
Lecture 1 : Introduction

-> Creative process

DevelopacearIdentitythe important propostor refineManipulateconfirmec
a

recommendation

↳ ↑
conduct experiments

Statistics

↓ d

Descriptive Inferential

collect/organize/present Analyze / Interpret

*variability: successive observations of a system or phenomenon does not produce exactly the same result
.

Statistics -> gives a framework for describing this variability 3 for learning about potential sources of variability .

# The dot diagram is a very useful plot for displaying a small body of data (around 20)

-> allows to see easily two features of the duta : location or the middle
,
Scatter or variability

=> Basic Methods of collecting Data :

↓ Retrospective study using historical data[Data collected in the past for other purposes]

2 Observational study , Data presently collected by a passive observer

3. Designed expirement ,
Data collected in response to process input changes



Mechanistic & Empirical Methods

a mechanistic model is built from our underlying knowledge of the basic physical mechanisms that relates

several variables.

An Empirical Model is built from our engineering 3 scientific knowledge of the phenomenon , but is not directly

developed from our theoretical or first-principles understanding of the underlying mechanism .

* models can also reflect uncertainty -> probability models help quantify the risks involved in Statistical

interference.

Probability

Probability refers to the study of randomness & uncertainty

-> Experiment : Any process or action that generates a unique observation out from the set of possible observations .



Lecture 2 : Concepts in probability

Probability
- The study of Randomness & uncertainity

- quantity likelihood or chance

- represent risk or uncertainty

~ Degree of belief or relative frequency

Random Experiments
An experimentthat can result in different outcomes

, even though it's repeated in the same mannar.

Sample Space

The set of all possible unique outcomes of a random experiment (S)

Ex : Coin toss S = & heads
,

tails ]
Roll of dice S = & 1 ,

2 ,
3 , 4 ,

5
, 63

5 = r" = 2xx]

S = 2107x/113

S=& low
, medium , high 5 * qualitative outcomes



5 = Eyes ,
no 3

s = Egy , yn , un , my

5. 20 ,
1

, 23 * no conforming ,
I conforming ,

Iconforming

S : En , yo , yen , yyya , yyyyn ... 3 * countably infinite

Types of sample Spaces

↑piscrete re finite
-> countably infinite

nothing between
points

Sample space

↳Continous
[uncountably infinite

↳ like between 109 11

10 .l 10 .
2 10 .3 ---



Tree Diagrams
When a sample space can be constructed in several steps or stages ,

we can represent each of the n. ways

of completing the first step as a branch of a tree

completing the second step n2 (branches starting from the ends of the original branches]

Messaged -
-

message On time late

on time
on time late

messages - 19 te

ontime late L

on time late
one

late

# of messages·

&

5 = 1000 ,
002

,
010

,
0LL

,
200

,
102

,
210

, L2L] * 2 = 8

&

options

Ex : Male & Female Blood types
A

B
Female

8

AB 5 = 2 + A
,
+B ,

to
,
fAB

,
MA

,
MB

,
MO

, NAB]
A

B
Male

O

- Tree diagrams are not necessary from the same genre .

AB



Events :

Any subset of the sample space of a random experiment

G = Egg , yn , my

E, VEs = S FilEc : Eyning] Ei = 2 un]

runion ↳ Intersection
↳Compliment

Types of Events :

↓ EmptySet 0 : Impossible event

2. The subset S : certain event

3. Simple/elementary : one outcome only
4. Compound : more than one our come

.

Basic Set operations - Venn Diagrams

Union AUB : All outcomes that are contained in either two events

Intersection AlB : All outcomes contained in both [Joint probability]

Compliment A : outcomes in S that are not in A



Gre = 210xx < 15]

ENE2 = 911 < x < 123

E = 204x10 , X*12i

6,1 : 2120x9133

Mutually Exclusive [Disjoint] Events

-> f , 1Ez = 0 -> Mutually exclusive

-> The occurence of one event precludes the occurance of the other Ex: 2 success
,
Failures

.
Yalive ,

dead 3

Mutually Exclusive Events - Laws

Commutative Law AUB : BUA

AlB = B1A

Distributive Law (ArB)1C = (AUC) 1 (BUC)

(A1B(U) = CAncJU (BIC)

Associative Law (AnB > rc = An (Be

(AUB)UC = AULBUC



De-Morgan's Laws

CAUB)1 = A'rB1 = The compliment of the union is the intersection of the compliments .

(A1B) = A'UB' = The compliment of the intersection is the union of the compliments
.

CA'C' = A

Axioms of probability

7. The probability of an event is a real number greater than or equal to Zero

OXP(E)4)

2. The probability that atleast one of all the possible outcomes of a process will occur is 1

P(S) = 1 P(Q) = 0

p(E') = 1 - PLE)

3. If E. 3 E are mutually Exclusive PCE , UEL) = PLE + P(Ez)

Types of probability

-> Subject [Degree of belief)

-> Relative frequency

Probability based on Equally-likely outcomes.

