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> The Hain pornf of the chopter:

This chapter on roots of equations deals with methods that exploit the fact that a function
typically changes sign in the vicinity of a root. These techniques are called bracketing
methods because two initial guesses for the root are required. As the name implies, these
guesses must “bracket,” or be on either side of, the root. The particular methods described
herein employ different strategies to systematically reduce the width of the bracket and,
hence, home in on the correct answer.

5.1, Graphizef Methods:

A simple method for obtaining an estimate of the root of the equation f(x) = 0O is to
make a plot of the function and observe where it crosses the x axis. This point, which
represents the x value for which f(x) = 0, provides a rough approximation of the root.

EXAMPLE 5.1 The Graphical Approach 9

Problem Statement. Use the graphical approach to determine the drag cocfﬁcien@
needed for a parachutist of mass m = 68.1 kg to have a velocity of 40 m/s after free-

falling for time # = 10 s. Note: The acceleration due to gravity is 9.81 m/s".
> femember fhe equation 1f free falling object: c (o)
Witl= gM (1. ¢~ C/mb 4 34.190
c 8 1/.712
0= 481(681) -(c/é81)b 12 6.114
k o (Lo ) 16 ~2.230
20 —8.368

9{60) = q.8| 663-1) (1_ c—[C/GS-i)IO )—‘IO
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6.4+ Biseehion Method

When applying the graphical technique in Example 5.1, you have observed (Fig. 5.1)
that f(x) changed sign on opposite sides of the root. In general, if f(x) is real and con-
tinuous in the interval from x; to x, and f(x;) and f(x,) have opposite signs, that is,

fa)f(x,) < 0 25 one of dhom must have a ¢-) sign. (5.1)

then there is at least one real root between x; and x,.

— Steps of Bisectionn Mefhoel:

Step 1: Choose lower x; and upper x, guesses for the root such that the function changes sign
over the interval. This can be checked by ensuring that fix)fix,) < O.
Step 2: An estimate of the root x, is determined by
X+ X
X’ —
‘ 2
Step 3: Make the following evaluations to determine in which subinterval the root lies:
(a) If fix)fix) < O, the root lies in the lower subinterval. Therefore, set x, = x, and return
to step 2
(b) If fix)fix) > O, the root lies in the upper subinterval. Therefore, set x, = x, and return
to step 2
(c) If fix}flx) = O, the root equals x,; terminate the computation

&Ol::.ij(ﬂh:()



EXAMPLE 5.3

Bisection

Problem Statement. Use bisection to solve the same problem approached graphically
in Example 5.1.

Solution.  The first step in bisection is to guess two values of the unknown (in the
present problem, ¢) that give values for f(¢) with different signs. From Fig. 5.1, we can
see that the function changes sign between values of 12 and 16. Therefore, the initial
estimate of the root x, lies at the midpoint of the interval
L Xu
_12+16

x; 5

14

This estimate represents a true percent relative error of g = 5.3% (note that the true
value of the root is 14.8011). Next we compute the product of the function value at the
lower bound and at the midpoint:

f(12) f(14) = 6.114(1.611) = 9.850 >0 = Se Xr = X

which is greater than zero, and hence no sign change occurs between the lower bound
and the midpoint. Consequently, the root must be located between 14 and 16. Therefore,
we create a new interval by redefining the lower bound as 14 and determining a revised
root estimate as

_l4+16 15

X =T =

which represents a true percent error of &, = 1.3%. The process can be repeated to obtain
refined estimates. For example,

F(14) f(15) = 1.611(—0.384) = ~0.619 <O = so Xr =¥y

Therefore, the root is between 14 and 15. The upper bound is redefined as 15, and the
root estimate for the third iteration is calculated as

14+15

= 14.
> D

Xy

which represents a percent relative error of &, = 2.0%. The method can be repeated until
the result is accurate enough to satisfy your needs.
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7%& WMC errer Doesn/t Necessarily  Decrease With

each il‘ifdfld%. =50 we neee a 5%:9/)/)7‘/1} Ciriferiat .




#

— Bz of 7%& ar'rof” P»rzvblom weé ,ézggzj in, The F/e,w‘w/s ?’MVLIO'}’L,
e peed. o new wa%/a calealake e  eror for This ﬂ@ﬂwcl%

1009 — we use this fhsldke walue s we're
X, wrf; cneerned witke the /tqfu%ﬂdg Vet h< sy/\

o X the cwrrent iterakion
* Xr Oloe3 the prel/iaws it rethion

EXAMPLE 5.4 Error Estimates for Bisection

Problem Statement. Continue Example 5.3 until the approximate error falls below a
stopping criterion of g, = 0.5%. Use Eq. (5.2) to compute the errors.

Solution.  The results of the first two iterations for Example 5.3 were 14 and 15. Sub-

stituting these values into Eq. (5.2) yields

15— 14
15

Recall that the true percent relative error for the root estimate of 15 was 1.3%. Therefore,
g, 1s greater than g, This behavior is manifested for the other iterations:

|&a] =

‘ 100% = 6.667%

Iteration x| X, X, £q (%) &y (%)

1 12 16 14 5.413

2 14 16 15 6667 | 1 3as | wecon tol that
3 14 15 14.5 3.448 |§ 2035 | h True error iamt
4 14.5 15 14.75 1605 |y 0.345 | necesarily going doun
5 1475 15 14.875 0.840 |8 0.499

6 1475 14875 148125 0422} 0077

Thus, after six iterations g, finally falls below g, = 0.5%, and the computation can
be terminated.

