 11942, Jordan

Tel. +962 6 535 5000 | 22888 

3

Introduction

   1 2,Re ,Pr     and    Re ,Pr   x x LNu f x Nu f 

Re Pr
L

m nNu C 

 It was shown in the previous lecture (was mainly analytical in character) that the
local and average Nusselt numbers have the functional form:

 The experimental data for heat transfer is often expressed by a simple power-law
relation of the form:

where m and n are constant exponents, and the value of the constant C

depends on the geometry and flow.

 This part deals almost entirely with empirical correlations that may be used to
calculate convection heat transfer.
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 The local drag and convection coefficients vary along the surface as a result of

the changes in the velocity boundary layers in the flow direction.

,

0

1 L

D D xC C dx
L

 
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1 L

xh h dx
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 
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 When the average drag and convection coefficients are available, the drag force and 

rate of heat transfer can be determined:

 The average convection coefficients for the entire surface can be determined by

 The fluid temperature in the thermal boundary layer varies from Ts at the surface     

to about T∞ at the outer edge of the boundary layer.

2



TT

T s
f The fluid properties are evaluated at the film temperature:

Introduction
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Physical Features

 As with all external flows, the boundary 

layers develop freely without constraint.

 Boundary layer conditions may be entirely laminar, laminar and turbulent, or 

entirely turbulent.

Parallel Flow Over Flat Plates

Consider the parallel flow of a fluid over a 

flat plate of length L in the flow direction 

as shown in the drawing

 To determine the conditions, compute 
 xuxu  Re

and compare with the critical Reynolds number for transition to turbulence, 
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cxL ,ReRe 

cxL ,ReRe 

Laminar flow throughout

Transition to turbulent flow at Lcxc Lx Re/Re/ ,

5
plateflat  critical, 105Re  For flow over a flat plat,

Parallel Flow Over Flat Plates

 If boundary layer is tripped at the leading edge

0Re , cx

and the flow is turbulent throughout.
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Friction Coefficient

Based on the analysis presented in the previous Chapter:

Laminar: ,

4.91

Re
x

x

x
  ,

0.664

Re
f x

x

C & Rex < 5 × 105

Turbulent: , 1/3

0.38

Rex
x

x
 

, 1/5

0.059

Ref xC & 5 × 105 ≤ Re ≤ 107

Average friction coefficient when the 

flow is laminar over the entire plate:
1/ 2

1.33

Ref
L

C  Rex < 5 × 105

Average friction coefficient when the 

flow is turbulent over the entire plate:
1/5

0.074

Ref
L

C  5 × 105 ≤ Re ≤ 107

Parallel Flow Over Flat Plates
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 If the plate is long enough for the flow to be turbulent, but not long enough to 

disregard the laminar region, then

 ,  laminar ,  turbulent0

1 cr

cr

x L

f f x f xx
C C dx C dx

L
  

 Using Recr = 5 × 105, the average friction coefficient over the entire plate is:

1/5 1/5

0.074 1742

Re Ref
L L

C   5 × 105 ≤ Re ≤ 107

Remarks

• The above equation varies depending on the value of Recr

• The surface assumes to be smooth, and fee stream to be turbulent free

- For laminar, Cf depends only on Re and is independent on surface roughness 

- For turbulent, Cf depends only on Re and the surface roughness: 
2.5

1.89 1.62logfC
L

 
   
 

Re > 106, /L > 10-4

Parallel Flow Over Flat Plates
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Heat Transfer Coefficient

 Based on the analysis presented in the previous Chapter for isothermal flat plate:

Laminar: 0.5 1/3Nu 0.332Re Prx
x x

h x

k
  Pr > 0.6

Turbulent:
0.8 1/3Nu 0.0296 Re Prx

x x

h x

k
 

0.6 ≤ Pr ≤ 60

5 × 105 ≤ Rex ≤ 107

 hx depends on Rex
0.5 for laminar and on 

Rex
0.8 for turbulent

 hx is proportional to x-0.5 for laminar 

and to x-0.2 for turbulent

 hx is infinite at the leading edge and is 

higher for turbulent than that of laminar
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 Average heat transfer coefficient when the flow is laminar over the entire isothermal 

plate:
0.5 1/3Nu 0.664Re PrL

hL

k
  Re < 5 × 105

 Average heat transfer coefficient when the flow is turbulent over the entire 

isothermal plate:

0.8 1/3Nu 0.037Re PrL

hL

k
  5 × 105 ≤ Re  ≤ 107,   0.6 ≤ Pr ≤ 60 

 If the plate is long enough for the flow to be 

turbulent, but not long enough to disregard the 

laminar region, then

  laminar  turbulent0

1 cr

cr

x L

x xx
h h dx h dx

L
  

Heat Transfer Coefficient

, 60 ≤ Pr 
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 Using Recr = 5 × 105, the average heat transfer coefficient over the entire plate is :

 0.8 1/30.037Re 871 PrL

hL
Nu

k
   5 × 105 ≤ Re  ≤ 107 , 0.6 ≤ Pr ≤ 60 

The equation varies depending on the value of Recr

Heat Transfer Coefficient

 The average Nusselt over the entire plate is 

Where

Chemical Engineering Department | University of Jordan | Amman 11942, Jordan

Tel. +962 6 535 5000 | 22888 

12

 Surface thermal conditions are commonly idealized as being of uniform temperature 

or uniform heat flux .

 Thermal boundary layer development may be delayed by an unheated starting 

length.

Parallel Flow Over Flat Plates

 Many practical applications involve 

surfaces with an unheated starting 

sections of length . This is illustrated in 

the drawing.
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Flat Plate with Unheated Starting Length

Laminar:
0.5 1/3

 (for 0)

1/3 1/33/ 4 3/ 4

Nu 0.332 Re Pr
Nu

1 ( / ) 1 ( / )

x x
x

x x



 
 

       

Turbulent:

 For such cases, and using the integral solution method, the local Nu numbers for 

both Laminar and turbulent flows are determined as.

0.8 1/3
 (for 0)

1/9 1/99 /10 9/10

Nu 0.0296 Re Pr
Nu

1 ( / ) 1 ( / )

x x
x

x x



 
 

       
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 Average Nu numbers requires integration of local Nu which can not be determined 

analytically. 

 This has been done using numerical integration and been correlated as:

Laminar: Turbulent:

Flat Plate with Unheated Starting Length
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Special Cases: Unheated Starting Length (USL) and/or Uniform Heat Flux

 For both uniform surface temperature (UST) and uniform surface heat flux (USF), 

the effect of the USL on the local Nusselt number may be represented as follows:

 
0

1/ 3

0

1 /

Re Pr

x

x ba

m
x x

Nu
Nu

x

Nu C












  


Laminar Turbulent

UST USF UST USF

a 3/4 3/4 9/10 9/10

b 1/3 1/3 1/9 1/9

C 0.332 0.453 0.0296 0.0308

m 1/2 1/2 4/5 4/5
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 For a plate of total length L, with laminar or turbulent flow over the entire surface, 

the expressions for uniform plate temperature (UST)  with an unheated starting 

length are of the form

Special Cases: Unheated Starting Length (USL) and/or Uniform Heat Flux

 Note: Properties are evaluated at the film temperature.

For Constant Heat Flux Conditions (USF)

and
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 Also

Constant Heat Flux Conditions (USF)

which may be expressed in terms of the wall heat flux and 

temperature difference

Hence

 The average temperature difference along the plate, for the constant-heat-flux condition, may 

be obtained by performing the integration
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Liquid Metals 

 Fluids as liquid metals usually have small Prandtl number. 

 However, for this case the thermal boundary layer development is much more rapid 

than that of the velocity boundary layer

Other Relations

It is reasonable to assume uniform velocity 

throughout the thermal boundary layer, i.e.
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Other Relations

 For laminar flow over an isothermal plate, the local convection coefficient may be 

obtained from A single correlation, which applies for all Prandtl numbers

Churchill and Ozoe correlation

 Note: Properties are evaluated at the film temperature.
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Summary of equations for flow over flat plates
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Summary of equations for flow over flat plates
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Summary of equations for flow over flat plates
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Example
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Example cont.