Whenever a sample space consists of N possible outcomes that are equally likely , the probability of each

outcome is "N



Probability of an Event

for a discrete sample space , the probability of an event-f , denoted by PCE) = Som of the probabilities

of the outcomes in E

Probability of joint Events

JointEvents are generated by applying basic set operations to indivisual Events

B B'

A PLANBS PCAn B' PCA)

A P(A'1B) P(A'1B' PCA')

P(B) P(B') P(S) = 1

Addition Rules [Probability of a union]

P (AUB) = P(A) + P(B) - P(A1B)

PLAUB) = P(A) + PCB) * mutually Exclusive AlB = @

De Morgan's Law

CAUB)" = A'rB' (A1B)' = A UB'

= 3 or more Events

PLAUBUC) = P(A) + P(B) + P(C) - PLANB) - P(ATC) - PLBMC) + P(ABC)

P (EVEeUEs - --) = EPCEj) * Mutually Exclusive EiMEj = O



Lecture 3 : Concepts in Probability 2

-> Multiplication Rule

Determine the number of -> Permutation Rule

outcomes in Events ->Combination Rule

Multiplication Rule

Total number of Arrangements - ni
(TNA)

Permutation Rule

A unique sequance of distinct items Corder Matters]

used to find the possible number of arrangements when there is only one group of objects

Arrangement of r objects selected from a single group ofa possible objects.

ways the objects can a pr= n !

be arranged in- rs !

Ex : 13 objects I subsers

Pr = 13 !

-i =
1

(13-2) !

* A permutation is an ordered arrangement of all or some of the elements of a ser.

* The order of the objects of each possible outcome is different-

-> Similar item Permutations

counting the sequence when some items are identical n !

n! nz !. --



Combination Rule

A combination is a selection of items from a set of n where order doesnot matter

Number of permutations> number of combinations

Since order doesn't matter with combinations
,

we divide of permutations by 0 !, where ! is

the # of arrangements of relements

Cr = n !

r ! (n - r) !



Lecture 4 : Conditional Probability

probability of a particular event occuring given that another event has occurred.

P(BIA)

probability of B given that A

PCBIA) = P(A1B)

P(A)

PCA) = number of outcomes A /

↑LA1B) = number of outcomes in AlB /n

PCAIB) F P(BIA)

-
P(FID) = P(D1F) = %100

P(D)

PLD'If) = PCFND'S
=30

P (f)

P (DIf = P(F'1D) = 18/400

P(f) 360/400

PCD'IF' = PLD'MF' = 342/400

360/400
P(f)



Random Samples :

Random = Equally likely

ordered -> permutation

wnordered -> Combination

Multiplication Rule :

↑ (A1B) = P(B)P(AIB) = PLAL PCBIA)

for Statistically independent PCAnAz1Ag ... ) = EXPCAi)

voy20. 95
Rejected = 0 .05(0 .96) + 0 .95(0 .07)

D G = 0 . 1145

0 .04/(0 . 96 0 .93/7007 Accepted = 0 . 05(0 .04) + 0 .95(0 .93)

A R A R = 0 .8855

Rejected but good - P(GIR) =

PAR) =
0951007 = 0s

0 . 1145

Not Rejected are Detective- > P(DIA) = P(DNA) = 0 . 03(0 . 04) = 0,0026

P(A) 0 .8855



Total Probability Rule

A 3 A are motrally exclusive

P(B) = P(B1A) + PCBIA

↑ (BIA)P(A) + PLBIA'S PLA')

P(fail (h) = 0 . 1 P(h) = 0 . 2

P (fail 1h) =
0 . 1 (0 . 2) = 0 . 02

P(fail(nh) = 0 . 003 P(nh) = 0
. S

P (failnh) = 0 .8(0 . 005) = 0 . 004

p(f) = P(Fail (n) + P(fail nh) = 0 . 02 + 0 . 004 =
0 . 024



Total Probability Rule [Multiple Events]

E. EE2 3 Ez ... En are mutually exclusive I exhaustive

↑ (B) = P (B1f) + P(BME) + P(B1Es) --- PLBNEK)

P (BIE ,
) PLE,) + PLBIE) P(Ez) + PLBIEs) PLEs)--- P(BIEn)PLEK)

·in 0 - 3
0 . 5

low P(nf12) : 0 . 999

High Med

P (f(() = 0 . 001

P(f(M) = 0 . 0
P(nf (m) = 0 .99

P(f(H) =01 P(aF(H) = 0 . 9

P (f) = 0 .2(01) + 0 . 3(0 .0 + 0 .3100%) =
0 . 0235

Event Independence

Two events are independent it :

PLAIB) = PLA)

P (BIA) = P(B)

P (A1B) = P(A) PCB)

-> The occurrence of one event has no impact on the probability of occurrence of the other event .