These results are summarized in Fig. 5.7. The “ragged” nature of the true error is due
to the fact that, for bisection, the true root can lie anywhere within the bracketing interval.
The true and approximate errors are far apart when the interval happens to be centered on
the true root. They are close when the true root falls at either end of the interval.

— The /ippmxzmw/r crror Dm%ﬂ}ﬁ Pﬂﬂ/fclc an exack
estimate
e —Ea) is W% frea/cr than (€ t)

—s Howeorver , Biseckion Mothoed s slower 7han other
Methoels.

10 [~

Percent relative error

0.1

Iterations



when g, [alls below g, the computation could be terminated with confidence that the
root is known 1o be at least as accurate as the prespecified acceptable level.

Although it 1s always dangerous o draw general conclusions from a single example,
it can be demonstrated that g, will always be greater than g, for the bisection method. This
is because each time an approximate root is located using bisection as x, = (x; + x,)/2,
we know that the true root lies somewhere within an interval of (x, — x)/2 = Ax/2.
Therelore, the root must lie within +Ax/2 of our estimate (Fig. 5.8). For instance, when
Example 5.3 was terminated, we could make the delinitive statement that

x, = 145 = 05

Because Ax/2 = ™% — 3 (Fig. 5.9), Eq. (5.2) provides an exact upper bound on

the true error. For this bound to be exceeded, the true root would have to fall outside
the bracketing interval, which, by definition, could never occur for the bisection method.
As illustrated in a subsequent example (Example 5.6), other root-locating technigques do
not always behave as nicely. Although bisection is generally slower than other methods,

FIGURE 5.8
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5.3: The Sakse position, Methoel

= dalse_position is_an_Aternabive for The Biseckion Methoo Bageel on grphicad insignd.

- we consider The Magnituele of £Cxe) and Fexi)

—we  also join {0) and Fe) with a line , and Fhe intersechion. of that fine wit he xc-axis

Represents a_ Botter estimate of the Reof

—¥s also  callee " lincar interpolakion Methed !

- X

L fw — ; X _f(xu)(xl o u)
= Y fl) — f(xy)

U e other sfeps are  fhe  same
as  the  Bisection Method.

X, kX

L he Trce poot
1@

] EXAMPLE 5.5 False Position

Problem Statement. Use the false-position method to determine the root of the same
_— equation investigated in Example 5.1 [Eq. (ES.1.1)].

o Solution.  As in Example 5.3, initiate the computation with guesses of x, = 12 and
x, = l6.

o First iteration:

o =12  f(x) = 6.1139
x=16  f(x) = —22303 | f0) = amp ooty e
~2.2303(12 — 16)

=10 a9 — (—22303)

: U:M\ébga‘?ﬁ &«

which has a true relative error of 0.88 percent.

Second iteration:

f)f(x,) = —1.53716 <0 > Xr=xu

Therefore, the root lies in the first subinterval, and x, becomes the upper limit for the

next iteration, x, = 14.9113: —_—

x =12 f(x) = 6.1139 —
x, = 149309  f(x,) = —0.2515 -

—0.2515(12 — 14.9309)

= 14.9309 — = 148151 —
. 3 6.1139 — (—0.2515)

which has true and approximate relative errors of 0.09 and 0.78 percent. Additional

iterations can be performed to refine the estimate of the roots.

e $ oo L jog e (W)J) ] o it Bisechion J) (s alsl =aS @l gt ¢

LFCx) , FO) mes |, laex




True percent relative error

10

107"

10-3

10

False position

—> W can see Thak the E« Vlj"” The 04'-'{{{

posifion  Method odecreases  fasfer Thar the Bisection

/(u//ucl Zal,ps me faéyef te the Rowt !anCr‘l)

3
Iterations




C?’L&Pf‘ef G : open Methods:
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6-1: simple Fixed - Poi'n{- iteraon :
~we feaffange  the function suck that the left 8ide of the ctzuaHML has_an " x*
for Ex :

1.8n%x =6 = dinXx+x =X
TX “X
>

2 x*- 2x43 =0 = X*+3 _y

2

—so  wht we do s pfbeolc alfarm\da g(.o( X Ba,‘?d o an pld 4/@%”/ X
= jCJ((_'\

"
O+

Le UJT L’ PM oy

* Remember :
- we ceulafe the App. etror.

Eq =| X1 ~x¢ | tooy
xc'-(-j_

EXAMPLE 6.1  Simple Fixed-Point lteration

Problem Statement.  Use simple fixed-point iteration to locate the root of f(x) = ¢ * — x.
7th) = e Fox => é x tq / Zat 7 cusrent iterghion - previows.
XK= &K 0 o — loo.o
1 e-l 100. 0
Y . C-Z e
| Keep Jamz on unkil T ) -2, B

reach an App error  theds 3 -
less  tham Tolerance. 9 :




- lonvey gence:
v

- TThe Relative.  erof of  cach tgrafion is prolporh‘maj Eag a focky => linear convergance

- There’s a  graphical Ademakive Approalle — we-carved  Method
fi () = fo0

I“’ ‘yl = ;-Cx)

5—9 we  plot  The o #anchions , and Their intersechion s #y Root.