Chemical Engineering Department | University of Jordan | Amman 11942, Jordan

Tel. +962 6 535 5000 | 22888 

25

Example cont.
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Example
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SCHEMATIC:   

Example cont.
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Example cont.

Flow is laminar over the entire surface
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 Performing an energy balance at an instant of time for a control surface about the 

plate

Example cont.
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Flow across cylinder and spheres

 Flow across cylinder, rather than inside, has important practical 

applications 

 Boundary-layer developed on the cylinder 

determines heat transfer characteristics. 

 Conditions depend on special features of 

boundary layer development, including onset 

at a stagnation point and separation, as well 

as transition to turbulence.
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 Location of separation depends on boundary layer transition.

Flow across cylinder and spheres
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 The principal difference in flow over cylinder or a sphere, compared to the flow 

over a flat plate, is that the boundary layer in flow over cylinder or sphere may 

not undergo transition from laminar to turbulent flow, but also usually 

somewhere in the rear from the interface between the object and the fluid.  

 The reason for this separation is the increasing pressure in the direction of flow, 

which causes a separated flow region to develop on the back of the cylinder or a 

sphere if the free-stream velocity is sufficiently large.

 Obviously, regions in which the boundary layer has separated from the surface 

will exhibit considerably different Nusselt number characteristics from the 

region where the boundary layer is attached. 

 The development of a separated flow region in flow over a cylinder is shown in 

the drawing in the previous slide.

Flow across cylinder and spheres
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Flow across cylinder and spheres
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 The local Nusselt number is given by

k

hc 


,Nu 

: angular distance from the stagnation point 

 Note that: Nu  with 

 But in the back of the cylinder, the flow is 

separated and Nu  again

Flow across cylinder and spheres
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3/1Pr

m

ff

d
du

C
k

dh
Nu 










 



 In normal engineering practice, it is not necessary to evaluate a local value of 

Nu; average values would be useful 

 The average Nu can be related to the free-stream Reynold number, ud/, 

and Pr number, by an empirical correlation:

 For gases and ordinary liquids, the following correlation can be used:

• Subscript for properties at
2




TT
T w

f

Nusselt Number Correlations

For 
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Nusselt Number Correlations
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Nusselt Number Correlations
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 It has also been shown that h from liquids to cylinders in cross flow may be 

better represented:

  3.052.0 PrRe56.035.0Nu ff  • 10-1 < Ref < 105

 The following more complicated correlations are also suggested for heat transfer 

from tubes in cross flow:

 
25.0

38.052.0

Pr

Pr
PrRe5.043.0Nu 










w

f • 1 < Re < 103

25.0
38.06.0

Pr

Pr
PrRe25.0Nu 










w

f • 103 < Re < 105

Nusselt Number Correlations
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o For gases Prf/Prw may be dropped

o Prf evaluated at Tf and Prw evaluated at Tw.

o For liquids, Prf/Prw is retained and fluid properties are evaluated at the 

free stream temperature, T

 The following relation is more comprehensive and is applicable over a 

complete range of available data:

for 102 < Re < 107

Pr > 0.2

Not good for mid-range of Re
 

5/48/5

4/13/2

3/12/1

282000

Re
1

Pr)/4.0(1

PrRe62.0
3.0Nu





















d

Nusselt Number Correlations
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for 2×104 < Re < 4×105

Pr > 0.2

For mid-range of Re

  





















2/1

4/13/2

3/12/1

282000

Re
1

Pr)/4.0(1

PrRe62.0
3.0Nud

for 40 < Re < 105

0.65 < Pr < 300

0.25 < /w < 5.2

Properties at T

 
25.0

4.03/25.0 PrRe06.0Re4.0Nu 







 

w
d k

dh




 Another relation that can be used:

  12/1)Peln(8237.0Nu


d

 For Pe < 0.2, use the following correlation:

Nusselt Number Correlations
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Nusselt Number Correlations

 For the circular cylinder in cross flow, Zukauskas correlation can be used
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 For non-circular cylinders, the 

equation 
3/1PrReNu n

fC

can be used.