P(f , 1 Ez lEz = 1Er) = PCE) PLEz) PLEz) - -- PCERS



P(D1f) =
10 %400 = 0 . 25 P(DIF)=   = 0 . 05

40/400

P(D) = 28 = 00 7 PLDI= = 00

#F & D = Dependent # F & D & Independent

↑ (Ei) = 0 . 99 e ith water with no large particles

P(fnEz .
- - Eil = 10 .99)' = 0 . 86



Bayes theorem

find PCf)

P(FIH) =
0. l P(H) = 0 . 2

P (F (nH) = 0 . 005 PLuH) = 0
.8

P(HIf)=

PCHIF) = 08

P (f) = 0 .2(0 . 1) + 0 .810 .003) = 0 . 024

P(H) = 0 . 3 ↑ (f) = 0 . 3(0 .9) + 0 . 6(0 . 2) + 0 (0 ·5) = 0 . 44

P(S) = 0 . 6

P(F(H) = 0 . 9

P(0) = 0
: 1

=P(f(S) = 0 . 2

p(f(0) = 0 .5

PLolf)=POS=



/ Bad
20

· So
10

P (B) = 0 .25(0 .2) + 0 .35 (0 . 05) + 0
. 1(0 . 3) + 0 . 3(0-1) = 0 . 1275

P(VIB)= =
= 03



Lecture S : Discrete Probability Distributions

-> Random variable :

function that assigns a real number to each outcome in the sample space of random experiment

[X]

-> A Discrete Random Variable

Random variable with finite (or countable infinite) range.

Probability mass function

f(xi) x0 ~ non negative probabilities

[f(xi) = 1 in Sum of probabilities = 1

f(xi) = P(X = Xi)

Xi Xi X2 X3

f(xi) = P(Xi) PCX , ) P(x) P(X3)

EX :

X - 2 - I ⑧ I 2

P(X) Yg Yg Yg Y8 Yo

verify the function is a probability mass function [P(x) =

find P(Xx2) P(2) + P(1) + P(O) + P( - 1) + P( - 2) = 1

find P(X) -2) P(-1) + P(ol + P(1) + P(2) = 7/8

P( - XXY1)P( 1) + P(0) +P( = %

P(XX - 1 or X =2) P(k + P( - 2) + P(z) =
4/

& Union PCA) + PCB) - PLAMB)



Ex : Shipment of 20 Laptops (3 defective) , Random Purchase of 2
,
find the probability distribution

for the number of Detectives

-> Possible values 0
,

1
,

2

X 8 I 2-
> Probability mass function

P(X) 68/94 9/1903/90

P(0) =
(8)() :
(2)

PCK= =S

P(2) = (2)(b) = 390

(20

Cumulative Distribution

F(x) = P(X(x) = 2f(xi)

:
X -21 ⑧

cone
: X &

orgis abso drose ·
"Tod

P(x)0 . 6561 I I
F(x) 0 . 65610 .94770 . 99630 . 9999 I



Mean & Variance

-> Mean is a measure of the center or the middle of the probability distribution

-> variance is a measure of the dispersion,or variability in the distribution

Mean or Expected value M = E(X) = Exf(x)

variance 62 = V(x) = Exif(x) - M2

Standard deviation 5 : 52

EX :

X - 2 - I ⑧

P(X)Yo Y8 Yg i is

Mean : M =
- z((f) +

- 1 (4) + o(4) + 1(4) + 2(b) = 0

variance 62 = (2 (18) + - P (48) + 0:(2) + 1(48) +211)] - 02

% = 1 . 5

Standard Deviation 6 : MS : FOR

Ex: lot continuing 7 components - 4 good ,
3 defective

,
A sample of 3 is taken by inspector

find the expected value of good components

X -> # of good components

X I I from 4

ima is is is
P(os : (3)(0) = Y PM) : (i)(2) = 1813

(3) (3)

PCK = Li : 123 P(3) = (8)(3) = 415
(5)



E(x) = 02g) +
1 (1/39) + 2(1/33) + 3(4/5) = 12 = 1 . 7

v (x) = 2y - (12) 2
= 24/49

6=4/49 = 0 . 7

-> for any constants a b

E(a) = a

f(ax +b) = af(x) + b

V(a) = 0

V(ax+b) = a2V(X)

Ex : X is a random variable with mean = 6 7 variance = 100

Y = 3X + 6 find mean & variance for Y

E(y) = 3 f(x) + 6 = 3(6) + 6 = 24

V(Y) = 32 V(X) = 32(100) = 900

Uniform Probability Distribution

-> A random variable X has a discrete uniform distribution if each of the n values in it's

range have equal probability

f(x) = #

M(X) = a

S2-a



f(x) = b = = 24

St= = 20

6 = 200 = 14-14

Bernoulli Trials & Distribution

-> A trial with only two possible mutually exclusive outcomes (success
,
failure (

n Bernoulli trials such that :

- Trials are statistically independent

- Each trail has two possible outcomes (success
,
fail)