[—) Yo = fl-()()

EXAMPLE 6.2 The Two-Curve Graphical Method

| Problem Statement. Separate the equation ¢
its root graphically.

X

— x = 0 into two parts and determine

@
Solution.  Reformulate the equation as y; = x and y, = ¢ *. The following values can

be computed:

[ X )4 Y2 T
! — 0.0 0.0 1.000 —
}(a) 0.2 0.2 0.819
i — 04 0.4 0.670 T
= | 0.6 0.6 0.549
| B 0.8 0.8 0.449 o
e 1.0 1.0 0.368 B
i frx)=e — o
i | These points are plotted in Fig. 6.2b. The intersection of the two curves indicates a root o
' Root estimate of approximately x = 0.57, which corresponds to the point where the single
b —| curve in Fig. 6.2a crosses the x axis. —

6.2 Nawton's Raphson Method :

— when. The mikal jﬂ&ﬁs aof the Reot is X , A-Elﬂ?cnf line is cxfaldcd J[YU/Y' 'ﬂld IDC‘/I'7LIL,, u//lm

this  line inferseofs with Yhe x-axis and this gives an  improved cstimabe of  the Rook

Yial = X - _Fox

/ / fixe)

Modified  previeis

eshimate  eslimale P

EXAMPLE 6.3 Newton-Raphson Method

Problem Statement. Use the Newton-Raphson method to estimate the root of f(x) =

X

e * — x, employing an initial guess of x, = 0.

Ko =X -
X =X - Xx ¢ X 224 fex) =X - X
o e¥_ 1 o o )= e ¥y
1 L-I
2 et
3 (,f’
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> Aeat Criteric ot Cenvergence

4 .
EL“;*' - -f @ - et for  Newhens Raphsoa
/ 2£(xe) /ug'.ﬂlael it converyes

new érror

Boged on the ltunchion
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6.3 The secant Methods:

Xe4L = Xi - JZ(X'C') (xeeg —Xe)

Flxe-1y - £exd)

EXAMPLE 6.6 The Secant Method

Problem Statement.  Use the secant method to estimate the root of f(x) = ¢ * — x. Start

with initial estimates of x_; = 0 and x, = 1.0.
£rx) =c ™y 1st iMrafion:
/
7[()() =C—.x-’1 X;_( =0
X/ = 10

Xce1 = 4 -(-06321) (o -1)

1-(-0.43212)

|x(‘-(1 = Oéll;l

Znd ilirakion.

Xé-t = 16

. = —|0.56599 -¢c617
X = 0.6127 Ca e — 7 = 0.086
Keal = 0-602% — -0.07081 (1-0.61270)

063212~ (-0.0708])

G = 056334 —




C7lap+€r‘ (9): Gauss LEliginakion:

> Mhis s how we ymm[[y ﬁeffe&fﬂ/' ar Ezuc!fl'tm:

apx; + apx, + o+ ax, = b

a)Xx; + anpx, + - + ay,x, = b,

anlxl + anZXZ + -t annxn - bn

9.4 : 50/«/:’119 smadl ffumber of equakions:
= Mg thocls:
1 TThe jmp/u'[d Methoel:

= a ard b are conshants

- we ,a[oé them  or  cartissian coorolinahes ( x3), ont wrrespano&'ng Jo xi and one for x,
- since  we're  dealing with " linewr 5;ofcm5”,ﬂw e1mﬁmj are c%rm'glxi lines.

X, +a,,Xs =b = Xio=(-ap¥% b ) /@,
01;_.)(\ + Qzo XQ_—: bZ =2 X, = [—f,xp 'bb)/dzz

EXAMPLE 9.1 The Graphical Method for Two Equations

l/ Problem Statement. Use the graphical method to solve

3, + 2, = 18

X+ 2, =2

3
X = —E.x‘, +9

Solution.  Let x, be the abscissa. Solve Eq. (E9.1.1) for xy:

(E9.1.1)
(E9.1.2)

which, when plotted on Fig. 9.1, is a straight line with an intercept of 9 and a slope of —3/2.

FIGURE 9.1

lines represents the solution

X

Solution: x; = 4;x, = 3

(;l(][)l‘li('(ll solution of a sel E)[ wo ﬁilYllIIY(]l]'}K)lJ.’i ‘if\(—?(}l [llgﬁb[(}i(: f—ﬁ(]ll(]lif)flb ”li-' intersection lf]f 7}]6

{o ch(CK moﬁe /I/L!,éacfi
we cun Substitube Them
n the ay,‘7,'/|d/ Ezad/té'/li



> Bat This Method Breaks

X2

Xq Xq Xq
(a) (b) (c)

(@) = He jwo lines  are fmﬁa&é&&s/ = shows Wo  solufion
(B) = the fwe lines

are coineidenl (Oi.;_,ua_‘m) => in finike Vumber of  Solufions

Q) => the +wo lines are so close 1o be,ing coincident = EX#MM&%{ hard  fe Defermine solthion.