 C and n are given in the table 

shown for different geometries

Noncircular Cylinder
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6.0

37.0 









 

ff

du

k

hd



 For heat transfer from sphere to a flowing gas, use:

  2/16.14 Re10325.02Nu 

 For air (Pr = 0.71) over a wide range of Re, use:

Spheres

100 < Re < 3×105

32 ReReRe430Nu cba  3×105 < Re < 5×106

a = 5×10-3 b = 0.25×10-9 c = -3.1×10-17

5.0
3.0 68.097.0Pr 










 

f
f

f

du

k

hd



 For flow of liquids past spheres:

1 < Re < 2000
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54.0
25.0

3.0 Re53.02.1PrNu 








w

f

 Heat transfer from sphere to oil and water:

All properties are evaluated at the free 

stream temperature (T) except w.

 
4/1

3/22/1 Re06.0Re4.00.2Nu 







 

w
dd 



 All above equations can also be evaluated from the following single equation 

for gases and liquids past a sphere:

All properties at T except w.

for 3.5 < Red < 8×104; 0.7 < Pr < 380

Spheres

for 1 < Red < 2×105; 0.7 < Pr < 380
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Flow Across Tube Bank
 Cross-flow over tube banks is commonly encountered in practice in heat

transfer equipment such heat exchangers, air conditioners and refrigerators..

 In such equipment, one fluid moves
through the tubes while the other moves
over the tubes in a perpendicular direction.

 Flow through the tubes can be analyzed by
considering flow through a single tube, and
multiplying the results by the number of tubes.

 For flow over the tubes the tubes affect the flow pattern and
turbulence level downstream, and thus heat transfer to or from
them are altered.

 Typical arrangement
o In-line arrangement 
o Staggered arrangement 
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Staggered
In-line

 22 2/SSS TLD 

 The outer tube diameter D is the characteristic length.

 The arrangement of the tubes are characterized by the 

 transverse pitch ST, 

 longitudinal pitch SL , and the

 diagonal pitch SD between tube centers.

Flow Across Tube Bank
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 As the fluid enters the tube bank, the flow area 
decreases from A1=STL  to  AT (ST -D)L 

between the tubes, and thus flow velocity increases.

L = tube length.

max maxReD

V D V D
 

 

 In tube banks, the flow characteristics are 

dominated by the maximum velocity Vmax 

rather than the approach velocity V.

 The Reynolds number is defined on the basis of 

maximum velocity as

Flow Across Tube Bank
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 For in-line arrangement, the maximum velocity occurs at the minimum flow area

between the tubes (AT).

 The conservation of mass:

1 max TVA = V A     

max
T

T

S
V V

S D




 T max T   or    VS L =V S - D L

Flow Across Tube Bank
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• In staggered arrangement:

max
T

T

S
V V

S D




This image cannot currently be displayed.

1    max DVA V 2A 

If 2AD > AT or  SD>(ST+D)/2 : Vmax occurs at AT:

If 2AD < AT or  SD<(ST+D)/2 : Vmax occurs at the diagonal cross

  or    T max DVS L =V 2 S - D L

Flow Across Tube Bank
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 0.25
Re Pr Pr Prm n

D D s

hD
Nu C

k
 

• The average Nusselt number is of the general form

where the values of the constants C, m, and n depend on Reynolds number 
(Table 7–2).

 The average Nusselt number relations in Table 7–2 are for tube banks with 16 
or more rows (NL > 16).

Flow Across Tube Bank

0.7 < Pr < 500
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  2m i eT T T /  Fluid properties are evaluated at:

except Prs at Ts. Ti and Te are the fluid temperatures at the inlet and the exit of the 
tube bank.

(Table 7–2).

Flow Across Tube Bank
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 Those relations can also be used for tube banks with NL < 16, provided  that 
they are modified as

, LD N DNu F Nu 

 The correction factor F values are given in Table 7–3

Flow Across Tube Bank
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 The heat transfer rate to or from a tube bank is:

 s ln p e iQ hA T mc T T    

   
      

s e s i e i
ln

s e s i e i

T T T T T T
T

ln T T / T T ln T / T

       
   

 T Tm V N S L

  s
e s s i

p

A h
T T T T exp

mc

 
    

 

As : the heat transfer surface area = NDL

N:   the number of tubes in the bank.