- The probability of success in each trial remains constant

success p X = 1 p +y = 1

failure q X = 0

* The random variable X that equals the number of trials that result in a success has a binomial random

variable with O<p>/

n = 1 ,
2 ,

-

-

Mean M = E(x) = up

variance 62 = v(x) = np( - p)

5.D 6 = Vs

-> Probability mass function f(x) = (Y)p* (1-p)"
-x



Ex : Rolling a die 4 times . Probability of rolling a 7 twice

n = 4 (x = (2)(b) (1 - 46)"
"

= 2 = 0 . 1157

X = y

P = Y f(x) = up = 4( % ) = 0 . 666

V(X) = np( - p) = 4(y)() - %) = 0 . 555

6 = 0 . 745

n = 18

X = 2 f(x) = (Y)p"(l - p(
- x

p = 0 . 18

(8) (0 . 1 (1-0 . 11-2 = 02835

P(Xx4) = 1 - P(X(4)

IS Lok yax

1- [0 . 15 + 0 . 3 + 0 . 284 + 0 . 168] = 0 . 098

P13XX17) =) Lok(1-01-
Y

=
0 . 168 +

0 . 07 + 0 . 0217 + 0 , 00524 = 0 . 265



n = 4

p = 0 .! mean = M = E(X) = up

4(0 . 1) = 0 . 4

variance = sa = v(x) = np(l - P)

4(0-k(1 - al) = 0 . 36

6 =
536 = 0 . 6

Geometric Distribution

Binomial Distribution Geometric Distribution

↓ ↓

Probability of getting X success Probability of getting first success on trial #X

-Mean M = E(X)=

-> Variance 62 = V(X) = (
-> Probability f(x) = p(1-p(X-1

& odds of making it through the light = 0 .
2

,

how many lights you expect to his before

making it through one ? SD ? probability of 3rd light being the first green?

P-0 . 2

X = 3 1 M= = = Slights .

2 o = : Fi = 20



SD = Vo = 4 . 47 lights

3 .

((x) = p(1 - p)
* - 1

0 . 2(1 - 0 .2)5 = 0 . 128

p = 0 . 0 f(x)
=PLR3

= 28 xX = 125

p = 0 . 6

-> countably infinite sample

X I Z 3 Y --

F(X) 0 . 6 0 . 84 0 . 936 0 .9744

f(x) = p(1 - pyx
- 1

0 . 6 (1-0 .6) = 0 . 24 + 0 . 6 = 0 .84

0 . 6(1 - 0 . 6137 = 0 . 096 + 0 . 84 =
0 .936

064 - 0 .
634-1

= 0 . 0384 + 0 .

936 = 0 .9744

to get at least 95 % -> 4 switches



D = 0 . 9

I 2 3

Ex dig 0 . 99 0 . 999

0 .9(1-0 .9)'" = 0 . 9

· 971 - 0 .9(2 -1
= 0 . 09 + 0 . 9 = 0 . 99

· 9(1 -0 . 933 1
= 0 . 009 + 0 . 99 = 0 . 999

Probability greater than 99% = 3 pumps

Negative Binomial Distribution.

X denotes the number of trials till the first success

* -> negative Binomial random variable with <pal r = 1
,
2 ,

--

-> The geometric distribution is a special case of negative binomial when r = 1

Mean M= E(x) = Fo

Variance 52 = V(x)=
probability Flus = (i) prdi-pa**

X = r , ,12 -

Binomial Negative Binomial
↓ ↓

* number of successes X -> number of trials

ne fixed number of trials n -> fixed number of successes



p = 0 . 09

V = 3 Hx = (i) ec-p X - r

X = 10

(1) 0 .09 (1-0 . 09)"-3 = 0 . 035

P = (1 - 0,8) = 0 . 2 f(x) = ( * = 1) prc1 - psx
- r

X XS

V = 3 "(xx5) =(i) 1025 11-02c-

X = 3 (2)(0 ·23 (1-0 .
213 = 0 . 008

X = 4 (2) (0 .23( - 0 . 214 3
= 0 . 0192

X = 5 (2)(0 . 2)" (1 - 0 .215 3
=

0 . 03072

2 = 0 .05792



Hyper Geometric Distribution

-> finite population ,
without replacement

-> Typically the sample size is greater than 5 % of the size of population

+(x :
( * )(* ) x = max 30 ,

n + k-N]
,
min [K , n]

(n)

Mean M = E(X) = up

variance S
= v(x) =pll-pl

-o
P(Xyz)

(8%) +C10(3%)



P(Xx)) = 1 - P(X = 0)

1- (000)(2) = 0 .804

(3)

P(x - 45)

(100)
(1 000 (

P(x =4)(Y)(i) = 043

(5)



Poisson Distribution

Binomial distribution for small p & large n - time consuming

-> for very small p & large n = Poisson distribution "law of improbable events"

X Random variable that equals the numberof events

f(x) : Xe
*

X !