= dhose aysicm are  celf “ i1l - conslitioned system”

2. Comer’s  Rule:

—swits 2 smald Nambor of solubions

[A] =T = {e]

(’otff-’{a'en/ a{ ,l[a,‘/-r)'x =2 a

a, ag
%o % ay
31 Az, Az
< Determinant:. D=| an &z 4,
A) Q% .
ag Rz @33 \
—2nd  order Determinant:
‘\
\
\
D=|4n 4w = [D= a4,z -9, QZ—I] \
+
a2, Az, ,’I
,I
~ Zrd  oreler Da‘crm{nam": ’/
-
D= ay 4z2 0;3 _ 6'(,2 qz\ ng + qlB Qz| a;z
asz  az3 as az; ag dz2

Bgiam-j 3 Wo’n/} , a/w[ we [an /ﬂ[c Some frab/ams

l;'kc R



EXAMPLE 9.2 Determinants

Problem Statement. Compute values for the determinants of the systems represented
in Figs. 9.1 and 9.2.

1. Solution:

]

1. 33X+ LXy =?2'[

X+ 2x2 = 2 j

Solution: xy = 4;x, = 3

D=1 3 2| = 32y - z2¢4) = 8

I

6 X

() (c)

a) D= |2 1 B)D =[2 1 YD =|%3/5 1
l—‘/z 1 -1 2 v 1
D= (-1 - (-\k) D=VY2(2) - (-1) N=23, - (-lb)

3 e = ~0.0Y

<> () and (b) are singular systems  the had zere Doterminaabs  while ¢ hed admost a zero

Daf'trmfnanﬁ, Se 7%< dq,ﬁem is ﬂmaﬁf Sl'ﬂgwr,
[V} [4

o Cramer’s Rule:

- tach  unknown ir  The sgstem will Be zxpmsseol n  terms of  Jyo Deoterminomts

Ll iz Az
X, = |by @y, q,, - e 5&51’5@{9 Replaced — the columns o cocllicient, for the wnknpwn with
b? agz o 33 bl,bzl é?/--.
D

484)114 mn/q /&f SAPE e




EXAMPLE 2.3  Cramer’s Rule

Problem Statement. Use Cramer’s rule to solve

0.3x; + 0.52x, + xy = —0.01
O.SX] -+ X2 + 1.9.1:3 = 0.67

0.1x; + 03x; + 0.5xy = —0.44

Solihion ;
—0-3 0.52 1
0-5 1 1.9 = p=o03 ll 29 | — 05 |0-52 I |+ o1 Io.;z. 1 |
0.1 o3 0.5 | o3 o] | 03 o5 | 1 1.7'
D =03(05 -03(19) + 0.5((0-50(05)-03) + o1 ((19)(052) -1)
D= -0.0022
1
-0 0L @52 1 | ==00Ll| 1 {49|- ggF |05z 1| 044|052 4
Dy =| 061 1 19 03 048 0.3 095 1 419
044  0:3 93 | = -00L (05- 18(03))-067F (052(08) -03)_0.44 (©52(1.q9— 1))
= 0-03272
Dx, = |03 - 1
0.s 96F 19| = 0.0649
ol 93 0.5

Dxg =| ©-3 05) -o.0

0.5 1 0.67| = -0.0¢35L

0-1 02 0.3

4l X, = DX': X'L = sz X’Z = Dxi
o) e &
X, = 00327 X, = _©-0649 X3 = -0.04354
-0.0022 -0.0022 -0.002)_
X :-—l‘l.‘f )(L‘: - 195 x:; = - |q8

<> Buf coarmers Rube Becomes imprackical as number of aniinowns inereeses

(Wambet of  egucthions increeses)
74




31 slimintfion of  wnKnowns:

— we ,uca,t;p/z, ene  of the cgmh‘am By constunts , w we can eliminabe  me of the

unfnow/ns .

(5[4[(] + Q(Z.XZ ’=b|>7('a£‘ :> aLI.X,{-(-le/%i—l—\x) =El(Qt_§

ayy .
Al X7

C dp X+ Q22 X, = b,

'
'
'
! i
il )

(wg can eleminake OG))

X = Looay |20
b : biaza- bran
an Q1 A dzs — 42 A2
&
v Ay W Same as Cramers Rule Y
X2 = an b,
az b = byan-b, ay
aun 4 Ay Ay - A2 Gy
Az Qzy

. EXAMPLE 9.4  Elimination of Unknowns
Problem Statement. Use the elimination of unknowns to solve (recall Example 9.1)

- 3x; + 2x, = 18
_ —x;+ 2x, =2
solufion :
1 D =(3)2) — (-2)
32 g D=8
- A2
2 oy = 18(2) -2¢2) = 4
8
xz= Z¢8) - 18() - 3
8

9.2: Naive Gauss :/(fnu‘nwﬁ'cm,:

- TThis Tec}\ni%w: Consists of two  phases

1 Forwaral elimination

2. BacK swbshitulior




1. forword eliminabion of  UnKnpwns :
~the point is o  reduce the set of ttzua.{'(or\s to_an_ vpper _Fianaular Jy.sfcm.

apx; + apx, +apxs + -+ a,x, =b
1141 12A2 1343 In*n | -—)fl'V0+ Rou/

a1 Xy + [2552%) + ar3X3 + -+ ar,X, = bz

a1 X + apnXs + aAp3X3 + o+ UpnXn = bn

> to chiminate e Lt ynknown () from he 2nd riulﬁ'on/ we'll /{a,lﬁfl] the
1st th‘m By Cei/an) /u//l{cl Reswlts n:

B Lok :
az X —r(‘lzu) g Xz + - (“fz") qlﬂxh _<azn b, = pirot cium‘fm (ezirau) ix The
an 1
an 24 “7?\/:7}' ('0:1%.