NT : the number of tubes in the transverse plane.

Tln : the logarithmic mean temperature difference:

 The exit temperature of the fluid is:

Flow Across Tube Bank
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The Sphere and Packed Beds

Gas Flow through a Packed Bed

 The heat transfer coefficient can be calculated using
0.5752.06 Re

 void fraction (0.3 <  < 0.5)





H Dj

 

 Flow is characterized by tortuous paths through a bed 

of fixed particles.

 Large surface area per unit volume renders 

configuration desirable for  the transfer and storage of 

thermal energy.

where

, Pr 
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,  p t mq hA T

,  total surface area of particlesp tA

–

,

,

exp
 

     

p ts o

s i c b p

hAT T

T T VA c

,  cross-sectional area of bedc bA 

–

The Sphere and Packed Beds

 The heat transfer coefficient for fluids as water, propylene glycol and water 

solutions) with moderate Pr (around 30), can be calculated from

dNu 0 < Re < 100
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Example



Chemical Engineering Department | University of Jordan | Amman 11942, Jordan

Tel. +962 6 535 5000 | 22888 

57

KNOWN:  Velocity, diameter, initial temperature and properties of extruded wire.  Temperature and 
velocity of air.  Temperature of surroundings.

FIND:  (a) Differential equation for temperature distribution T(x) along the wire, (b) Exact solution for 
negligible radiation and corresponding value of temperature at prescribed length ( x = L = 5m) of wire, 
(c) Effect of radiation on temperature of wire at prescribed length.  Effect of wire velocity and 
emissivity on temperature distribution. 

Example cont.

SCHEMATIC:   
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ASSUMPTIONS:  (1) Negligible variation of wire temperature in radial direction, (2) Negligible 
effect of axial conduction along the wire, (3) Constant properties, (4) Radiation exchange between 
small surface and large enclosure, (5) Motion of wire has a negligible effect on the convection 

coefficient (Ve << V). 

PROPERTIES:  Copper: 3
p8900 kg / m , c 400 J / kg K, 0.55.       Air: k 0.037 W / m K,   

5 23 10 m / s, Pr 0.69.     

ANALYSIS:  (a) Applying conservation of energy to a stationary control surface, through which the 
wire moves, steady-state conditions exist and in outE E 0.      

Hence, with inflow due to advection and outflow due to advection, convection and radiation, 
  e c p e c p conv radV A c T V A c T dT dq dq 0       

     2 4 4
e p surV D / 4 c dT Ddx h T T T T 0   

        

    4 4
sur

e p

dT 4
h T T T T

dx V D c


 
       

        (1)    < 

Example cont.
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Alternatively, if the control surface is fixed to the wire, conditions are transient and the energy balance 
is of the form, out stE E ,    or 

    
2

4 4
sur p

D dT
Ddx h T T T T dx c

4 dt

  
              

 

   4 4
sur

p

dT 4
h T T T T

dt D c


 
       

Dividing the left- and right-hand sides of the equation by dx/dt and eV dx / dt,  respectively, Eq. (1) is 

obtained. 

(b) Neglecting radiation, separating variables and integrating, Eq. (1) becomes 

 
i

T x

T 0e p

dT 4h
dx

T T V Dc
 

   

i e p

T T 4h x
ln

T T V Dc




 
   

 i
e p

4hx
T T T T exp

V Dc 
 

     
 

          (2)    < 

Example cont.
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With 5 2
DRe VD / 5 m / s 0.005 m / 3 10 m / s 833,       the Churchill-Bernstein correlation yields 

 
   

 
D

4/ 51/ 2 1/ 3 5/8

1/ 42 / 3

0.62 833 0.69 833
Nu 0.3 1 14.4

282,000
1 0.4 / 0.69

              

 

D
2k 0.037 W / m K

h Nu 14.4 107 W / m K
D 0.005m


   

Hence, applying Eq. (2) at x = L, 

  
2

o 3
4 107 W / m K 5m

T 25 C 575 C exp
8900kg / m 0.2m / s 0.005m 400J / kg K

        
     

 

 oT 340 C            < 

Hence, radiation makes a discernable contribution to cooling of the wire.   