-> used to characterize physical situations in which the number of events are during a specific time of interest

~ No memory : Events occurring in one segment of time are independent of the number of events in a non-

overlapping Segment-

-> mean & must remain constant

x = E(x) = np6" = V(x) = up = X

X- number of flaws perman

X = 2 . 3 f(x) = x :L : 0

X = 2

X- > flaws per Smm

X= 10 x = up = 2 . 3 (5) = 11 . 5 flaws

((x)-= all



X-> flaw per Imm

XI x = 2 - 3 x2 = 4 . 6 flaws

P(XY( = 1 - P(X(I)

0 - 4-6

1-1-46 = 098

0 !

X = p = 0 . 3

X = 0 P(X =0 = A = Oeo = 0 .70

x = 1 P(V = 1): == 022

X = 0 . 00 X 6000 = 6

↓ 6 white blood cells in avg for a healthy indivisual

P(X



Lecture 6 : Continous Probability Distribution

Continous Random variables

-> values in uncorntable sets

-> Probability Density function

f(x)30

If(x)dx = 1 Carea under the curre = 17

P(a < X-3b) = f(x)bx (probability : Arc

f(x) = 0 Sno area exactly at X]

P(x-5) :(xx
5 .

P(49)(X151)
=(fxx==

- Cumulative Distribution functions

CDF of a continous random variable X is

f(x) = P(xxx) = ( f(u)dv



⑧ X 4 . 9

f(x) = I4x- 2454 . 94XX5 .

I Xy5.

-> The probability density function of a confinous Random variable can be determined from the

cumulative distribution function by diffrentiating

f(x) = Ex)=A

S+ x) =Ex=

200ms > O

P (x< 200) = F(200) = 1 - 20
. %(200)

= 0 .8647

Equivalent ofOpenE closed bounds

*-> continous Random variable ,
for any X , 9x2

P(X , EX(X) = P(X , YX(X) = P(X , <X(X) = P(x, XXX)



Expected value & variance

M = E(X)=-xf(x) + x - E(n(x)) = [an(x) + (x)0x

6 = V(x)= x f(x)dx - Mi

E(x)= x (005)dx = 10

v(x) = Y x 10 . 05)dx - 102 = 33 . 33

f(x)dx = 1

= Axx = 1

Al
%

= 1 A(20-01 = 1

A = 0 . 05



n(x) = 10%2100)(x2

P = E(n(x)] = Th(x)f(x)bx
101100s 10 .09.x2*x = 0 . 0133 watts

Continous Uniform Distribution

f(x) = maxxxb((x)

u = ba -

=al
abX

P(495xx15)
=1fxx =A cost

((x) = 39 = 5 ma

V(x) = (5 .
1 - 4 .9)

2
= 3 .33x103mA ?

12



-> Cumulative Distribution function of Uniform Distribution

-> LDF of uniform continuous Random distribution is obtained by Integrating the PDF

f(x) = [ad =
Xa

s Yi a <XXb

x >b

Normal Gaussian Distribution

- central limit theorm (symmetric]

f)= 670 - < MT8

N(M , 63) is used to denote the distribution

-> Bellshape with a single peak at the center of the distribution

Mean = Mode = Median

Empirical rule

P(m - - <X(M + 8) = 0 . 6827

↑ (M - 26(x < M + 25) =
0 .9543

P(M -36(X(M +36) = 0 . 9973



1 19-1 . 2 < X < 19 + 1 . 2 178 < XX10 . 2 [17 .8
,

20 .2]

2. 19-2(1 . 2) <XX 19 + 2(1 .2) 16 . 6 < X(21 . 4 (16 . 6
, 21 .47

5. 19.3(1 . 2) <X < 19 + 3(12) 13 .4X22 .

6 (19 . 4
,
22 . 6]

* A normal Random variable with M = 0 & s = 1 -> Standard normal variable (E)

The comulative distribution function of a standard normal random variable

P (2) = P([xz)

-> standarizing a normal Random variable

Suppose X is a normal random variable

P(x(x) = P(X(x) = P(z(z) = 02

2=- I value obtained by standarizing X



M = 10 P(aX1K =P("E
6 = 2 mA

p) -

0 . S < 2[0 .5)

↑(20 .9) - PCIC-0 .S)

0 . 69146 - 8 . 308538 = 0 . 38292

..
- 0 . S

p(X(x) =P(t)

P(z < = = 0 . 98

I = 2 . 03

X = 14
. /



M = 47900

6 = 2050 Z=
M

P = 0 . 04

E = -1 .
75

- 1 .75 = x47900 X = 44312 mison

-



Lecture 7 : Joint probability Distributions

Discrete joint probability distribution

fxy(x ,y)30

& ((x ,y) = 1

fx(x ,y) = P(X = x Y = y)

Joint Probability Density function

fxy(x ,y) > 0

(x ,y) Exd

~ -000-0002y Jyx = no cy]i

=/x]e
= 0 . 00352-0003xdx

- 0 . 003(d)
= 0 . 0032 =

0 .0037003) = I

0 . 003



P(X1000 , y (2000) = "fixylbybx

1000-0002yty) Go
↓ 100 /e00-4) cooy

= 0 . 003 (20003x -
=4 =-000k)