= Vumber 7+ Row.

— Mo we substract The 1sf cguaﬁan from the 2nd Ezud}r'an , w hich 3.‘\/@3:

a
( Q22 — (%)"M) Xp+ - --- ( Qpp - (ﬂ) q.u\) Xn = b ‘(—qz') b = the phime ¢)
n an ay

; means Hhat  The
- Opn? by Grr'ﬂinal talues are
rﬂaamcn{-ed Matrix c'}mnagc[
ap ap aiz | ob
a a a L b , ~
21 Q22 Q23 | b2 2. BacK  substtuhion
GG dgai i bg Forward
| [ eliminafion  QuXi + ax X2 + Az Xz = by N #
ay; Q)2 a3 : b @' X2 + q23 YS— L% e
I subskbubo—  aby  aby | by a,” x,=bg /’3’["’" %2
1" : " g
2nd 7 _ ___ azm i byl |  Fnel s
y
x3 = by/ax Back
x, = by — apxal/an [ substitution
x = (b — aixe — aixal/an |

\ anx; +apx; + apxz + -0+ ayx, = b
a.,22x2 + a,23-x3 + -+ a,2nxn = ".’

fined aypxs + 0+ asx, = by
Resudf

” ” o
a,3X3 + -+ AppXy = bn




EXAMPLE 2.5 Naive Gauss Elimination

Problem Statement. Use Gauss elimination to solve

3x1 - O.IX2 - 0.2X3 =17.85 (E951)
0.1X1 + 7.X,'2 - 0.3X3 =—193 (E952)
0.3x1 - 0.2XZ + IOX3 =714 (E9.5.3)

Vs dlway s Better o
Carry six significant figures during the computation. © use mere Sig A’jaru

fo avoid The cffoct

Solutior - of  Reund sff crrors
3 -0t -0.2 : ?.35: 93—1> D 04  -0.003333  0.064664
01 + 93 E -19.3 L’(\j‘_si\/ =% 03 0.7 00000 O.osooaoo:‘
03 02 10 | F14
~ Y -
3 - 0.1 0.2 . 2.85
0 ¥ 00333 0.293333 :. -19.56172 | i’if‘j”_f => 0 0-140000 o.ao?qsgl'
~ ~ 700333/ '
0 -06.190000 |0.02006 , 70-6150
4
3 -o1 -02 I %85
0 F.00333 0223333 | -19.5617 (O
Y o 100130 | o083 > l0-020x3 = Fo. 0813
| K,= 3.00003|
(1) F-00333X2 — 0213335 ( 7.00003) = ~11.561%
| X2 = -2.50000 |
G) 3x — 0.4 (-250000\ ~0.2( F00003) = 7.85
| xi=3 00000 |
3.2 : pithalls of glimnahion /{677)00/ "
(1] D ividillaﬁ 8y Zero:
:/ar amm'plo:
Ix, + 3X5 =8 S X=zcr0 , 50 in this case  we would B dcw'o&‘ﬂ/? By 2ot
Ax,+ €x, + Fxs = -3 Stnce  au=Zero,

Zx, + x, + 6xs =5

[2]Round - off  errors -

- this ,prob/a'm. gefs imparlant@ sig Wher 74,(71: numbers of czu_a,lians are £ be  solved.

_ u.ﬁrlg more .signrﬁ'can,b Ftl'?ure,s Con lessor-  tus ,prablcm..




[ 3]ill- conditiomedd syeform
Mﬁ@mﬁﬁu{mo& a_ zero,

- smell f%anges ” (omaf—(o(eni-s can lexel te Ianqe a?umaes in  Solyfion.

EXAMPLE 9.7 Effect of Scale on the Determinant

Problem Statement. Evaluate the determinant of the following systems:

(a) From Example 9.1: = wel| -conolitionecl

36, + 26, = 18 (E9.7.1)

—x F 2 =2 (E9.7.2)
- (b) From Example 9.6: = ill ~ cone.ihonee

X+ 26 =10 (E9.7.3)

Llx + 2x, = 104 (E9.7.4)

— (¢) Repeat (b) but with the equations multiplied by 10.

Solution :

() 3 2| o p=32)-2() =3
-1

() |1 2| 2> 0=2-2¢1)= - 02

= There’s a 72(1#3 [h,amﬁ<

11 R ?
\
J

€) [to 20| = D=20(10) - 20Cl) = -20
11 20

T ﬂulkplyin? the c'gu.wh'm 5‘7 & constant , Docsnt effect the soluhon.  Bulb ;) Pas a 71(431 cf/@:/‘

om the Determinamt n i)l - cond;fiomeel Jl,:ijMnS

B so what's the wfufion ¢or these is.sruf/.s,?

.4: Technigues of improving fhe  solution :

mwe o mor 67;? /—”:(‘/qam
6 explwined Jefore

Ffvﬂ/'fn'li ;

— Remembey, real ,pfo/b(&ms ocur whn the pivet elemont is zer , Bes them wo'll have do  Diviede By

/
Zere in the  mormabizohion step.

-ty if the lpl'W'f element s /lll,ﬂl/'}ttde is smaller than. e other eements > cowses Rourd-off ¢prors.