(c) Numerically integrated from x = 0 to x = L = 5.0m, we obtain 

 oT 309 C            < 

Example cont.
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Parametric calculations reveal the following distributions. 
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The speed with which the wire is drawn from the extruder has a significant influence on the 

temperature distribution.  The temperature decay decreases with increasing Ve due to the increasing 
effect of advection on energy transfer in the x direction.   

The effect of the surface emissivity is less pronounced, although, as expected, the temperature decay 
becomes more pronounced with increasing . 

Example cont.
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COMMENTS:  (1) A critical parameter in wire extrusion processes is the coiling temperature, that is, 
the temperature at which the wire may be safely coiled for subsequent storage or shipment.  The larger 

the production rate (Ve), the longer the cooling distance needed to achieve a desired coiling 
temperature.   

(2) Cooling may be enhanced by increasing the cross-flow velocity, and the specific effect of V may 
also be explored. 

Example cont.
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Example
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KNOWN:  Velocity and temperature of combustion gases.  Diameter and emissivity of thermocouple 
junction.  Combustor temperature. 

FIND:  (a) Time to achieve 98% of maximum thermocouple temperature rise for negligible radiation, (b) 
Steady-state thermocouple temperature, (c) Effect of gas velocity and thermocouple emissivity on 
measurement error. 

SCHEMATIC:

ASSUMPTIONS:  (1) Validity of lumped capacitance analysis, (2) Constant properties, (3) Negligible 
conduction through lead wires, (4) Radiation exchange between small surface and a large enclosure (parts 
b and c). 

Example cont.
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PROPERTIES:  Thermocouple:  0.1    1.0, k = 100 W/mK, c = 385 J/kgK,  = 8920 kg/m3; Gases:  
k = 0.05 W/mK,  = 50  10-6 m2/s, Pr = 0.69. 

ANALYSIS:  (a) If the lumped capacitance analysis may be used, it follows from Equation 5.5 that 
 

  i

s

Vc T T D c
t ln ln 50

hA T T 6h

 




 


. 

Neglecting the viscosity ratio correlation for variable property effects, use of V = 5 m/s with the Whitaker 
correlation yields 

    1/ 2 2 / 3 0.4
D D DNu hD k 2 0.4 Re 0.06 Re Pr     

 
D 6 2

5m s 0.001mVD
Re 100

50 10 m s
  



     1/ 2 2 / 3 0.4 20.05W m K
h 2 0.4 100 0.06 100 0.69 328 W m K

0.001m

        

Since Bi =  oh r 3 k  = 5.5  10-4, the lumped capacitance method may be used.   

 
 

3

2

0.001m 8920kg m 385J kg K
t ln 50 6.83s

6 328W m K


 

 

Example cont.
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(b) Performing an energy balance on the junction, qconv = qrad.   

Hence, evaluating radiation exchange from Equation 1.7 and with  = 0.5, 
 

    4 4
s s chA T T A T T      

   
8 2 4

44 4
2

0.5 5.67 10 W m K
1000 T K T 400 K

328W m K

        
T = 936 K 

Parametric calculations to determine the effects of V and  yield the following results:  
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Example cont.
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Since the temperature recorded by the thermocouple junction increases with increasing V and decreasing 
, the measurement error, T  - T, decreases with increasing V and decreasing .  The error is due to net 

radiative transfer from the junction (which depresses T) and hence should decrease with decreasing .  

For a prescribed heat loss, the temperature difference ( T  - T) decreases with decreasing convection 
resistance, and hence with increasing h(V). 
 

COMMENTS:  To infer the actual gas temperature (1000 K) from the measured result (936 K), 
correction would have to be made for radiation exchange with the cold surroundings.

What measures may be taken to reduce the error associated with radiation effects?

Example cont.


