
Transient Conduction 

The lumped capacitance Method 

Spatial Effects and the Role of 

Analytical Solutions 



Introduction 
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This term  accounts the 

variation of temperature 

with time for unsteady state 

problems 



Examples  

Could be 

a small 

copper 

ball 



Examples and comparison 

T=f(t)  , Tf(dis) 

T=f(t, dis) 



Analysis and general formulation 
 Basic assumption: 

         The lumped capacitance method assumes 
that the temperature of solid is spatially uniform 
at any instant of time. This means negligible 
temp gradients within the solid. Eout=qcon 

Est 
Energy balance: 

Control volume 
       Ein-Eout=Est 

     0 



 



5.5 

5.6 



Thermal time constant, 

Where Rt  is the resistance to convection heat transfer 

and Ct is the lumped thermal capacitance of the solid.  

st hAVc / 



Note: 
The temp. of a 

lumped system 

approaches the 

environment temp. 

as time gets larger. 



Total energy transfer  Q 

 The Total energy transfer  Q occurring up to 
some time t can be obtained from:   



Energy balance 

Ein – Eout = Est 
0 



Maximum heat quantity 



 

Validity of the Lumped Capacitance Method 

Or 

Fig. 5.3 



The Biot number can be viewed as the ratio of the 

convection at the surface to conduction within the 

body  



 



Conclusion 

 If the following condition is satisfied 

 

 

  the error associated with using the lumped 
capacitance method is small. 

  Where Lc is the characteristic length. It is 
defined as the ratio of the solid’s volume to 
surface area, 

          Lc=V/As   
Note 

For symmetrical heated or cooled plane wall of 
thickness 2L, Lc=L.   

For a long cylinder Lc=ro/2 and for a sphere, Lc=ro/3  

               

10.51.0<=
k

hL
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Example: small bodies with high thermal conductivities and low 

convection coefficients are most likely to satisfy the criterion 

for lumped system analysis   



 Using Lc=V/As, the exponent of eq. 5.6 

may be written as   



Transient Conduction: 

Spatial Effects and the Role of 

Analytical Solutions 



Solution to the Heat Equation for a Plane 

Wall with 

Symmetrical Convection Conditions 

•  If the lumped capacitance approximation can not be made, consideration must 

   be given to spatial, as well as temporal, variations in temperature during the 

   transient process. 

•  For a plane wall with symmetrical 

convection conditions and constant properties, 

the heat equation and initial/boundary 

conditions are: 
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Existence of  seven independent variables: 

 , , , , , ,iT T x t T T k h
(5.30) 

How may the functional dependence be 

simplified? 

Dimensionless temperature difference: *
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Non-dimensionalization of Heat Equation and Initial/Boundary  

Conditions: 
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Dimensionless time: *
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Substituting the definition of Eq.s 5.31 through 5.33 into 

Eq.s 5.26 through 5.29 the heat equation becomes 
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See Appendix B.3 for first four roots (eigenvalues                ) of Eq. (5.39c) 1 4,..., 
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•  Exact Solution: 



Approximate Solution 

   It was shown that for Fo > 0.2 the infinite 

series solution eq. 5.39a can be 

approximated  by the 1st term of the series 

C1 and ξ1 are given in Table 5.1 for a range of Biot 

numbers. 



Bi=hL/k 

for Plane  

wall 

and hro/k  

for the  

infinite  

cylinder  

and  

sphere 

Plane wall 

Infinite Cylinder Or 

sphere 

1-D system with an 

initial uniform temp 

subjected to sudden 

convection condition 



Total Energy transfer Q left or entered the 

wall up to any time t in transient process  

• Energy equation cab be applied over a time interval t=0 
to any time t>0 

            Ein – Eout =ΔEst             (5.42) 

            Zero          =Q      Look! 

 ΔEst=E(t)-E(0) 

Eq. 5.42 becomes 

Q=-[E(t)-E(0)] 

Or  

    Q= -∫ρC [T(x,t)-Ti] dV            (5.43) 

It is convenient to nondimensionalize the result of integration 
by adopting this quantity 

     Q0= ρC V (Ti - T∞)                   (5.44) 





Approximate Solution 

infinite cylinder 



Approximate Solution 

Sphere 



Total Heat transfer 

 