& e sl fhese problems  we  use "fa/ﬁm/ fi:/ofl'ﬂg"

- Rows are gwitched o that the largvyesf number of  Row is the pive t,

Keep in mund:  Determinanf Keeps iks nalue ,But ils sign c'ham:[c with c?mngqu of Rows
.3;\;‘:-\&\):5.1@ = =S Ry L:a_&j -

SMY) el <= ) Ry R —




Example (Mot in BoeK , solved in class):

- solve  this s',lc/s}.&m of e/zwj‘t'ahs u,sm? JS eliminegdom
0.00cx, + 1LY02 X2 = 1.(06
04003 x. — |502x, =A501
- firsk  withowt PlVU/“H’Iﬁ'
[ 0.0004 240z 1«043—»*(Zioji => 04003  [403.05 ; 1103?08
oYooy ~1.507 ! 2501
. ) i
[ v.000y Loy | 4,408
- o -l¥C5 I!-I‘lﬂ’l
1) -I1405 X9 =-(4oY =>|W|
2) 0.0004 x + 1Yol ( 0.9993) = L10¢ D[Xi= 25

4-+ when we  substitute Thesc solutions M fhe ar:ﬁmed MW’JW% T’Acy &thz;/ the Ik one

,and Thz feason fbor wa is Thd the

but Mot the Ind ome ,Bes ot Rouncloff enwrs

Ipmafs' /#1;79/)/‘1‘110{4 1S 80 amall Co'm’ptlfbo/ 4o the dlher element -4'5.
— witle parfidd pivdting :

— ! ! v g.000Y ;

0 Y003 —1.50) | 2501 3> *\Toqpey) =P 00004 -0.0015 | 0.0015

0.000Y4 1 4o) . 1.406

N’
0. 4003 1502 | 2501 |
o 14035 | Lipy |
1) 14035 ¥, =440 =Xz =1.0004

0-4003 X« - 1.502(to00t)= 2.501 =Xt = 10-001|

S the fwo SOMDH,S 6Q,HSF{'QS Bt cguw:"in'v) e

3] Scal/nq

~il m:mmfz: the Rouncl - off crrors for those cases where where some of the eguwhom ‘have {arger

coefliciants than others.

- standarize the  size

of Delerminanl (menbiomedd Before in ill - condibioned séydem,B




EXAMPLE 9.10 Effect of Scaling on Pivoting and Round-Off

Problem Statement.

(a) Solve the following set of equations using Gauss elimination and a pivoting strategy:
2x; + 100,000x, = 100,000

X+ X, =2

(b) Repeat the solution after scaling the equations so that the maximum coefficient in
each row is 1.

(c) Finally, use the scaled coefficients to determine whether pivoting is necessary. How-
ever, actually solve the equations with the original coefficient values. For all cases,

retain only three significant figures. Note that the correct answers are x; = 1.00002
and x, = 0.99998 or, for three significant figures, x; = x, = 1.00.

Jﬂ/u//'fd%:
(@) [ 2 100,000 ' 100,000T> * () =5 1 g0,005 | 50,000
1 1t 2
¥
[ 2 100, 000 ' 100,000— X, = (-‘14»4‘18/-‘1'{,q7?)=|m| 21
| 0 -49,999 : - 49,998 x, = (100,000 -100,000( 1) /2 = O

! Rounol - off error |

(}) (0. 0002 1 1]
1 R,
4
1 1 ’: 2 > —d'ofit& = 00002 00002 ! (.9004 - .scadr'njq and Parhd/
voooy 1 1 1 pivoting lead o«
/carr‘eof‘/ answer.

1 1 2 Xy = 09926 /0.998 .1 (st enticely , Bt Dekinitely
o 0.9928 0-4496 | Yic 2-1=1 deorewsed  the  grror)

q. ?: GMISS - J—Ol“O{/l'?L N

Example : (in clogs)

—use  gowss = Jotdan to sokve this gystem;
X+ X —X3 =-3

6x1 +2%2 +1x3 = 2

-3X + 4yz tX3 =1

A\ 1 -1 ! -3 (¢ 2 2 29> «¢ Wormadizakion)
KG)Z 2 1 2| = |4 1 —1"—3\
_"3 7 1(: 1 L -3 101 IIJ




1 \/z 129 \/3:——’*[%.') > 1 Ve vz :;'/3
1 1 -1 :-3\‘+('—§—3 = -3 -1 -1 -1
-3 1 1 I_t
W
1 \3 "\/3 : \/BW [1 V3 vz ! yz
0 (¥2\ s I| Ulo|o 5 2 2 —\-> s5 (wormadizakion )
0 \5/ A I‘ 2 0 L/g L/gl '0/3
-1 Vs V3 ' V2 T,, * 3’ > 0 V3 7‘/,;:' s
o 1L %5 :\ 215 “— *(é)=> 0o %z Vg 4 15
0 %3 2/3 1 7%
1 o ‘/6: Vs |
o 1 =5 : 2/5
0 o s\ 5yl TG\ Normadizafion
1 o \Is ! Vg
6 1 M| 2l | 7x(2)= o o Ys! /o
0 o 1 laM T H(E)s o0 o il Vi
1 o o : Yy 4+— x
v 1 0 1 it = this Matrix is calleed  idenkiby  Matnx
0 0o L, 4y ¥ ’

G alse check exemple (212) in Book




C}Laph:r 4ok

r lower
o 208 BT Decomposlhbn:
L’ Uppcr
[R1{xJ=1B}

— Gauss elomination Becomes innifficient when wete Dealing with Diffewnt coefficients of (),
so we Use other Methodls.