=0003((-) = 09

Marginal Probability Distributions (Discrete (

fy(x) =(
,

f(x , y)

fycy) = &
,

f(x
,y)

Marginal Probability Density function (confinous

fx(x) = f(x
, y)dy -NX[ fo

+ghys =Jf(x , y)6x
-

0xy



↳ =>

P(420007 : 2xysaydx +Fly
2 -

P(Y(2000) : "Cf (x ,g) ex

E

↓"I groX-0 .002 d

Ke0002y -00dX yy

Keooly)ex
Yeocoy /1- eroya

6 x10
-"

20002y (1 - 20004)
6 . 001



jzixy +yax ""I/1
,

JMx "

X +y = 1

12x11-x)" =I PDF
y = 1 - x

0 XX)

fx(x) =F
*

24xydy = 212x
-x

otherwise I marginal Probability
tyly1= 24xyax : [12-y12 OR wise ↓

Independence fxy (xy) = fx(x) ty(y) = Independent

24xy
= (12X(1 -x(2](12yx -x(2]

24 xy = 144xY(1 -x)")1- y32
dependent



x + y = 1

1 - x - y

Expected cost h(x , y) = (1) X +(-534 + 0 -5(1 - x- y)

X + 1 .54 + 0 -5 - 0 .5x -0 . 54

0 . 5 + 0 .5x + Y

h(X , 4) = ) (0 . 5 + o .SX + Y)24xydybx

covariance : Mx = My = 12x21 - x10x = 4

Sx = Sy = (ax( -x * x
- () = Y

E(X , x) = xxy =] xy (24xy) +y * x

correlation S



Lecture F : Tests of Hypothesis

-> hypothesis is a Statement about a population developed for the purpose of testing

-> Symmetric procedure based on sample evidencea probability theory to determine whether the hypothesis

is a reasonable statement

1 state the null (Ho) & alternate (H , ) hypothesis

2. select a level of significance

3. Identify (computed the test statistic

4. Formulate a disition rule

5. Reject or do not rejectHoa acceptIt ,

↓ State the Noll (Ho)3 alternate (t , ) hypothesis

~The null hypothesis is a statement that is not- rejected if our sample data fail to provide convincing

evidence that it is false

not rejecting doesn't mean thatHo is true (only failed to disprove Ho

-> Alternate hypothesis is a statement that is accepted if the sample data provide enough eredince

that therull hypothesis is False

Null always has =

2. select a level of significance
-> Probability of rejecting the null hypothesis when it's true

-> Use 005 unless stated otherwise

Type I error -> Rejecting all hypothesis when it's true d

Type 11 error -> Accepting null hypothesis when it's false



3. Compute the test-statistic

-> value determined from sample information
,

used to determine whether to reject or accept Ho

z = X - M z- > standard normal distribution

6/

4. Formulate the Desicion Rule

-> statement of the conditions under which the Ho is rejected or not rejected

Critical value is the dividing point between rejecting 3 nor

Tests of significance
↓

one tailed [b , c) Twotailed [a]

lowerHo : M = X Ho : M = X

Hi = M < X Hi = M + X

Upper Ho : M = X

Hi = M > X

P-value

The P-value is the smallest level of significance at which Ho would be rejected when a specified

test procedure is used on a given data ser

P.value- & Reject Ho at level &

P-value3x Donot Reject Ho at level



5.Make a desicion

-> Depending on the 2-value either rejectHo or do not reject it

Test onMean with known s

Ho : M = Mo

z = X - M

6/n

Hi = M - Mo zoT72

H : Mc Mr ZoX- Ta

Hi : MEMo ZoYIhn or ZoS-Ix2



S = zcm/S

4 = 0 . 05

n = 25

X = 51 . 3 cm/s

11. Ho : M = 50CM's

Hi : M + Socm/s

2- 9 = 0 . 05

3 - z = X - M = S13-50 = 3 .
25

SY 2/s

4 rejectHo if > Hi : M + Mo ToP The or ZoS-Ix2

Exz = 70. 025
-

2005 =
- 1 . 96 20025 = 1 .96

3 .2571 . 96 Reject Ho

5. Since Io : 3 .25 % 1 . 96 we rejectHo : M = 50 at the 0 . 05 level of significance

2[1-d(/Zo1)] for two tailed test Ho : M = Mo H :M/Mo

=> P-value = S↓ (zo) for upper tailed test Ho : M = Mo H :My Mo

8) (Eo) for lower failed tes Ho : M = Mr Hi : M < No

P-value : 2(1 - P(1701)]

1 - 0 .999423 = (0 . 000577)x2 P = 0 . 0012



↓> P-value

0 . 025 70 . 0012 -> Ho will be rejected any
2> P = 0 . 0012

n = 15 <30 st

2 = 0 . 05

* = 0 .83725

S = 0 . 02456

1 . Ho : M = 0 . 82

H : M > 0 .
82

2. < = 0 . 06

3 . t = X - M t = 0 . 83725 - 0 . 82 = 2 .72

SAN 0. 024S6

5

4. RejectHo if Hi M > Mo to xtan-1

2 .72 x 1 :761 => RejectHo at level of

significance = 0 . 0 S

5. Reject Ho : M = 0 . 82 at the level of significance < = 0 . 05 , therefore thecoefficient of

restitution exceeds 0 . 82



Lecture 8 : DescriptiveStatistics

measures of central tendancy (Arithmatic Mean]

u. xf(x) =
Exi

-> for a finite population with N measurements
N

*= -> sample mean is a reasonable estimate of the population mean .