- Whakls fhe | U Demeaéi-Hon,?
A Mdhoe! that scpardfes the cleberminakion of the Matrix [A1 from th, R;‘Z')\} hand side 183
.-‘_"y:.&l;‘\‘y"\\k\\-l:-&? Yoo Lodsdie (B) )\ &bﬁygg FARDE (3

[al{x}y - {e3=0

Uy Uiy U3 X, di same.  as whak we olr on the Frsh sfep of
o Uza  Uzg X, y=1 d, Jaueks eliminadion, fo Reslice the gotem do_upper
0 o Usy X3 o(g {'viqna,ular £rm .
¥
(fui{xi- {oj =o) L 0 o7
—il we ,tmt#f; #his czua,ﬁm By o lower Dizywza/ Aatriv = [11= lu ¢ o
(3 ls, 4

[ 11 Culf=f - 1037 = [L1Cu14x3 -] {03
CTaT{x3 {87
« [AT7 = Decomposed into Uper friqnawlar and {ower Diaaonaj
. io} > intermediate yecter
* {Rf Duwed 4 ]th {Dj Bé‘ forward  subshbution.

(] {x} - {5} e only Do The

imin aki o I
(a) Decomposition /‘ \ eliminatigh once '

‘ o . .
[L] ‘= {B} Sin this case, ut can

¥ + (b) Forward 671.614(/3(, the (B) withowt L’}\mnﬂinj
w{D} the Whole Solubion

¥ 2 r Substitution

r (¢) Backward

fu S AAS G = as / ay /32 = Qslz YAz
Lyin the st step. Lir the 15} dlep Lin the 2nd step



—>Remember ;

-isk step in Gauss eliminabion is that we Multply the firsh Row B, = o
~then we substract the Result from the zpd Row fo  eliminale as

and 59 on

~ EXAMPLE 10.1 LU Decomposition with Gauss Elimination

Problem Statement. Derive an LU decomposition based on the Gauss elimination per-
formed in Example 9.5.

Sy1 —~O1ly, - 02xs= F5

01K + FXo —03Xs = -/93

030t 0%+ 0x3 =7.3

o 2 L o 2
L & ~ fzizo1/3 = 0:0333 33
| | £/ A An
L1 = 72 1 [+ 1al= /2= 010000
/ 10 ) 15
13 78 1 i Jsz="10 l1/'?'00333 =—0.02F130G
| Pl 4]
== 15
ﬁ'l N 2272 1 fa)
ll,J =1 U-USSSS * o
AL M NI, 4
U- 10000 =U-Uzr(av X




[A] =

[LI[V] =

1

(6] (<]

-o0.1

op ]

0-033333

L 0

7.00333

T 29333

e-1oo0o000

~0.02Fi3oe 1

O

(0.0120

3

- 01

-0

a R omember

[A] =

0-0994999 = -03 - Multiplicafion. o Ugtrices :

A= 4 2 7] 1

0.3 -0 9.9999¢

B=]5 ¢
I ERRY

1S +3le)  26) 4 4g) |

1N 13(8) A03) +4 (3) |

EXAMPLE 10.2 The Substitution Steps

Problem Statement. Complete the problem initiated in Example 10.1 by generating
the final solution with forward and back substitution.

Solution.  As stated above, the intent of forward substitution is to impose the elimination
- manipulations, that we had formerly applied to [A], on the right-hand-side vector {B}.
Recall that the system being solved in Example 9.5 was

B 3 =01 =02 (x 7.85
0.1 7 —03|qxp =4 —193
03 -02 10 X3 71.4

- fAfter

we  Apply;

The Jauss elimination  we ‘.?ﬂfi

3> Forwarel- subshihilion,

1 0 O | (b zg5 d= 785
0.033333 1 0 fo{z = ]-4.3 —ol2=-103/0033333 = -19-561F
0-100000  _0.023300 1 (JJ 3.4 Fds= Y/ (0l o — 00271300 )= FO0843
= Back substitution
(Ul {x3 =1DF
[ 3 -01 oz T (x,)y [ 78 Y
0 F.0083  -024333 J X L = 4 -19.5417 L
0 0 10. 0120 lxz,/ 70-0843 ‘J"’ X3 = 70.0843 / 10.0120 =

Xz =(‘l‘?ﬁ561?—0-1?33%x3 V/F0033 => G = -25

%= (7854014 +02x3)/3 =) %=3




10.2: Mefrix inverse
~ Wt compute  the inverse o a4 Aafrix , column B/q Column

column 1 =T 17 .
==
—o -
o olamn 2 => [ 0]
-
1|35% = = [A] =[x x X
—-o-

« Columm 3 =[ 0
=D Xz =

> the inverse.  is oleﬁnal as

[Al [A] -'e [I 1—>-’denl-i'-] Matrix

> The inverse can  be fournd from :

[L11d = {53 T column of
[U] {ij = {d] the inverse

Madtrix

> indications of |l -conolhened sas‘]'cm:

1.if there aypy any glements in [AT” »1
2.iF [RI[A1 i« Different from [TI]

3.if The inyerse [A1™ is Different From [A]

EXAMPLE 10.3  Matrix Inversion

Problem Statement.
system from Example 10.2.

3 -o1 —0.2}

Employ LU decomposition to determine the matrix inverse for the

[A] =] 0.1 7 =03
103 —02 10
Recall that the decomposition resulted in the following lower and upper triangular matrices:

3 =0.1 -0.2 1 0 0
[U] =10 7.00333 —0.293333 | [L] =0.0333333 1 0
0 0 10.0120 0.100000  —0.0271300 1

DLl = L

1 o ol (d7 (47
0.03333 1 o |]d | = f 0
0.1 poo 00231300 1 K o3 (, 0

— using Ferward e liminachion :
o = 1
da = -0.03333

°(3 -0.1_000(1) + 0.02%1300 (—0A03333>='o.[ooq




3 -0l 02 T T (T

0 7.0033 -0.29333 fxz = f‘O-C)BgZ

Lo o oo |Lx] |00

— using Back  substiiufion :

Xz = -01009 /lo.020= 0-332(9
X, = (-0-0333 4 0~2433(o.332‘(q3)/q_0033 = -0.005|¢
X = (‘l +0-2(0-33244) + o.i[-O.(DSlZ\\ /3 = -0.0l008

S we do The Sume for e  Znd and Fel column

So [ A]"l = 033&'(01 000445‘{‘/ o 0057‘?3
-0-005(9 0142403 0.004,|23
-0-01008 0.00)7| 0.09939%
4 v Y
from ,-;] from ‘-g-\ Jom ,-g]
Lo L5 | 1]




Ckapfer AT

11. 2 : Gauss - Seidel:

- this /ud’hoo‘ s an d”ema'}l'vc for the climina//m Hethodls

-dcgends on  mitiad guess.

@ Rememéber
>€a = X - xeT l0o7.
P
> g£e< €5 (Telerance)
(i) = Carent itiecation
(J-1)=> previous iteralion
an X, + A X a3 ¥e = b
Q Xt t Q22 X5 + q33 X3 =bL
s Xi t Qg X, + Qe X3 =h3
Xi= by —ai2X, — azX3 X; = b, —Gz2) Xi — 4.2 X3 X3=b3-43n)(l‘ Q22 X2
ai az2 A3z
- inttiad  guess
X |0 1 2 B
x, | o
X, | o
x;| o
, (&)

|
L iHirakion i)




EXAMPLE 11.3 Gauss-Seidel Method
Problem Statement. Use the Gauss-Seidel method to obtain the solution of the same
system used in Example 10.2:
3X1 = O.IX'_r - 02.1'3 = 7.85
0.1x, + 7x, — 03x; = —19.3
03x; — 0.2, + 10x; = 71.4
Recall that the true solution is x; = 3, x, = —2.5, and x5 = 7.
X, = #85-01x, - 02X, X |0 | 1 2. > we confinue the ithrafions
3 x| 0 | 2616 | 24905 M| we reach an error
X, |0 [-2799|-2499  less thane the Toler
X, = -93-01X1-03), X3 |0 [Fo05 | #0003
?
X3= H{_o03y _ o2y |€a,| =|29905- 2616 | 00x = 17.57

S oand we o e same for (2) anc (3)

- D) fletence Between

5Mss—seialaJ ancl ‘v}acoL;:

> Gowks - seidel : First Iteration - jacobi :

X = (bl — ajpxp — apsxs)/an @ = (bl — ajixg — apzxs)/an
)

Xli= (by — ayx1 — az3Xsl/az xo| = (by — anxi — agsxal/axn
x3 = (b3 — as1 X1 — az2x0l/ a33 x3) = (bs — azixy — azxol/ass

Second Interation l
X) = (bl — aipxp — apzxg)/an x| = (bl — ajixg — apzxg)/an
X12 = (by — anix; — axsxs)/an x; = (by — anx; — agxsl/an
X3 = (bs — azx; — azxgl/as; X3 = (bs — a31x] — azxg)/as;
(a) (b)




EXCZ?’)?!?/( . (from class)

solve  the ﬁollowinq c:,ualfms i}erdivelaz
7

bx, -2x2 + Xz =1{

@1 -2X1 X3

= 11

6>(2+1)

Xi + X2

-Gxs3 =-|

> 20 . t2x; =5

Fy>(242)

TAXt4 Zx, o+ 2X3=5

Cotr, Bxy =7l - 5> (44D

solution ;
K =_11* 2%, ~X3 - X101 Z
© X. | o | 1-833| 20690
X, = 54 2x —2x3 _ X 0 1.238 | 1.305
7 X; |0 O?
X._?‘: -1 - X - Yl =
=

< USing jacok;  Methoo :

X|lo| 1 2

Xy | o |1333

Xy o |o3m3| .
X3 | o |o30t5
>uhen 1o stop?

~when the App. zrror is less  Hhan The tolerance.




FIGURE 11.5

lteration cobwebs illustrating (a) convergence and (b) divergence of the Gauss-Seidel method. Nofice
that the same functions are plotted in both cases (u: 11x; + 13x, = 286; v: 11x; — 9x; = 99).
Thus, the order in which the equations are implemented (as depicted by the direction of the first arow
from the origin) dictates whether the computation converges.