~ Geometric Mean (screen sizes)g
: /xi)

*

-> Harmonic Mean (mole/mass tractions) In:
i

-> other Types of means: -

1. log mean temperature difference (LMTD) (log based averaging
2. sarter mean drop size in lig-lig dispersions (volume to SA ratio]

Median

· The median is very sensative to outliers or extreme values in the data

· Rigorous estimator of central tendancy
· 50 % of the values are above ,

50 % are below (sort the data in ascending order]

* = X(n+ 1)/2
, n = odd

E X(n/2) + *
N + 1 ,

n = even

2

· it's the 50th percentile or second quartile
· Best obtained using a cumulative distribution



Mode

· The race of the most freguantly encountered observation [most frequent value]

· The maximum of the distribution

Measures of Dispersion : Range
· Range is the difference between the maximum & the minimum values of the random variable we are

interested in [information about the spread of the data]

Range = R = Xmax- Xmin

varianceI Standard deviation

Sample variance 5 : Elxi- = Exi
n - 1

population variance 62 = E(xi-m)
N

Sample Standard deviation S = +5

population standard deviation S = + 52



Range = 13 . 6-12 . 3 = 1 . 3

Xi- (xi- )2
- 0 . 4 0 . 16
- 0 . 1 0 . o

0 . 4 6 .
16

- 0 . 7
0 . 49

0 . 6
0

. 36

0 . 5 0 .25
- 0 . 4 0-16

0 - 1 0 . o

O 1 - 6

sample variance :
S2 = E(Xi- * (2 = = 0 . 228

n - 1

= Ex =

104 = 13

Sample standard deviation 5:2 = 0 . 478

population variance 62 = [(X-M1 =t = 0 .2

N

population SD 6 = 552 =
0 . 447

Coefficient of Variation

The coefficient of variation [CV] is the ratio of standard deviation to the arithmatic mean

CV = = x100

* A good measure for comparing different values of means 5 Standard deviations (relative]



Measure of symmetry : Skewness

measure of Dispersion give some values about the spread of a distribution but they don't provide any info about

the shape ofthe distribution around the mean or median.

coefficient of skewness (SK) is defined to alleviate such lack of into

Sk =
3 (mean-median) = 3(x - Y)

standard deviation S

Symmetric e mean-median

if one mode exists (unimodal)

mean= median = mode

skewed to the right -

mode median <mean

shewed to the left ->

mode-median > mean

Histogram plots [freqrancy Distribution]

plots of frequency vs the property of intrest

Good for display of the shape (trend) of the data for relatively large samples (n> 100)



-> to Generate a frequency distribution :

· Divide the range of data into intervals[class intervals
,

cells or bins]

· choose a number of bins -> use the square roof of the number of observations (n)

· find the frequency of observations in each bin

Relative frequency (normalized) : the observed frequency in each bin divided by the total number of

observations

Cumulative frequency : the height of each bar is the total number of observations that are less than

or equal to the upper Limit of the bin

Bin selection :

-> square root of the number of observations

-> Freedman - Diaconis Rule : Data
↓

Bin size = 2 . 1PR(X) .
its

d ↳ number of
Inter quartile observations.

Range

tot #
E of

sample

23456789

⑧points

number of Intervals = Vo E9 * In cumulative freguancyE
width of Interval : Range = 250 - 70 = 20 Addition of Relative frequacy

#of intervals 9
y

Relative Frequency = Freguancy
= = 0 . 12

tot of data
Points



frequency polygons :

- same as histograms

- smoother alternative to histograms

- joining midpoints of the histogram bars with lines

- Area below histograms3 frequency polygons are equal

histograms are more preferable·

Box plots
· The box plot is a graphical display that simultaneously describes several important features=> Center , spread ,

departure from symmetry , 3 identification of observations that lie unusually far from the brik of the data

- whisker [max , min]

- outlier

- Extreme outlier

1.
Arrange the data in Ascending order

2. qz = Median of Data

3. 9.
7 gg

= Median of Data on either side of first Median

4. Check for outliers [Q
,
-15 IQR , 93 + 1 .519R]

IQR = Q3 - Q



EX : 18 , 34 , 76 ,
29 , 15 , 41 , 46

,
25

,
54 , 38 ,

20
,

32
,
43

,
22

↓ D,
18

,
20 , 22, 25 ,

29
, 32 , 34 , 38 ,

41
,

43
,

46
,
54,

min 9, ~ Es
= max = outlier

max

92 : 33

[Q. - 1 . 51QR
, Q3 + 1 .519R] IQR = 43 - 22 = 21

[ - 9 . 5
,
74 . 57

-> min is inside Range

T-> max is an outlier

Probability plots:

· Determines whether the sample data conforms to a hypothesized distribution based on a subjective visual

examination of the data

-> uses special graph paper[probability paper]

↓ Sort the values (X) in Ascending order

2. Add a column (j) to the left assigning a number starting from 1 ton next to each sorted value.

3· Calculate the cumulative freguancy y : (j - 0 .5) /n

4. Plot

5. Draw a line through the data using 25th 4 79th percentile points

6. If the line passes nicely through the points -> distribution describes the data well .



A - when a sample is selected from the light-tailed distribution , the smallest & largest distributions will not be

as extreme ; observations on the left side will fall below the line
,

observations on the right side will fall

above the line - S-shaped probability line

B. Heavy tailed distribution -> S-shaped probability line but observations on the left will be above the line
,

observations on the left will be below the line
.

C Points on both ends of the plot will fall below the line -> crived shape. Both smallest & largest-

observations are larger than expected in a sample from a normal distribution

Stem & leat Diagram

A visual display of- Data get X,, X2 ,
" - Xn where each number consists of atleast 2 digits



Lecture 9 : Linear Regression

- objective is to build a model of a set of data : - prediction

- Interpolation / extrapolation

- Optimization

-> The parameters : Regression Coefficients

-> Regressor (predictor) : set of independent variables

- Response : dependent variable

Sample :

Each observation Y can be described by the model

y = Bo + B ,
X + 2 b

Random

error term * Assumptions for 2 : zero mean value

variance is 52

-> Least squares Method is used to estimate the parameters B . &B , by minimizing the somet squares

of the vertical deviations

The Sum of the Squares of the Errors SSE (residuals)

L : ES" = Ely-y)2 : Elyi-Po-B ,
x(2



* for the function I to be minimum e it's derivatives with respect to all parameters must bezero

-> Bon + B ,
Ex = Ey

-> B.
[x + B .

Ex2 = Eyx

~
- j = 2 = = E

- SSE : Es = & (y
:
- : /

<
ErrorSum of squares

SST7SSE

· SST : E (y
,

- jj)2 Total Sum of squares

-> Unbaised estimator

6:

-> Confidence Limits

& - t
,
nipita ,-

9 this
,nu]Potte



Adequacy of a Regression Model

-> Fitting a Regression Model requires Several Assumptions :

- Errors are uncorrelated Random variables with mean zero

- Errors have constant variance

- Errors are normally distributed

-> Residual Analysis

The residuals from a regression model are 2 = j : -Gi
Actual observation & &

corresponding fitted value

a t adequate (Random (

b, < , d ->

Inadequate (has specific shape

-> coefficient of determination

R =S

OXR
2

XI

- 1 YRXI



Power law y = axb

Iny = Ina + binx

y = B + B ,.
x

Exponential y = aeby

Iny = Ina + bx

y = Bo + B ,
X

saturation J:by

5 = b+x

y = Bo + B ,
x



EX : X Y X] X2 y (y - y'j] (y -jj)2

0 . 99 90 . 0 89 . 109 0 . 9801 89 . 225 0 . 6162 6 . 5448

1 : 82 89 . 05 90-831 1 . 0409 89 - 678 0 .3943 12 . 378

1 - 15 91
. 43 105 . 14 1 . 3225 91 . 638 · o432 1- 2957

1 . 29 93 .74 120 . 92 1 . 664 93
.7498 . 1x10 1 . 3728

1 . 46 96 . 73 141 .
22 2- 131396 . 313 0 . 1738 17 . 319

1 . 36 94 .
45 128 . 4S 1 .8469 94 . 805 0. 126 3 . 5407

Sum 7 . 27 555 . 41 673
.
68 8 .9583535. 41 13583 42 . 452

x==

127 = 1
.21166 = Si = 92 . 5683

: Bo : j - B ,
X

&
Bo = 92 . 5683 - (19 . 08) (1 . 21166) = 74 . 1964

y' = 74 . 2967 + 15 . 08X

= 1- Sst = E(y - y)2 =
1.3583

SST = Ecyi - ij)2 = 47 . 452

R2 = 1-3683 = 0



R = 0 . 9838

-> confidence limits

& - t
,
nipita ,-

15 .08-2 .776 pasts 48
,
1715 . 08 + 2

.
776asts

0 . 17948 0 . 17948

11 . 26 &B, 18 . 89

S=:83 = 03395

5xx = Ex - 1x =
8 .9883-1 = 0 .11948

9 this
,nu]Potte

74 . 2964 - 2
.7760

.339375)+ XpX -
-

69 . 622 XBox 78 . 96


